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This paper is concerned with the problem of reconstructing an unknown rank-one
matrix with prior structural information from noisy observations. While computing
the Bayes optimal estimator is intractable in general due to the requirement of
computing high-dimensional integrations/summations, Approximate Message Passing
(AMP) emerges as an efficient first-order method to approximate the Bayes optimal
estimator. However, the theoretical underpinnings of AMP remain largely unavailable
when it starts from random initialization, a scheme of critical practical utility. Focusing
on a prototypical model called Z; synchronization, we characterize the finite-sample
dynamics of AMP from random initialization, uncovering its rapid global convergence.
Our theory—which is nonasymptotic in nature—in this model unveils the non-
necessity of a careful initialization for the success of AMP.

approximate message passing | random initialization | nonasymptotic analysis |
spiked Wigner model | global convergence

The problem of estimating an unknown low-rank matrix, when given access to highly
noisy observations, has been the subject of considerable studies, shedding light on a
diverse array of contexts including collaborative filtering, synchronization and alignment,
localization, and causal panel data, to name justa few (1-8). While low-rank estimators are
not in short supply, the quest for algorithms that can work all the way to the information-
theoretic limits continues to inspire theoretical and algorithmic development.

1. Motivation and An Informal Overview

In this paper, we focus on how to reconstruct a structured signal »* € R” (or equivalently,
v*v*T) from noisy data:

M=)3v"T + WeR™  with > 0. [1]
This classical model is commonly referred to as a deformed Gaussian Wigner model or
spiked Gaussian Wigner model when the entries of the noise matrix W = [W;]1<ij<x

are independently drawn from Gaussian distributions—more precisely, W;; ~ N(0, 2)

n
and Wj; = W Hid N(0, %) for i # j—which serves as a prototypical model toward
understanding the feasibility and fundamental limits of low-rank matrix estimation.

The spectral properties of the observed matrix M have been extensively studied (see,
e.g. refs. 9-13), motivating the design of spectral methods when there is no structural
information associated with (1, 3, 14-16). In practice, there is no shortage of applications
where additional structural information about »* is available a priori, examples including
finite-group structure (17), cone constraints (18, 19), and sparsity (20, 21), among
others. The presence of prior structure further exacerbates the nonconvexity issue
when computing the maximum likelihood estimate or Bayes optimal estimate, thereby
presenting a pressing need for the search of algorithms that can be executed efficiently.

Remarkably, the approximate message passing (AMP) algorithm emerges as an
efficient nonconvex paradigm that rises to the aforementioned challenge (22, 23).
Originally proposed in the context of compressed sensing, AMP has served as not only a
family of first-order iterative algorithms that enjoy rapid convergence (24-28) but also
a powerful statistical machinery that assists in determining the performance limits of
other statistical procedures in high-dimensional asymptotics (29-38). Over the past two
decades, AMP has also received widespread adoption in a variety of engineering and
science applications, including but not limited to imaging, wireless communications,
signal processing, and deep learning (see, e.g., refs. 39—43 and references therein).
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Inadequacy of Prior AMP Theory. Nevertheless, while the exist-
ing suite of AMP theory covers a wealth of applications, it remains
inadequate in at least two aspects. To begin with, a dominant
fraction of existing AMP theory is asymptotic in nature, in the
sense that it predicts the AMP dynamics in the large-7 limit for
any fixed iteration . For this reason, prior AMP theory falls
short of describing how AMP evolves after a growing number
of iterations (even when it is run for only log# iterations),
which stands in contrast to other optimization-based procedures
that often come with nonasymptotic analysis accommodating
a large number of iterations (3, 6, 44). Another issue that
further complicates matters stems from the requirement of an
informative initialization, that is, existing AMP theory for low-
rank estimation often requires starting from a point that already
enjoys nonvanishing correlation with the true signal (45-47).
While an informative initial estimate like spectral initialization is
sometimes plausible and analyzable, this requirement presents
a hurdle to understanding the effectiveness of other widely
adopted alternatives like random initialization. This motivates
the following natural questions that remain by and large open:

Is a warm start like spectral initialization necessary for the
success of AMP? Can we start with a simpler initialization
scheme but still work equally well as spectral initialization?

Thus far, there has been no rigorous evidence precluding
one from starting randomly and uninformatively. As shall be
made clear shortly, tackling this issue necessitates a different
and powerful nonasymptotic framework for AMP, due to the
difficulty of tracking the AMP dynamics when the iterates exhibit
only extremely weak correlation with the truth.

Inspired by the aforementioned issues, there has been growing
interest in understanding the finite-sample performance of AMP.
A seminal work by Rush and Venkataramanan (48) [see also
its follow-up work (49)], studied AMP for sparse regression
and permitted the total number of iterations to be as large as

( log
log log

insufficient in understanding randomly initialized AMP, as at
least an order of log 7 iterations might be required for AMP to
achieve nontrivial correlation with the truth. A recent work by
Li and Wei (50) developed a nonasymptotic framework for the
spiked Gaussian Wigner model, which characterized the AMP

behavior for up to O( iterations. Although the theory

). This order of iteration number, however, is still highly

n
Foy(iog )
therein is well suited to the studies of spectrally initialized AMP,
it remains largely elusive whether it is capable of accommodating
random initialization, a circumstance whose resultant initial stage
is far more challenging and subtle to track.

This Paper: Randomly Initialized AMP for Z, Synchronization.
In this work, we take a step toward addressing the above chal-
lenges by studying a concrete model called Z; synchronization.
To be precise, Z; synchronization is a special case of the spiked
Gaussian Wigner model when the ground truth is known to have

. . * 1 n
a discrete structure obeying v* € {iﬁ} . Here and throughout,
we impose a prior distribution on v* = [v}]1 <<, such that
Lid . 1
S Umf( +—).
Jn

The goal is to reconstruct »* on the basis of the measurements
M (Eq. 1). This problem can be viewed as a basic example of
a more general problem—synchronization over compact groups
(1, 2, 17, 51-53)—and has an intimate connection to stochastic

block models (35, 54).

1<i<n.
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The AMP Algorithm. Note that it is in general intractable to calcu-
late the Bayes optimal solution directly due to computational dif-
ficulty in computing high-dimensional integrations/summations.
A common alternative is to resort to the variational inference
approximation, while the computational challenge still remains
due to the nonconvexity nature of the variational inference
objective. This motivates the search for computationally feasible
alternatives, for which AMP emerges as a natural and successful
option (46, 50, 54, 55). More concretely, given the initialization
x0,x1 € R”, AMP tailored to Z; synchronization adopts the
following update rule:

Xr4+1 = Mm(xz) - <n;(xt)>r)t71(xt71)’ t>1, [2]
where we denote (x) := 1 3% x; for any vector x = [xi]1<i<n»
and the denoising function is given by*

n:(x) = ¥, tanh(7,x), fort>1

with 7, := \/max {n(||x,||% -1), I} [3]

|| tanh(7r,x) 1|5

and y; :

Here, it is understood that the functions 1,(-), #(-) and tanh(-)
are applied entrywise if the input argument is a vector.

Thus far, there have been two strategies to accommodate a
growing number of iterations in the most challenging regime
(i.e., when A is above but very close to the information-
theoretic threshold 1). One attempt was made by Celentano
et al. (46), which proposed a three-stage hybrid algorithm that
runs spectrally initialized AMP followed by natural gradient
descent (NGD). It was conjectured therein that the third stage
(i.e., NGD) is unnecessary. Recently, Li and Wei (50) put
forward another strategy to address this conjecture, showing
that a third refinement stage is indeed not needed as long as
spectral initialization is adopted. Despite the nonconvex nature
of the underlying optimization problem, AMP with spectral
initialization is nearly Bayes optimal.

The Effect of Random Initialization. As alluded to previously,
all existing AMP theory for this problem (45, 46, 50, 56)
requires informative initialization obtained by, for example,
spectral methods. By contrast, one initialization strategy that
enjoys widespread adoption is to initialize AMP randomly; for
instance,

1
X1~ /\/(O, ;]n> (independent of M)
and  no(x0) = 0. (4]

In order to investigate whether a warm start is required for
AMP to be effective, let us first conduct a series of numerical
experiments using Eq. 4, as reported in Fig. 1. Encouragingly,
AMP with random initialization seems to work surprisingly well:
it only takes several tens of iterations to achieve nearly the same
performance as spectrally initialized AMP (note that spectral
initialization also consists of several tens of power iterations).
Such encouraging numerical results motivate us to pursue in-
depth theoretical understanding about the effect of random
initialization upon AMP convergence, which was previously
unavailable in the literature.

*Note that for ease of analysis, we adopt a slightly different scaling from that of ref. 54,
but they are equivalent up to global scaling.
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Fig. 1. The correlation of 5:(x¢) and v* (i.e., M) vs. iteration count t for AMP with both random and spectral initialization. Here, n = 10,000 and

[lng (xe )12
L iid.
i

ViR Unif(i%) (1 <i < n). We generate 20 independent copies of M according to Eq. 1 and report the averaged results, with the width of the shaded region

reflecting (twice) the SD. Plots (A) and (B) correspond to 4 = 1.15 and 1 = 1.2, respectively.

Main Contributions and Technical Challenges. In the present
paper, we provide a nonasymptotic analysis that allows one to
predict how AMP evolves over time from random initialization,
even when the signal strength A is exceedingly close to the
information-theoretic limit. Our theory is able to track the
correlation of the AMP iterates and the truth »*. In particular,
we demonstrate in Theorem 1 that the signal component in

the AMP iterates increases exponentially fast at the initial stage,
log n

taking no more than O(ffl ) iterations to grow from 5(«%) to
O(~/A% — 1) (the latter of which coincides with the correlation of

spectral initialization and the truth). Furthermore, once the signal

component surpasses O(+/A% — 1) in magnitude, the finite-
sample AMP dynamics are very well predicted by the asymptotic
state evolution recursion derived previously for any fixed ¢ and
n — 00 (even though we are working with the finite-sample
regime). Our paper characterizes the performance of AMP when
initialized randomly, justifying and advocating the use of random
initialization. Put another way, a carefully designed warm start is
not necessary at all for this problem.

Built upon the analysis recipe recently developed by Li and
Wei (50), the development of our theory requires ideas far
beyond this framework in order to track AMP from random
initialization. Before continuing, we take a moment to single out
the key technical hurdles that need to be overcome.

* Prior theory based on state evolution analysis falls short of
offering “fine-grained” understanding about the AMP iterates
when they have vanishingly small correlation with the truth.
More precisely, past theory fails to measure the progress of
AMP during the initial stage when its signal component is of

strength o(1) (in fact, as small as 5(%1) when initialized), but
instead treats the signal strength as 0 in the large-7 limit.

* Another technical challenge results from the complicated
statistical dependency across iterations, which is particularly
difficult to cope with when the algorithm starts with random
initialization and when the number of iterations grows with
the dimension 7. While prior literature tackles this issue for
other nonconvex optimization methods by resorting to either

PNAS 2023 Vol. 120 No. 31 e2302930120

delicate leave-one-out decoupling arguments (see, e.g. ref. 57)
or global landscape analysis (see, e.g. ref. 58), these approaches
remain unavailable when analyzing AMP.

Notation. Finally, let us introduce a set of notation that shall
be useful throughout. We use ¢(-) (resp. ¢,(-)) to denote
the probability density function (p.d.f.) of a standard Gaussian
random variable (resp. a Gaussian random vector N(0, 7,)).
For any matrix M, we let | M| and || M|l denote the spectral
norm and the Frobenius norm of M, respectively. For any vector
x € [xil1ziz<n = R”, we denote by |x|(;) (resp. x(;)) the absolute
value (resp. value) of the i-th largest entry of x in magnitude.
We write SY~! = {x € R? | ||lx|l = 1} as the unit sphere
in %. Moreover, for any two vectors x, y R”, we write x o y for
their Kronecker product, namely, x o y = (x1y1, ..., x,9,) T R”.
When a function is applied to a vector, it should be understood
as being applied in a component-wise fashion; for instance, for
any vector x = [x;]1<j<n, we let x + 1 := [x; + 1]1<i<n-

In addition, given two functions f(7) and g(n), we write
f(n) < g(n) or f(n) = O(g(n)) to indicate that |f(n)] <
c1g(n) for some universal constant ¢; > 0 independent of 7,
and similarly, f(7) 2 g(n) means that f(n) > ¢|g(n)| for
some universal constant ¢ > 0. We write f(n) = O(g(n)) if
f(n) = O(g(n)) up to logarithm factors. We also adopt the
notation f(n) < g(n) to indicate that both f(n) < g(n) and
f(n) Z g(n) hold simultaneously. Moreover, when we write
f(n) K g(n) or f(n) = o(g(n)), it means f(n)/g(n) — 0
as n — 00; we also write f(n) > g(n) if g(n)/f(n) — 0 as
n — 00. We use ¢, C to denote universal constants that do not
depend on 7, whose values might change from line to line.

2. Main Results

In this section, we provide precise statements of our main theo-
retical guarantees for randomly initialized AMP. For notational
convenience, let us introduce

o = A (), [5]

https://doi.org/10.1073/pnas.2302930120
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which captures the projection of the #-th iterate (after denoising)
onto the direction of the truth »*. In some sense, this quantity
captures the size of the signal component carried by the z-th
iterate. With this notation in place, we single out a key threshold
as follows:

1
¢ := min {t: || > 5\/)9 - 1}, [6]

which reflects the time taken for the AMP iterate to carry
a significant signal component (note that a random initial
guess obeys [v* x| < ’(N)(\/L;), meaning that the initial signal
component is exceedingly small). Additionally, we define the state
evolution recursion starting from the ¢-th iteration as follows for
any t > ¢

172
ap = log| and ofy; =21 |:/ tanh (o] (o] + x) )(p(dx)] .

(7]

Notably, the asymptotic state evolution recursion (which is
concerned with a 1-dimensional sequence in this case) is known
to faithfully track the dynamics of AMP for any fixed # in the
limit when n — 00, although its utility in the finite-sample
regime was poorly understood in theory.

Equipped with the above definitions, our main results are
summarized in the following theorem.

Theorem 1. Consider the Zy synchronization problem with
w1 logn SA—1<0.2.
Suppose we run AMP (cf. Egs. 2 and 3) with random initialization
m()\fl)s
log? n

Eq. 4. Consider any t obeying 1 < t < , where ¢ > 0

is some universal constant. Then, with probability at least 1 —

O(n~19), the following results hold:

* (Decomposition and error bound). The AMP iterates admirt the
decomposition

t—1

5=+ B e+ [8a]

=1
where o is defined in Eq. 5, the ¢4 s are i.i.d. Gaussian vectors
iid.
obeying ¢ ~ N(O, %]”), and

1B:ll2 = [[(BL. BEr -2 BDy = Ins()ll2 = 1. 8]

tlogn 10g4n
; 8
n(k—1)2+\/n()»—1)37 [8c]

* (Crossing time). The threshold ¢ defined in Eq. 6 satisfies

_ logn )
§_0<k—1)’ [9]

* (Nonasymptotic state evolution). For any t obeying ¢ < t <

[}1()\,—1)5
—) a2, 110]

log2 n
where {af} stand for the asymptotic state evolution parameters

defined in Eq. 7.

(1P

, we have
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Remark 1 (Range of 1): Theorem 1 only focuses on the regime
where A is larger than but close to 1. In fact, A = 1 represents the
phase transition point for Z; synchronization (54), in the sense
that i) when A < 1, no estimator performs better than the 0
estimator asymptotically, and ii) when A is strictly larger than 1,
it is possible to achieve nontrivial correlation with v*. We focus
on the feasible regime by considering a more refined yet highly
challenging case with & — 1 > 7~/ log 7 (so that A can be very
close to 1). While it is possible to improve the exponent 1/9, it
is beyond the scope of this paper. The upper bound A < 1.2 is
not crucial at all as the problem becomes easier as A increases. In
fact, our result continues to hold when A > 1.2, which can be
justified via a more refined characterization of the residual term
&; as well as ;. This paper imposes this assumption A < 1.2
merely to streamline our presentation and analysis.

Remark 2: We remark that while the iterates x; are random
quantities that depend on the randomnesses in W and ¢*, the
decomposition Eq. 8a is purely deterministic. For definitions
and properties of {¢z}r<,—1 and {,Bf_l}kft,l, we refer the
readers to SI Appendix, section A.2.2. In order to ensure that
each ¢, yields a homogeneous Gaussian distribution A (0, %[n),
we have included in ¢, additional terms that involve extra
randomnesses {gf}/eg_l. These terms are properly subtracted
and reflected in the residual &_;. As a result, the right-hand side
of expression Eq. 8a is a function of and therefore measurable
with respect to W and v*.

In the sequel, we provide some interpretations of Theorem 1
and discussions about its implications. It is assumed below that
A> 1.

Gaussian Approximation. The first result Eq. 8a in Theorem 1
asserts that each AMP iterate is composed of three components:
i) a signal component a,v* that aligns with the true signal *, ii)
a noise component 22;11 ,Bf_lqﬁ/e that is a linear combination of
i.i.d. Gaussian vectors, and iii) a residual component &;_;. While
this decomposition resembles that of ref. 50, we justify its validity
even in the absence of carefully designed spectral initialization.
A few remarks are in order.

* Regarding the noise component, Theorem 1 implies that the
1-Wasserstein distance between its distribution (denoted by
M( py ﬂf(bk)) and a Gaussian distribution ./\/(0, 7—11[,1) is at

most

d log n
m(u(Zm),N(a 11)) <72
k=1

For # not too large, the noise component well approximates a
Gaussian vector (0, ;1—11,1)

* Regarding the signal component o, v*, it is self-evident that
a, governs how effective AMP is in recovering the true signal.

Importantly, once || exceeds the threshold %«/ A2 —1, it
follows a nonasymptotic state evolution that closely resembles
the asymptotic counterpart o} (Eq. 10), a result that is made
possible thanks to the nonasymptotic nature of our analysis.

To summarize, up to a small error term at most O( —n(ki1)2 +

FREE Ail) 5 ), the AMP iterate is approximately

1 r—1)°
Xt ~ Ol;v* +N<0, —1;1), < 0<u),
n

log2 n

pnas.org
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even when initialized randomly. An asymptotic version of this
observation has been made in ref. 45, although the result therein
required both informative initialization and a fixed ¢ that does
not grow with 7.

Dynamics after Random Initialization. The most challenging
element of Theorem 1 lies in analyzing the initial stage after
random initialization. As shall be made clear from our analysis,
we can understand the AMP trajectory by dividing it into three
phases.

* Phase #1: escaping from random initialization When ini-
tialized randomly with x; ~ AN(0, --7,), AMP starts with an
extremely small signal component about the order of O(\/—;),
for which the canonical state evolution becomes vacuous.

To overcome this technical hurdle, we develop fine-grained
characterizations regarding how «; evolves in this phase (before

|os| surpasses o/A — 1 n~1/4), that is,

1
Gt A hy + Agot,  with gy ~ N(o, —); [12]
n
see ST Appendix, section B.4 for details. This approximate
noisy recursion tells us that while the signal component might
be initially buried under the noise term, it takes at most

1 . . . .
O(327) iterations for the signal component to rise above the

noise size and reach the order of /A — 1 #~1/4 (SI Appendix,
section A.2.2).

* Phase #2: exponential growth. Once the signal component
exceeds +/A — 17~ /4 in size, the AMP iterate correlates
nontrivially with the true signal. Interestingly, the signal
strength o, starts to grow exponentially until reaching the order
of VA2 — 1. As we shall justify in ST Appendix, section A.2.2,
a1 obeys

1—o(1
|1 | = \/1 + %(l — 1) laul, (13]

in this phase, which accounts for at most O(l}?%) iterations.

* Phase #3: local refinement. Upon reaching the order of
/A% — 1, |ay| enters a local refinement phase, during which
randomly initialized AMP behaves similarly as AMP with
spectral or other informative initialization. In this phase, the
asymptotic state evolution Eq. 7 also starts to be effective when
predicting the evolution of «; (Eq. 10). As we shall solidify in
SI Appendix, section A.2.4, the signal strength o, satisfies

t+ ﬁ
n(h—1)°)
[14]

o2 —a?] S (1—(A—1)7° + 5(

where o* (determined by 1) denotes the limit of o} as # — o0
(cf. Eq. 7) and is unique solution of
*? = )’E[ tanh (a* («*

+G)) ], with G~N(0,1).

(15]

Bayes Optimality. As was shown previously [see e.g., (46, Lemma
A.7)], we can construct an AMP-based estimator whose risk
coincides with that of the Bayes optimal estimator Xbayes .—

PNAS 2023 Vol. 120 No. 31 e2302930120

E[v*s* T | M]. More precisely, taking the AMP-based estimator
as

1

M/ n(a? +1)

its asymptotic risk satisfies [S/ Appendix, section C and (54)]:

tanh(ﬂtxt), [16]

U —

J i B 1]

T _ bayes)2 ot
= lim E[||v* XS] =1 ~a [17]
where a* is the fixed point of the limiting state evolution (cf. Eq.
15). This together with the nonasymptotic results in Theorem 1
leads to a more refined risk characterization, as we shall prove in

SI Appendix, section C.
Corollary 1. With probability at least 1 — O(n~'0), there exists

log n

some t = O(327 ) such that
*2 lo 4
* k| g 7
||Z) — Ui, ||F - )L4 + 0( m) [18]

log
In words, it only takes the AMP algorithm at most O} ’11)
number of iterations to achieve—up to a discrepancy of

5( m)—the Bayes optimal risk.

Roadmap for the Proof of Theorem 1. To provide some intuition
underlying Theorem 1, we briefly give an outline of the proof;

details can be found in S Appendix.

* First, focusing on the initial stage obeying 1 < r <

. 1
min {g, %} for some constant ¢ > 0, we develop an upper

bound on ||&; (|2 in ST Appendix, section A.2.1 as:

31
Iz S/ Zg”; [19]

here, ¢ is a threshold defined in Eq. 6. This step, which is
accomplished by means of an inductive argument, helps us
justify the validity of the decomposition Eq. 8a with small
residual terms before the crossing time ¢.

* Second, with the above decomposition Eq. 8a in place, we can
readily investigate (using the derived Gaussian approximation)
how the signal strength o, evolves during the execution of
AMP (SI Appendix, section A.2.2). Crucially, recalling that ¢

reflects the first time # that satisfies |a;| = ~/A2 — 1 (cf. Eq.

6), we can use the dynamics of «; demonstrate that

c< logn
NA,—l’

(20]

in words, in spite of random (and hence uninformative)

initialization, it takes AMP at most O(I;%’f) iterations to find
an informative estimate.

* Third, with the above control of ¢ in place, we go on to
develop a more complete upper bound on ||& |2 that covers
the iterations after ¢, that is,

t1(¢ > ¢)logn min{z ¢}3 log »

n(h —1)32 n L2

162112 <

https://doi.org/10.1073/pnas.2302930120
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m(k—l)

5
for any # < === In order words, when the number of
og” n

. . log? .
iterations grows larger that an order of %, the size of the
residual scales as

el S |80

~\ a(h—1)2
This is the main content of SI Appendix, section A.2.3,
accomplished again via an inductive argument.

* Finally, after the iteration number exceeds the threshold
¢, we demonstrate in S/ Appendix, section A.2.4 that the
asymptotic state evolution (the one characterizing large-system
limits) becomes fairly accurate in the finite-sample/finite-time
regime. In particular, a connection is established between
the nonasymptotic state evolution and its asymptotic analog,
namely,

2 *2
oy — gyl
*2
LS|

, forsomec > 0,

which plays a critical role in characterizing the finite-sample
convergence behavior of AMP.

Comparisons to Li and Wei (50). While Li and Wei (50) provided
a general decomposition for the AMP iterates {x;}, the theory
therein is far from sufficient when studying AMP from random
initialization. A key reason is that during the initial stage of AMP,
the signal component is vanishingly small and asymptotically
vanishing compared to the magnitude of the residual. A direct
application of ref. 50 leads to a vacuous upper bound on ||&]|2
and does not reveal the effectiveness of random initialization. In
contrast, the current paper focuses on showing that the signal
component will undergo a rapid growth phase and reach a level
comparable to the noise. A crucial step of our analysis is to prove
that n(x;) & o,v* + ¢,—1 at the initial stage, by demonstrating
that {n;(x;)} are almost orthogonal to each other (see ST Appendix,
section B.4 for more details). Based on this approximation, we
then argue that it takes only O(logn) iterations for the signal
strength to reach a nontrivial level. Once the signal strength
has reached this level, we then proceed to uncover a new stage
in which the signal strength starts to grow exponentially fast.
Establishing all these phenomena requires fine-grained analyses
about how AMP behaves in different stages, which was not
achievable by existing analysis in ref. 50.

3. Discussions

In this paper, we have pinned down the finite-sample convergence
behavior of AMP when initialized randomly, focusing on the
prototypical Z; synchronization problem. This algorithm has
been shown to enjoy fast global convergence, as it takes no

1. A Singer, Angular synchronization by eigenvectors and semidefinite programming. Appl. Comput.
Harmonic Anal. 30, 20-36 (2011).

2. E.Abbe, J. Fan, K. Wang, Y. Zhong, Entrywise eigenvector analysis of random matrices with low
expected rank. Ann. Stat. 48, 1452 (2020).

6 of 7 https://doi.org/10.1073/pnas.2302930120
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more than O(727) iterations to arrive at a point whose risk is

4
O( %) close to Bayes optimal. Our theory offers rigorous

evidence supporting the effectiveness of randomly initialized
AMP in low-rank matrix estimation. While the present paper
concentrates on a specific choice of denoising functions tailored
to Zy synchronization, we expect our analysis framework to be
generalizable to a broader family of separable and Lipschitz-
continuous denoising functions.

Moving forward, there is no shortage of research directions
worth exploring. One natural extension is concerned with other
structural prior about »*; for instance, it would be interesting to
see how randomly initialized AMP performs when v* is known to
satisfy general cone constraints (see e.g., refs. 59 and 60). Another
direction of interest is to go beyond the spiked Gaussian Wigner
model. A recent work along this line (61) studied the role of
random initialization for power iteration in the problem of tensor
decomposition, which leverages upon the AMP-type analysis
for analyzing tensor power methods. Can we further extend
these to understand (randomly initialized) AMP toward solving
more challenging problems like low-rank matrix completion and
tensor completion? Moreover, while AMP serves as a versatile
machinery for understanding various statistical procedures in
high dimensions, there are several alternative analysis frameworks
like the convex Gaussian min-max theorem (CGMT) (62—
64) and the leave-one-out analysis (2, 65, 66) that also prove
effective and enjoy their own benefits. Is there any effective
way to combine them so as to exploit all of their advantages
at once? Finally, moving beyond Z; synchronization, we believe
that our nonasymptotic framework and the analysis ideas for
understanding random initialization can both be extended to
accommodate other important settings such as sparse linear re-
gression and generalized linear models (GLMs). Take generalized
approximate message passing (GAMP) for instance (27, 67),
which can often be viewed as AMP applied to asymmetric matrix
models. More specifically, given an asymmetric design matrix X,
GAMP maintains two sequences of updates as follows

St = XFr(ﬂt) - <F;/> thl(ft—l))
Brr1 = X" Gi(s:) — (G) F(Be),

thus resembling the update rule considered in the current paper.
One can then employ similar analysis ideas as in ref. 50, while in
the meantime keeping track of two sets of orthogonal bases and
two sequences of Gaussian random vectors. Once we are equipped
with the nonasymptotic decomposition for each sequence, the
role of random initialization can be understood via similar
yet more complicated arguments as the ones provided in the
current paper, given that these two sequences are intertwined
and rely heavily on each other. We leave these questions for
future investigation.
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Abstract

This document presents the supplementary information of “ Approzimate message passing from ran-
dom initialization with applications to Zs synchronization” in [1]. In Section A, we lay out the main
analysis ideas for the proof of Theorem 1, with proofs of corresponding lemmas and claims deferred to
Section B. Finally, the proof for the asymptotic optimality of AMP is included in Section C.
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A  Proof of Theorem 1

In this section, we present the proof of our main result: Theorem 1. We find it helpful to introduce the
following notation that helps streamline the presentation:

t—1

vy = vt + Z Bf_lgbk. (22)

k=1



A.1 Preliminaries

Before we embark on our proof of the main theorem, we collect a couple of useful results that shall be used
frequently throughout this proof.

Concentration results. We first record several useful concentration results from [2]. Here and throughout,
we let |x|;) denote the magnitude of the i-th largest entry (in magnitude) of € R".

Lemma 1. Consider a collection of random vectors {¢i }1<p<t in R™. Suppose that for each 1 <k <t—1<
n, o = (k1 Pk2s- -y Phn) 18 Q.0.d. drawn from N (O7 %In) Consider the following set

- log % _ = tlog 2
Es = {{%}2_11 P dnax ||¢k||2<1+c\/né}m{{¢k}2_11 P osup Hzak¢kH2<1+C\/T5
SR> a€St—2 k=1

m {@b}t_l' su i’iad)r <M m {¢}t_1~ max lpr.i| < C %
k=t 2ot "l n HIR=L  ceciiicn Voo f”

i=1 k=1

and denote € = (\,_, Es. Then there exists some large enough constant C' > 0 such that, for every § > 0,

P({¢r}j_ €E) >1—0.

In particular, by setting § = n~'1, we see that the following event happens with probability at least 1—O(n~'1):
lowl, — 1] < /2" d o1l < /2"
max — an max i .
1<kt 17 kll2 ~ n ’ \<k<ta<i<n R~ n

This lemma is a consequence of standard concentration of measure for Gaussian random vectors [3]; its proof
can be found in [2, Section D.1.1] and is hence omitted for brevity.

Properties of 7, m, and v (cf. (3)). Next, we summarize several basic properties about the three sets
of key quantities defined in (3). We begin by gathering several basic properties for our choices of m; and 7,
defined in (3); the proof is deferred to Section B.1.

Lemma 2. Suppose the decomposition (8a) is valid with ||&—1]|2 < 1. With probability at least 1 — O(n™10),
the following properties hold true:

1/2
;ﬁm:atuo((nft_nﬁ ER) OL(||&_1||2+\/“‘7’§”)>; (23a)
_Q—n/tanhz Ty + 7)) o(da) + 720 [|eralls + 1/ 0BT (23b)
Y = \/ﬁ t ® t t—11]2 n .

Additionally, one has

2 4
It

/tanh2 (;%(at + x)) pldr) = (0} +1)+ 0 (Z;) , (23¢)

which in turn implies that

_ w2 tlogn
et =r(at 414 0( Tt el 2E)). (254)

Next, let us single out several properties about the quantity 7; in the lemma below, whose proof is
postponed to Section B.2.



Lemma 3. Consider any 1 <t < n and suppose that ||{;—1||2 satisfies

t31 I
[§-1ll2 <4/ % for all t < )\Ofnl. (24)

Then the following properties hold true with probability at least 1 — O(n=11):

14
o Ift < MAD and (16 q]l2 < \/%gn, then any x € R obeys

logZ n

@) Slal, @) S1=p @I SVi=p. 0" (@) Sn = (25a)

e Ift < I;E? and oy < VA —1n"%1 then one has my < VA —1n%; and for any x obeying |z| <
Vlogn/n, we have

n(z) =1+ O(()\ —1)n"2log n) and In/ (z)] < (A — 1)n’8|z|; (25b)

o Ift< 1;?%? and oy S VA —1n~Y4, then one has m < (A — 1)73/4n*1logn; for any x, one can find a

quantity co < (log?n)/v/n(A — 1) independent from x, and another quantity |c.| < nlz|®(log*n)/(A —
1)3 depending on x, such that

(@) = (1 — o) (x - %77,521:3 + cI> . (25¢)

A.2 Non-asymptotic analysis for the AMP dynamics

We are now in a position to present the proof of our main theorem. Let us recap that the structure of our
proof is outlined in what follows.

e Firstly, focusing on the initial stage obeying t < ¢ A céc))\gij), we develop an upper bound on |2 in

Section A.2.1 as follows:
t3logn
el < 4/ 2" (26)

here, ¢ is a threshold defined in (6) and ¢ > 0 is some constant small enough. This is accomplished by
means of an inductive argument.

e Secondly, we investigate in Section A.2.2 how the signal strength a; evolves during the execution of
AMP. Crucially, recalling that ¢ reflects the first time ¢ that satisfies |ay| 2 VA2 —1 (cf. (6)), we
demonstrate that

< logn;

~Aa-1

in words, in spite of random (and hence uninformative) initialization, it takes AMP at most O(lf\)f 711)
iterations to find an informative estimate.

(27)

e Thirdly, with the above control of ¢ in place, we go on to develop a more complete upper bound on
I€]]2 that covers the iterations after ¢, that is,

/ ; 3
lells < tﬂflt(;g)ll;gn n /mln{t,;} logn (28)

. This is the main content of Section A.2.3, accomplished again via an inductive

en(A—1)°
logZ n

for any t <
argument.

e Finally, after the iteration number exceeds the threshold ¢, we demonstrate in Section A.2.4 that the
asymptotic state evolution (the one characterizing large-system limits) becomes fairly accurate in the
finite-sample/finite-time regime. In particular, an intimate connection is established between the non-
asymptotic state evolution and its asymptotic analog, which plays a critical role in characterizing the
finite-sample convergence behavior of AMP.

These four steps will be explained in detail in the sequel.



A.2.1 Controlling & when t < ¢ A 10g" (Proof of Claim (26))

In this subsection, we establish the claimed bound (26) for ||&||2, which leverages on ideas from [2]. To
begin with, let us restate [2, Theorem 2| below, with slight simplification tailored to Zy synchronization (i.e.,
through the use of the properties ||3;]|3 = 1, E; = 0, and (25a)). For notational convenience, define x; > 0

such that
1 1 1 \]?
K2 = max{</ {xn{ <oztv* + \/ﬁx) - %n;f (atv* + \/ﬁzﬂ gon(dx)>,

(o ) i)

where we recall that ¢,(-) is the p.d.f. of N'(0,1,) and for any vector = [2;]1<i<n, we denote (x) :=
% S w; and 22 = [22]1<i<n. We shall work with the following assumptions.

(29)

Assumption 1. For any 1 < t < n, consider arbitrary vectors yu; € S'™', &_1 € R", and coefficients
(ay, Bi—1) € Rx R that might all be statistically dependent on ¢r. Let vy be defined as in (22). We assume
the existence of (possibly random) quantities Ay, By, Dy such that with probability at least 1 — O(n=11), the
following inequalities hold:

t—1
> ut[(drm(e) = ()| < 4 (30a)
k=1
U*Tnt(vt) —v*T/nt (atv* + wi/ﬁllhx)gon(dx) < By, (30b)
t—1 2
> uonani(u) iZum w2 < D (30¢)
2

Under these assumptions, [2, Theorem 2] developed a general non-asymptotic characterization for AMP
iterates as follows.

Proposition 1. [Adapted from [2, Theorem 2]] Suppose that Assumption 1 holds, and consider any t < n.
With probability at least 1 — O(n~11), the AMP iterates (2) for Zs-synchronization satisfy the decomposi-
tion (8a) with ||B:]|3 =1 and

1
gy = )\U*T/nt <Oztfy* + \/ﬁx) g07l(d$) + Aa,t (31)

where the residual terms obey

Al S Bet [0 me(@e) — v ()| S Bi+ I€e-1ll2, (32a)

tlogn tlogn
[&ell2 < \/KE+ Dy ||§t—1||2+0<\/ ng +At+\/(1+t]1t§<)10gn||§t—1||§+ 8 l&e— 1||2> (32b)

Remark 1. With regards to the above bound (32b) for ||{;||2, a direct application of [2, Theorem 2| results
in a term /flogn [|&—1||3 (as opposed to /(1 + ¢ L;<¢)logn [|&—1]|3 in (32b)). We make slight modifications
here to make it better-suited for the current setting.

(i) When t <, such a term /#logn ||&_1||3 works fine for our purpose;

(ii) When t > ¢ (so that o; exceeds the order of v A2 — 1), one can simply invoke [2, display (249)] to
improve the factor in front of ||&;_1||3 from \/Zlogn to v/logn.

Putting these together leads to the claimed bound (32b). Notably, this seemingly minor change turns out
to be essential in order to push the number of iterations to O(n/poly(logn)) instead of O(y/n/poly(logn)).



With Proposition 1 in mind, in order to control |A, ¢| and [|&||2, it boils down to determining A, By, D,
and k¢, respectively.

e Bounding A;, B;, D;. Repeating the same analysis as in [2, Section D.2|, we obtain

t1 t1 tlog?
A Sy =R B gy =2 posy 2 (33)
n n n

The only term that needs more discussion is Ay, as [2] only proved that A; < a%\/ “0% (taking s = 1

therein) for AMP with independent initialization. To get rid of the prefactor 1/a;, we rely on an
improved control of n.(z) (cf. (25a)). In particular, property (25a) tells us that

t—1
Inewolle S oellz = oo™+ 3 B aon], S 1.
k=1

where the last inequality can be found in display (90). In turn, this leads to

IVafo@)l2 S —= (34)

through the same analyses as detailed around [2, Section D.2.1, inequality (229)]. Here, Vg fo(®P) is
the key quantity to control A; in [2, Section D.2.1], and our desired bound for A; follows immediately.
Given that this only consists of very minor and straightforward changes to [2, Section D.2.1], we omit
the details for brevity and refer the readers to [2, Section D.2.1] for more details.

e Bounding «;. The main step then comes down to bounding ;. Towards this end, we claim that the
following relation holds for x;, whose proof is postponed to Section B.3.

Lemma 4. With probability at least 1 — O(n=19), the following results hold true:

— Under the inductive assumption (26) for &_1, one has

(i) =

provided that t < ¢ A c}ig_q) ;

— Under the inductive assumption (28) for &_1, one has

1
<l——(A\-1
Kt < 15(A )s (35b)

provided that t < C"h()’;i;:f and |oy| 2 VA2 — 1.

With the above estimates of A;, By, Dy, k¢ in place, we are ready to apply Theorem 1. Under the inductive
assumption (26), the recursive formula (32) in Theorem 1 taken together with (33) yields

tlog?n tlogn tlogn
[§ell2 < A| Kt + Vi €12 + O(\/ —, \/(1 +t 1<) logn[|& 113 + - €e—1ll2 |, (36)

which combined with (35) further implies that

A—1 t4log® n tlogn
el < 1+o(10gn)+0(ﬁ) el + 01/ 25, (37)




with the proviso that ¢t < ¢ A Cagj).

We are now ready to prove relation (26) via induction. To verify its validity for the base case (i.e. t = 1),
we note that by construction (see, e.g. [2, Step 3, Proof of Theorem 1]), & takes the form

V2

&= (7 — 1) z12{ Wz, where z; = 11 (z1) is independent of .

Elementary calculations reveal that, with probability at least 1 — O(n~11),

V2 logn
letlle = |5 =1 Nl 1] W] /=22, (38)

given that ||z1]|2 = 1 and z{ Wz ~ N(0, 21,,). This already establishes (26) for the base case with ¢ = 1.

Next, consider the case where t < ¢ A Cé‘;i q) for some small enough constant ¢ > 0. Given that 4/ % =

o(2=L) under our assumption on A — 1, the recursive relation (37) immediately leads to

logn
[€ell2 < (1+o(i\0gnl)> €1l +O<W)
< (1+0(i\0;nl)>t1 ||51||2+t‘2 <1+0(i\0g;)>j0< %)

7=0
t3logn
39
. (39)
forallt <gA %, as claimed.
Remark 2. Careful readers might note that the recursive formula established in (37) for t < ¢ A % does

not rely on the relation (27) (a relation that shall be established in the next subsection).

A.2.2 Evolution of a; and a bound on ¢ (Proof of Claim (27))

We now move on to establish the claim (27) concerning an upper bound on the threshold ¢, which requires
careful analysis about how the signal strength «; evolves at the initial stage. Towards this end, we divide
into two cases based on the magnitude of «;, which we shall detail after presenting several preliminary facts.

Preliminary facts. Before proceeding, we first recall some additional preliminary facts already established
in [2]. From the analysis of [2, Theorem 1|, we know that: by construction,

& € span(Ui—q) = span{m(xl), . ,nt,l(mt,l)} (40)

where U;_; € R™*(=1) ig a matrix whose columns are formed by a set of orthonormal basis {z1,...,2:_1}.
In fact, we can specify U; in a more explicit manner. Following [2, Section 4.1], let us define

21 = _mie) eR"” and Wy =W e R™*", (41a)

)y

which are statistically independent from each other; and then any 2 < ¢t < n, we can define the following
objects recursively:

Up—1 = [zk)1<k<t—1 € RPE7D, (41b)
and also
2 = (In _ Ut_lUtT_l) (@) (41c)
[(Zn = UeaU1) me() ||,
Wy = (In - Zt—lth—l) Wi1 (In - Zt—lz;r_l) , (41d)



where {z;} is the sequence generated by the AMP updates (2). This process thus leads to more explicit
forms for {U;} and the orthonormal basis {z;} (see [2, Section 4.1] for the orthonormality of {z;}). What is
more, the orthonormality of {z;} reveals the decomposition

t
m(w) =Y Bfze,  with Bf == (m(x), 2), (42)
k=1

which satisfies ||n¢(x;)|l2 = || B¢z with B¢ = [8}, ..., B]. Additionally, we find it convenient to generate

k—1
2
or = Wrzk + i, where (; == (% - 1>Z,€Tszk <2k + ngzi, 1<k<n, (43)
i=1

where the ¢g¥’s are independently drawn from A/(0, %) The following properties have been shown in [2,
Lemma 2|, which play a crucial role in our subsequent analysis:

* ¢y i N(0,L11,), for 1 <k <n;

e The randomness of ¢y only comes from Wy, and ¢, is independent of 21 and {z; };<.
e 15 and z; are conditionally independent from Wy, given {z; }i<i and ;.

e ¢ is independent from {z;};<x and {z;};<s.

Stage I: small correlation (o] <X — 1n~'/%). Let us start from the very beginning when the corre-
lation coefficient oy is reasonably small. Towards this, we define a threshold 7y such that

70 1= max {7 : [a;| SVA—Tn"V* for all t <7} (44)

in words, 7y + 1 represents the first term that exceeds the level of v/A — 1 n~/4. In the following, we would
like to prove that, with probability at least 1 — O(n 1), this threshold is not too large in the sense that
logn

< . 4
oS T (45)

Proof of Claim (45). In order to establish this result (45), we first state an important claim: the AMP
iterates — when initialized at a random point — satisfy the following recursive relation with high probability:

t—k+1 4
) log™n
_ yt—k+1 2 : i t—k
Q1 = A o + A Gt—i + 0] <)\ ng/4(>\_1)15> (46)
1=1
for any 1 < k < t, where we denote
ge=v"¢r 1<k<t) and  go =0. (47)

This claimed relation lies at the heart of the analysis for Stage I, in which the correlation between the AMP
iterate and v* keeps growing to a non-trivial value. To streamline the presentation, we defer the proof of
this claim to Section B.4.

Equipped with the above recursive formula (46), we now turn to proving the relation (45). Define

"

t; := C'ilogn for some quantity O/ = A{ 7, where C" is some large enough constant. Observe that

-1 A1
P(Jaxl S Y50, for all k < 201 1ogn ) < P(jar, 41| S 51 forall 1< < 200)
" n
200
VA-1 VA=1 o
_ Hlp(mm S o | el £ o Vi< <)



To control the right-hand side of the above relation, consider the following random variable

C"logn _ )\20’ logn+2 _ AZ
= > Ng~N|o, B (48)

j=1
for each 1 < ¢ < 200. Armed with this piece of notation, invoking relation (46) gives
Grvt = Nt Ta £ X, 40 (At 18T (49)
t;+1 ti—1+1 ) n3/4(A71)15 .

As mentioned in the above preliminary facts, each ¢; is independent with the AMP iterate z; for 1 < j and
therefore a1, given that a; 1 = v* ' 1;(x;). As a result, the random variable X; defined above is independent
from a1 for all j <7 — 1. Taking this together with the relation (46) then leads to

V-1 VA —

P<|04ti+1| S oA ot 11| T 1<j< l)

_—y VA—1 o log* n vVA—1
< P(|At’ "rag, 1+ X S SEYZE Attio 1n3/4()\ )15 ‘ g, 1] S nl/4 <7< l)
Ny VA — log* n A—1
_ ti—ti— C’logn
7P(|A 1ati—1+1+Xi| rg 1/4 +A & 3/4(A_1)1'5 ‘ |ati—1+1‘ 5 n1/4 )
A—1 / 1
(1 5 AL aren_oen . (50)
ni/d n3/A(\ — 1)15

Here, the penultimate line follows from the independence relation stated above, whereas the last line follows
from the elementary fact that

]P)X~Nuo2 (‘X|<x)<PX~N002)(|X|<Z‘) Vo > 0.

Putting these pieces together, we conclude that

200
VA —
IP’(|ak| < 17/4 for all k < 201C’logn < H]P’ | X

S 1/4 nd/A(\ — 1)1

—1) e (A —1)nt/4 log*n
)\QC’ logn+2 | ‘ \C' logn + n1/4(/\ _ 1)

4

VAi—1 ¢ lognlog n)

_HI[D

i
(

lo 200
(i) < n—ll, (51)
~ n1/4 ()\ ~
where we invoke the distribution of X; in expression (48), and the last inequality results from the assumption

that A — 1 > n~'/9. Therefore, the above inequality guarantees that with probability at least 1 — O(n~19),

there ex1sts some k < lf\’g’f such that

lag| = VA —1n"1/4 (52)

It thus implies that 79 < 1;\)% T (see the definition (44)), as claimed in (45). In other words, after at most
O(%&%) iterations, |ay| shall surpass the order of VA — Ln~1/4, O

Stage II: moderate-to-large correlation (vA—1n"%* < |oy| < 3vAZ—1). Next, let us look at
the time interval after |a;| surpasses the level of /A — In~%/4 but before it reaches the level of 1v/AZ —1.
Mathematically, this refers to the interval (7o, <], where 79 and ¢ are defined in (44) and (6), respectively. In
fact, we shall start by examining

cslogn
A—1

te (To, G A (53)



for some constant ¢ > 0; we shall demonstrate that ¢ < l)‘f T shortly.

In view of Theorem 1 and the bounds (33), we can write

Qi1 = M*T/m (Oétv* +

where the residual term obeys

jﬁ) on(dz) + Aus, (54)

tlogn
[Badl S /=22 + [0 Tmpa) = 0 Tma(w0)|- (55)

We first make a claim concerned with a refined recursive relation for a;1:
Al
Vai+1l

the proof of this result is postponed to Section B.5. Observe that whenever a; < %\/ A2 — 1, it holds that

|| = +o((A = Dlae]) +O(|Aa.e)); (56)

A 2 22 1
(m) = l)\Q + 3 > 1+ §(>\ - 1)7 for A € (]-7 12]7 (57)
t 4 4

which when taken together with expression (56), implies
1
vl > ( T+ 2(A = 1) +o(r - 1)) el + O(1Al): (58)

In addition, we claim that for every ¢ < 7/ where 7/ := min{t : a; > (A — 1)=3/4n~1/4} it satisfies
[Aae] < (A= 1)]ol, (59)

which we shall establish in Section B.6. With the relations (58) and (59) in place, it obeys |ary1| > ||
Moreover, observe that the bound (55) taken together with (39) ensures that

(1" 4+ 1)31logn

|Aa,7"+1| 5 n

< (A= Dlarpl. (60)
Invoking this argument recursively, we thus arrive at
1
|Oét+1|2 1+§(/\—1)+0(A—1) |Oét‘.

Now taking the above recursive relation collectively with the assumption A — 1 > n~1/9 reveals that ||

surpasses 2v/A2 — 1 within at most O(log") iterations. Therefore, recalling our definition (6) of ¢, we can

A1
readily conclude that
logn
=0 . 61
N ()\ - 1) (61)

A.2.3 A more complete bound for & (Proof of Claim (28))

We now move on to establish claim (28) for any ¢ obeying ¢ < ¢t < C’ILI‘(J;z—’rlL)S (recall from (61) that ¢ =

O(loﬁ)), again via an inductive argument. Along the way, we also need to demonstrate that

A—1
1
log] > VA2 =1 (62)

2

within this stage (namely, once |oy| exceeds /A2 — 1, the signal strength will never fall below this level).
g y 3 g g



To begin with, the claim (28) for the base case t = ¢ has already been validated in expression (39); the
condition (62) also holds with high probability when ¢t = ¢. Next, assuming that the claim (28)) holds up till
iteration t — 1, we would like to establish its validity for time ¢. Towards this end, inequality (36) together
with Lemma 4 tells us that

el < e+ 1 222 +0(v OB 4 J e o B+ “"g”ftﬂ)
n n n
1 %50\ 4 “052””&71”2 +O< /tlc;lgn>
+0<¢<1+tntgg>1ogn ( e mm{t’f”"”) +W) €l
1 %()\_ 1) +O(\/((A_t1)2 +ng3) log2n> ol +O( /tlc;;g?”L)’ (63)

where the second line comes from (35b) and the induction hypothesis (28) for t — 1. In addition, the validity
of (62) for ay41 in the (t 4 1)-th iteration can be justified as well, which we shall detail in Section B.7.

IN

With the above recursive relation in HliIlCl7 recognizii (t/(A=1)2+¢%) log? n < 2¢(A—1) for some constant
g g n =
¢ > 0 small enough, we can readily derive

1
1€l < <1 - %(A - 1)) 1€e—1ll2 + O(W)

< (1210@ ))Hll&llwtf1 (1210(/\1)>j0( %)

Jj=0

[¢3logn tlogn
< 64
~ n + \/ n(A —1)2 (64)

forall ¢ <t < ‘3"15)27;”5 Combining this with the bound (39) (for ¢ < ¢) immediately establishes Claim (28)

n
en(A—1)°
log? n

for all t <

A.2.4 Analysis for approximate state evolution (Proof of Property (10))

Once the signal strength «; reaches the order of v A2 — 1, AMP enters the stage of local refinement. According

. _1)5
to (28) and (27), for any ¢t < ”ngzg 711)
term bounded by

, the AMP iterate x; admits the decomposition (8a) with the error

(t+ &) logn

< 65
In the meantime, to describe how «; evolves, we bound A, ; based on the relation (32a) as follows:
3
(t+ log_")logn
Aol S Br+ [[&-1ll2 £ 2 (66)

where the last inequality arises from (33). Combining this with relation (31) leads to

1 (t+ 522" ) logn
T A1
Qpy1 = A" /ﬁt (atv* + \/ﬁa:> on(dz) + O \/”(A I

10



Next, we shall characterize the distance between a;11 and its asymptotic counterpart to further under-
stand the evolution of a¢y1. More specifically, recall that the asymptotic state evolution is defined as

1/2
A=A {/ tanh (a} (o + z) )p(dz) ) (67)
assuming we start from of = |a.| for some ¢ = O(lff ). We aim to control the difference between a4
and oy, . To simplify the presentation, we assume without loss of generality that a; > 0, and employ the
notation )
7= (o))"

To begin with, the same analysis as in the proof of claim (56) (with different error bound (66) here) gives

2 t+ 282y 100y,
; _1‘a§,+\/< Er) log
n

a? n(A—1)2

1/2
Qi1 = A {/ tanh (of + o) gp(dx)} +0

1/2 (t+log_3n)10gn
= anh (a2 + aux x RNt St I
A[/th(t+ )wm)} +0 V e (63)

Here, the last line follows from inequality (23a) which indicates

9 log3 n
T\ o tlogny) 5 M
(\/ﬁ) _at+0(||§t1”2+\/7)_at+0 \/ n(A—1)2

It then follows from relations (68) and (67) that

o — T B Ik [tanh (af + ata:) — tanh (Tt + Ttl‘ﬂ o(dx) N \/(t + 1<;g_31”) logn

B n(A—1)3

Tit1 [ tanh (1, + \/Tiz) @(dz) (69)

Here, we remind the readers that (see also (116) and [4, Appendix B.2])
/tanh (o® 4+ az) p(dz) = /tanh2 (o® 4+ az) p(dz) < o?, for o € (0, 2],

where the last inequality results from relation (116). The recursive formula (69) quantifies how the difference
between o and o} changes over time, which plays a key role in our following analysis.
In order to better understand the above recursion, let us define — for every 7 € [0, \?] — that

h(r) := /tanh (7 + V7z) o(dz).
Armed with this function, one can write
ar?y = Nh(a}?). (70)

Also, direct calculations yield

W(r) = / (1 + 2\%) (1 —tanh?® (7 + v/72)) ¢(dz) € (0,1),

where its range follows from display (263) in [2, Section D.3.3]. We make note of a few direct consequences
of the above results.

e Recognizing that h/(7) > 0, one has aj, | > of 2 VA2 —1fort >¢.

11



e In view of display (264) in [2, Section D.3.3], we have 0 < A\2h/(7) <1 — (A —1). If we define a* to be
the limiting point of (67) (as t — o0)), we can then see that

a2, — o[ < (1= (A=1)) - |o)® — ™, for t > . (71)
In other words, the asymptotic state evolution parameter a}? converges exponentially to some fixed

point a*2.
e In light of the above notation, we can also write

(o) 3n
024y = el _ [h(ed) = h(r)l , \/(t g log
Tt4+1 h(Tt) n()\ — 1)3

_ W) il ([ ogn
h(7e) /7 Ty n(A—1)3

for some 7 satisfying min{r, a?} < 7 < max{r,a?}.

We first prove that of = (1 + o(1))7. By definition, af = a; 2 V'A% — 1, and hence this claim holds
trivially for t = ¢. Next, assuming the validity of the inductive assumption a? = (1 + o(1))7;, we would like
to prove it for the (¢ + 1)-th step. Towards this end, we first claim that there exists some universal constant

¢ > 0 small enough such that

AP
Rryfm =LA (73)

whose proof is postponed to Section B.9. This further allows us to derive

3
02 —n| _ [+ 55 logn

(Y n(A—1)5 (74)

which we shall demonstrate via an inductive argument. Given that (74) holds trivially when ¢ = ¢, we intend
to establish (74) for the (¢ + 1)-th iteration, assuming that it holds for all s < ¢. To do so, we combine (73)
and (72) to show that

log® n
=il (g oy 2l \/<t+ 1) logn
Tt

T (A —1)°
N W (75)

where the second line is obtained by applying (74) recursively. Hence, it also leads to o, = (14 0(1))741,
which concludes the inductive assumption for the (¢ + 1)-th iteration. Putting the above results together
with expression (71) also gives

log3 n
* t— (t+ SE57)logn
oy — o™= (1-(A=1) " |a® - a™|+aj},0 \/M

(t+ k:\F"%") logn

SU-0-0) T ey

: (76)
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B Proof of auxiliary lemmas and claims

B.1 Proof of Lemma 2

Proof of property (23a). Recall that m; :== \/n(||z¢]|3 — 1) V 1. To show property (23a), the first step is
to calculate [|z;||2. Notice that for independent Gaussian vectors ¢y ~ N (0, +1,,), one has

T (D1, .., Pr—1] ~ N(O, %It—l)a

given that ||v*||2 = 1. Therefore, it is easily seen that

o8t = v ) <
k=1

o ors s el 18-l

tlogn

< 7
<y )

with probability at least 1 — O(n~!!). Combining inequalities (77) and (89), we reach

t—1 2 t—1 2 t—1

[vell3 = |lowv™ + D BE 1w = llawo™ |5+ | D Bridn| +2 <atv*’ Zﬁf—1¢k>
k=1 2 k=1 2 k=1
tl

:a§+1+o< ‘f”)m, (78)

which in turn leads to

1
ol = Qledla + O-112)” = o2 + 1+ Ol + /=57 (79)

Based on the above properties, we can also derive that

ool B )
Vi <|at| (e /)> . 50

where the first inequality based on the fact that va+b < /a + Vb for a,b > 0. In particular, if a? <

n([lell3 - 1)

~

[1€—1]l2 + \/“O%, then the basic relation va +b = v/a + O(vb) (0 < a < b) enables us to replace “<” in

(81) with “=" to obtain
tlogn 1/2
el =1 = v (@t 0 (leall+ 22 ) ) ). (s1)
: 2 tlogn : : _ b :
In contrast, if af 2 [|&—1]l2 + y/ =2, then the basic relation va +b = /a + O(ﬁ) (0 <b < a) yields
2 5 tlogn 1 tlogn
n(llzelz =1) = y|n | af + O | [[§-1ll2 + = Vnlot| |1+ =0 [ [&-1l2+
n ot n
1 tlogn
= v (ol + 0 (lella + /=22 | ).
|| n

(82)
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The preceding two bounds taken collectively demonstrate that

Yzl =1 = valad + \/ﬁ{lalt'o (na_lnz + W) o (lecate ) ) } |

The above bound also leads to the desired form (23a) for m; when /n(||z¢]|3 — 1) > 1. Consequently, it
remains to examine the case where \/n(||z¢||3 — 1) < 1, which clearly can only happen if

tlogn 1/2
crola] < <||§t1||2+\/ ng )

for some sufficiently small constant c¢1g > 0. But in this situation, we still have

tlogn tlogn 1/2
re=1 5 Vi1l + ) < i (jad+ o (1l +/1227) )
1/2
= Vil +\/ﬁ{o<(n@_1n2+\/@) ) ko (nst_lnﬁ\/M)},
n |ty n

and hence the claimed bound is still valid.

Proof of property (23b). First recall the definition v, ? := | tanh(m,x,)||3. Towards establishing prop-

erty (23b), consider the following difference

‘tanh mea)|ls — /Htanh <\/ﬁ(at + > H on(dz)

]||tanh )| — [[tanh(r,v,)|)? ]+ ‘|tanh w2 - /Htanh(

@+ 0)) [Lontao)

Vn
where @, ~ N(0,1,). To bound the right-hand side above, note that the Lipschitz property of tanh gives
[tanh(mez;) — tanh(mevy)||, < [|tanh(m(ze — ve))lly < mell€e—1]l2-
This in turn yields
[tanh(mz) 3 — lltanb(revn)|3 = | tanh(rezo)ll, + tanh(revn) |, | - |tanb(re), — [sanh(reo)],|

< (2 tanh(mev,) |y + mel|€e—1ll2) Tell€e—1]l2
< (e oelly + mell€e—rll2) mell€e—1ll2 = 77 [[€e—1ll2,

where the last line makes use of the assumption ||&_1||2 < 1 and the equation (78). Thus, we arrive at

‘Htanh T4y ||2 /Htanh (\/ﬁ(at +z > H on(dz)

< quft 1ll2 + ‘tanh TV H2 /H tanh (

@0+ 2)) [ontan)] (53)

NG

Next we develop a bound on the second term of (83), which turns out to be a consequence of the uniform
concentration property. Specifically, let us consider functions of the following form

tanh (\/ﬁ(a + x))

2

t—1
fo(®) = [[tanh(mo)||% — / oa(dz),  wherev=av* + 3 Bex;
=1

2

here, we define

:\/ﬁ[¢1a¢27"'7¢t—1]7 ﬁ: [ﬂlaﬁ27"'7ﬁt71}7 0:[&,,@,W]€Rt+1.
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Then, it suffices to bound fy(®) uniformly over all 6 in the following set

0:={6=(0pm|I8la=1as V315 va}. (84)

In order to achieve this, first consider the derivative of f with respect to ®, which by direct calculations
satisfies

IVado(@®)l < 22 tantro) o ot (o).
g2””5'2||tanh<m>25f|| ||2Nf (85)

NG

where we note that ||v]js < o+ ﬁH@H < 1. Additionally, since function fy(®) is uniformly bounded by 2

if we take § = n 3% for the set £ defined in Lemma 1, it satisfies (we refer the readers to [2, Section D.1.1]
for the proof of this property)

E[|f(®) — f(Pe(®))|] < n 1.

where Pg(-) denotes the Euclidean projection onto the set £. Combining the above inequality with the
following properties of function fy(®),

1. [Vafo(®)|l2 < n'% for any ® € &,
2. For any fixed 6, one has E[fy(P)] =0,

we can apply [2, Corollary 3| to reach

1 tlogn
sup ‘gfo@))‘ S\ (86)
Taking everything collectively, we conclude that
9 2 tlogn
(i)l = | o (Tt 0))| ontan)] w2 (lecale s 2ER). 0

which leads to the property (23b) by recognizing that

/ tanh(\/ﬁ(aﬂrx))

Proof of property (23c). We are only left with calculating the value of [ tanh? (%(at +2))¢(dz) which

shall be done as follows. First, by observing that tanh(0) = tanh”(0) = 0, tanh’(0) = 1, | tanh”’(x)| < 4 for
r € R, we find

2

; on(dz) = n/tanh2 ( (o + ) p(dz).

N

2
[tanh(z) — a| < =Jaf?

as a consequence of the mean value theorem. Combining this relation with the fact that | tanh(z) — x| < |z,
we can further obtain

|tanh(z) — 2| < |z| A |z,
As a result, we see that

| tanh(x) + x| = |22 + tanh(z) — x| = 2|z| + O(|z| A |x\3) < |z|,

15



which in turn leads to
tanh?(z) = 2% 4+ O(| tanh(z) — z|| tanh(z) + z|) = 22 + O(a?).

Now we are ready to compute the value of [ tanh? (%(at +))p(dz). In view of the expressions obtained
above, it follows that

/tanh2 <\7;%(at+m)> o(de) :/(:;%(at-i-x))Q@(dw)-i-O (/ (;%(at+x))4@(dw))

(88)

\
<L
)
AN
+
Nt
+
Q
R
SN
N—

We thus complete the proof of the advertised result.

B.2 Proof of Lemma 3

Proof of property (25a). The property (25a) is concerned with the magnitudes of 7; and its derivatives.
In view of the definition of 7;, we proceed to bounding the parameters m; and ~; separately. Towards this,
recall from Lemma 1 that: with probability at least 1 — O(n~11),

t—1
S 8o =140 (w“‘f”) (89)
k=1 2

holds simultaneously for all 5;_1 = [ﬂf_l]lgkq € §t=2. Tt then follows from this result and the definition

(22) of v; that
1
— || +1+0 <,/t f”) <1, (90)
2

t—1

v+ BE o

k=1

< vl +
2

[oell2 =

t—1
> B én
k=1

n
logn

given that ¢t < and

e = M i (o) S A S L (91)
These properties together with the assumption on &; enable us to control the ¢ norm of z; as follows:
lzellz = llve + &eally < lvelly + 1€e-ally S 1. (92)

Given that ||z¢]|2 < 1, the value of 7, can be controlled as
7= (a3 - D V1S Vi (93)
Additionally, by observing that tanh(0) = 0, tanh’(x) = 1 — tanh?(x) € [0,1] and |tanh(z)| < 1, one has
|tanh(z)| < |z| A 1. (94)
We claim that this leads to the following consequence:
I tanh(ﬂ'txt)H2 = Ty (95)

for the moment, let us first take this as given and we shall come back to its proof after establishing the
property (25a). In view of this claim (95), we find that

v = | tanh(mpzy) |3t =< w0t (96)
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In order to prove property (25a), it suffices to recall the definition of 7; as in expression (3). For any = € R,
direct calculations give

ne(z) = v tanh(mx) (97a)
ny(z) = yme (1 — tanh?(m)) (97Db)
) (x) = —2v7} tanh(mez) (1 — tanh?(m,z)) (97¢)
n)(x) = =2y} (1 — tanhz(wtx)) (1-3 tanhz(ﬂtx)) (97d)

Combining these identities with (94), (96) and the fact that |tanh(x)| < 1, one can easily validate expres-
sion (25a). It then boils down to justifying the claim (95), which we accomplish below.

Proof of relation (95). Note that from display (94), one has H tanh(ma:t)HQ = H|7rtxt| A 1“2, where both
operators |- | and A are applied in an entrywise manner and we overlad the notation 1 to denote an all-one
vector. To establish the relation (95), it is sufficient to prove that ||| x| A 1“2 = 7;. Towards this end, first
we invoke (93) to make the observation that

||‘7Tt117t| A 1”2 S ||7Ttl’t||2 A Hl”g == ||7Tt$t||2 AN \/ﬁ = T A \/’TL = T¢.

In addition, let us introduce an index set Z as follows:

. 1
7= {z € [n] ‘ [€:-1,i] <0.9|vy 4] and vy S \/ﬁ}’ (98)

which clearly satisfies

0.1|meve ;] < |mpwy | < 1.9]mpve 4], Viel.
It then follows that:
||Imeae| A 1”2 > |[|mewe 0 12| A 1||2 = |||mve o Iz | A 1||2. (99)
To further control the right-hand side of display (99), we claim that

H|7rtvtollz|/\1H2 E,l“\) H7TtUt0]11H2 (Q . (100)

In order to see this, relation (i) can be verified using expression (93) and the definition of (98), as they
guarantee that

|meve ] < mel - v S 1, Viel.

To validate (ii), note that on the index set Z°, one has |v; ;| < |&—14|. Therefore, it holds that

1
<l illy < 7oa] 101
2 S mellée—1lle S e logn’ (101)

Equipped with the above calculation, we can recall

[meve 0 ze |l2 S (1meée—1 0 Lze

1

where we recall our assumption [[§-1ll2 S \/5en-

lve]]2 < 1 from expression (90) to obtain

1
Ireve o 1z 13 = el — e o 12 1 = (1- 0 - ) )t =<, (102)

as claimed in Part (ii) of (100).
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Proof of property (25b). To study the derivatives of n;(x), we first consider the parameters m; and ~;.
Given that ||&_1]|2 satisfies the expression (24), when ¢t < l)‘f’f, it holds true that

[t3logn [ log*n
_ < < . 1
||£t 1”2 ~ n ~ n()\ — 1)3 ( 03)

Under the assumption A — 1 > n~/?logn, we see that ||&_1]|2 also satisfies

log* n 1 log4n n5/9 0.2
e <A =1)- < (A=1)- . <(x—=1 2
”é-t 1”2 ~ ( ) \/ n ()\ 1)5 ~ ( ) n logsn ~ ( )’fl,

Similarly, it is also easily seen that

(tlogn)1/2<(>\_1)n_oh2.

n ~Y
Taking these together with the relation (81) in the proof of Lemma 2 and the assumption ay < /X — 1n =01
yields

T < vVnoy + O<\/ﬁ(|£t—12 +14/ tl(;gn)1/2> <VA =100, (104)

Similarly, the relation (23d) of Lemma 2 combined with the assumption a; < /A — 1n~%! and the above

bounds leads to
7 tlogn
(o) 2 =af +1+ O(; e + \/?) —140((—1n0?),

which by direct calculation also gives y;m = 1+ O((A — 1)n=°2) under our assumption on A — 1.
Armed with the above properties, some algebra together with (97) further results in

ny(z) = wme(1 — tanh®(mz)) = 1+ O((A — 1)n~"?logn),
' ()| S w0 - [mea| S (A= 1)n®®la],

where we invoke the relation |1 — tanh?(m,z)| =< 1 for any |z| < \/k’%.

Proof of property (25¢). Again when t < 182 |, ||, satisfies inequality (103). Taking this collectively
AV -

with the assumption oy < /A — In~'/* and the relation (81) in the proof of Lemma 2, we obtain

t1 1/2
Wtéx/ﬁat+0<\/ﬁ(§t—12+\/ ) )5\//\—1711/44—()\—1)3/4n1/4logn
= (A—1)"34p 4 10gn. (105)

Similarly, the relation (23d) of Lemma 2 together with our assumption on A — 1 yields

1 2
%m:1+0<‘%">. (106)

Vn(A—=1)3

To derive property (25c), we make note of some simple facts that tanh(0) = tanh”(0) = tanh””(0) = 0,
tanh’(0) = 1, tanh”’(0) = —2 and |tanh® ()| < K for some constant K. As a result, the mean value
theorem ensures that for any x, there exists a quantity ¢ such that

1
tanh(z) = = — S for some 0<c<K’,
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for K’ = K/120. Based on the calculations above, we can conclude that

1
ne(x) = v tanh(myx) = (1 — co)m; ! tanh(maz) = (1 — ¢o) (x — §7rt2x3 + cz>

where ¢y and ¢, are some quantities obeying

log? 5 og?
ol S A" and o] S wfaf g IEloE R

~ /(A —1)3 ~o(A-1)?

This completes the proof of the desired property.

B.3 Proof of Lemma 4

Without loss of generality, throughout this proof, we assume «a; > 0. Before we begin to bound &, let us

simplify the term of interest a little bit. First of all, as each entry follows v} ELS- Unif{ﬁ7 —ﬁ}, one can

</{x77£ (atv —|—1n:v> %77 (Oé +x)]2@n(dx)>
] [ (ouni 4 ) = o (i + )| e

= [ [ (et ) - %n? (Jater +x>)rs@<dx>,

where (-) is the p.d.f. of A/ (0,1), and we have used the fact that n(-) is symmetric about 0 and the
integration is over the distribution N (0, I,,). Similarly, we obtain

easily derive

2

</ {772 (Oétv* + \/lﬁx>r</>7z(dx)> = / [né(\/lﬁ(at —I—JJ))} o(dz).

Therefore, it holds that
=max{ [im@rean, [ fz<m>|2so<dx>}, (107)

n(e) = anf (= (o)) = =i (= (4 0).
I(z) = ng(%(at + x))

where we define

We now proceed to the proof of Lemma 4, and begin by restricting our attention to the range t < ¢A %.

We divide into two cases depending on the value of ;.

Case I: a; S VA2 —1n""!. Let us introduce an event A := {x : |z| < \/24Togn}. For z ~ N (0,1), it is
easily verified that P(A) =1 — O(n~'2?). Conditional on A and assuming a; < VA2 — 1n~%! one has

logn

1
WAGREIE
Meanwhile, recall that /A + 1 < 1, and therefore a; < /A2 — 1n~%1 is equivalent to ay < v A — 1n~ %1 As
a result, according to the property (25b) established in Lemma 3, we see that: when |z] < 4/ log" , one has

n

n(z) =1+ O0((A—1)n""?logn) and In)(2)] < (A= 1)n%®z|. (108)
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Hence, for all z residing within A, we can bound the difference between I3 (z) and x uniformly as follows:

)~ < it ) =1l + = (Sl )]
S ((A=1)n"%%logn) |z| + (A — 1)n3 in(ozt + )

—_

S (A =1)n"%%logn) |z + (A — 1)n"? (n + \}ﬁ|x|>

< (A =1)n"%%logn) (1 + |z). (109)

~

In addition, consider any = € R. Recalling the relation (25a) of Lemma 3 — which reveals that |n}(z)| < 1,
[ny ()] < v/n — we observe the crude bound that |I;(z)| < |z| + 1. Putting the preceding two bounds
together, we arrive at

[In@Pen = [seldn) + [(hi) - o)) + 2)p(do)
—1+ [ (h(e) = 2)(hie) + 2)p(do) + [ (1e) - 2)(h() + 2)p(de)
A

=140 </A(/\ —n"%%logn - (Jz| + 1)*p(dz) + /Ac(|x\ + 1)2<p(dx))
=1+0((A—1)n""?logn), (110)

where the last equality utilizes the fact that for ¢, = /24 logn, one has

> > 1 logn
/szgo(dx) - 2/C a*p(dz) S/c 2% exp (—2x2> dr < ng12 :

n n

Regarding the other term Ip(z), relation (25a) of Lemma 3 implies that |I3(x)] < 1. Furthermore, if
|z] < /24Togn, in view of the relation (25b) we have |Ix(z)] = 1+ O((A — 1)n"%2logn). Putting these

together, we obtain
[ m@Pen) = [ B@Pen + [ B

— 14 0((A—1)n""2logn) + O(P(A°))
=14 0((A—1n""?logn).

(111)

Combining inequalities (110) and (111) then leads to

_ A—1
=140 (=D 0-2logn)=1+o<logn>.

Case IT: VA2 —1n7 %! < oy < VA2 1. We first note that under the assumption (26), the following
relation holds for [|&—1||2 “when < 10%”.

t3logn log™n
el S ) ot \/ gfl (112)

We recall the basic facts obtained in property (97), and as a result,

/ |11 (x)]2p(dz) = / [("mrtx + %%wf tanh (%(at + x))) (1 — tanh? (\/ﬁ(at + x)))] : o(dz)

(113)

/|Ig(3:)|2<p(dx) = / [’yﬂrt(l — tanh? (\/ﬁ(at + x)))}zgo(dx) (114)
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It then comes down to controlling the right-hand side of the above two expressions, under the condition that
VA2 —1n 0t <oy < VA2 1.

For notational convenience, let us introduce additional shorthand notation as follows:

2 T
Ji(z) = ymex + %%ﬂf tanh (\/—% (at + x)),

Jo(z) = o + 2,utaf tanh (at (at + x)),

Ki(z) =1 — tanh® (%(at +2)),

Ko(z) =1-— tanh? (ozt (ozt + m))

1
2

[y = { / tanh? (o (o + :E))ga(dx)}
With this set of notation in place, it follows from (113) and a little algebra that
[ In@)Pen) = [lh@ri@Pe)
— [ et o) (o) + 0 ( [ 1@ Ka(@) - Kolo)| | Ka(2) + Kalz) @(dl“)>
+0( [151) - R@I @) + 2@ @) plan) ) (115)

To bound [ |I;(z)|*¢(dx), it is thus sufficient to control these three terms on the right-hand side of (115)
separately. Before proceeding, we find it helpful to make note of several preliminary properties.

e First, we would like to show that
e =< ot (116)
In order to see this, note that the elementary fact tanh?®(x) < 22 implies that
/tanh2(at(at +z))p(dx) < /af(at + 2)%p(dr) < o?, for oy < .

On the other hand, when |z| < 1/2, a; € (0,A] and X € (1,1.2], one has as(a¢ + z) € [—0.0625,2.04].
Clearly, for any z € [—0.0625,2.04], we have tanh?(z)/2% > 0.22, and as a consequence,

/tanh2(at(ozt +2))p(dz) > /tanhQ(at(at +2))1(|z] < 0.5)p(dx)
> /af(at +2)21(|2] < 0.5)p(dz) = a2,

The preceding two bounds taken collectively justify the claim (116).

e Additionally, based on equation (23a) of Lemma 2 and the bound (112), we have

Vn tlogn log* n
T = \/’];O[t + aitO ||£t71||2 + " = O[t\/ﬁ‘f’ O W (1].7)

log* n
nat(A —1)3

:Oét\/ﬁ 1+O X()ét\/ﬁ (118)
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Here, the last inequality holds since

?) = ofavn),

logn
—1°

aslongast S 3
log?
% —o((A—1)n”

log* n
-1~ A T

provided that ay > VA2 —1n %l and A —1 > n~9logn
e Moreover, by combining equation (23b) of Lemma 2 with (117), (118) and (112), we see that
nlog n
)+ O | o U

T2 = /tamh2 (\/ﬁ(at—kx

Yo =n

/tanh2 (a¢(ay +x)) p(dx) + O (Tl)\kigl)g

4

9 nlog™n
O

B NIRPNTE

=npy

Here, the second equality arises from the following fact (see also (149))

’/tanh2 ( (o + x)) — tanh® (o (o + ) p(dx)
1 ‘”/ nh? ( 2L (ay + ) ) o(dz) 0‘2 tah2 (ar + ) ) — tanh? (ay (ar + ) p(dz)
- — ot x n — (s + ) | — tan
= W? \/ﬁ t ¥ f t t (O
a?n w2 log* n
< |1 ! 2 L _1lat=0 —_— 119
s[5t + | -1 o W - 17 )
As a result, we can express 7; in term of u; as
4 ol 4
9 nlog™n m 9 log™n m
= — 2 =—1|14+0 _ = —. 120
Yt oy + o (A . 1)3 \/ﬁ + Hy n()\ . 1)3 \/ﬁ ( )
e With (118) and (120) in place, a little algebra further leads to
log’ n 1 1 log* n
< —— | = 2) < = 121
:u’tat‘wlu“tat n()\_l)g <OZ§ +:u’t) ~ Oé% n()\—l)S’ ( )
log*
o8 1t (122)

[yeme —

log* n 1 9 1
il < = "
<af TS ag \[ n(A—1)3

< 2 /_—5 %
~ Qe n()\ _ 1)3

1
'\/ﬁ%ﬂ t T Oy
In addition, according to the relation (23d) in Lemma 2, we have
2 tlogn
(af +1)7" + O(TZ + &1l + f)

2 2
Ve Ty =

and using similar analysis as for (23c) yields
T /tanh2 (ar(ow +2))p(dz) = af(ef + 1)+ O (af) .

These tWO bOLlIldS takell togetllel W ltll a httle algebla 1ea,ds tO

[veme — peces| S <t +at +1&—1ll2 +
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recognizing the range V22 — 1n~ %1 < o, < /A2 =1 and our assumption A — 1 > n~/?logn. Com-
bining the above bound with (121) gives

1/4

1 log* n log* n
_ <2 AN — < 124
Iyveme — o | S o A a2\ n(A=1)3 ~ (n()\ —1)3 ’ (124)

where the last inequality follows from the elementary fact that min{a,b} < v/ab.
e Taking inequalities (118), (121) and (122) collectively with the fact that u,a? < oy (cf. (116)) yields

1 log’ n
\at+w|§aft\/m'(lwl+at% (125)

K (2) — Kala) s]j%—at

and
1
[T1(@) = Ta(@)] < hems = el o] + 2| Z=ym? — pa? | |tanh (L (0 + )
vn ' ! Vn
+ pa? |tanh <\7Tft(at + x)) — tanh (ay(ay + m))’
n
1/4 4 4
log* n 1 log™n log™n
<[ 2 O - B _P% "
~ (n()\—l)3> e+ 5 \/n()\— )3 +\/n(x—1)3(|f”| +a)
1/4 4
10g4n 1 log™n
< (==l Iy S 12
S (n(/\ - 1)3> R Vs ey (126)

Equipped the above relations, we are positioned to control the right-hand side of expression (115).
Combining (125) and (126) directly yields

4, 4, 1/4 4,
/|I1(x)|2<p(dx)z/[J2(a:)K2(x)]2<p(dx)+O ~ n(ls\g—l)?’ +0 (n(l‘;g_l)a) +alt\/n(1§g_1)3

= / [utatx + 2;1,:@? tanh (at (at + x))} ’ [1 — tanh? (at (Oét + x))} 290((133)
1/4

log* n 1 log* n
—_— — 12
+0 (n()\ — 1)3> + oy \/ n(A—1)3 |’ (127)

where the first line invokes the simple observations that |J;(z)| < |z| + ap and |K;(z)] < 1 for i = 1,2.
Similarly, one can derive in the same manner that

1/4 4
2 10g4n 1 log™n
2 _ 202 _ 2 L
/\Ig(x)| p(dz) = piog / [1 tanh (at(at +x))} o(dz) + O (n()\ — 1)3> + o \/ PO 1)
(128)
As it turns out, the main terms in the above two identities satisfy

2 2 2 2 2

/ [utatx + 2pa tanh (at (at + m))} {1 — tanh (at (ozt + x))} o(dz) <1 —cof, (129a)
2

,ufozf/ {1 — tanh? (ozt (o + x))} o(dr) <1 —ca?, (129b)

which we shall justify momentarily. Combine these results with (107) to conclude that: if v/A2 — 1n=01 <

ar S v/A2 —1, then

1/4 4
log* n 1 log™n A—1
2<1—ca?+40 _ — ——= | =1 130
e = oo+ n(A—1)3 + ap \| n(A—1)3 o logn )’ (130)
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where the last inequality follows by recognizing that

10g4n 1/4+ 1 log* n Y A—1
n(A—1)3 VA—1In 01\ n(A—=1)3 "\ logn

under our assumption A — 1 > n~9logn.

Proof of relation (129). To proceed, consider the problem of estimating v* (which obeys v} ~ Unif{£1})
from the noisy observation Y = a;v* + g, where g ~ N(0, %In) As alluded to previously, the Bayes-optimal
estimate (or minimum mean square estimator (MMSE)) is given by

E[v* | Y] = tanh(v/noY),
which satisfies (due to its optimality)
Cor (v*, f(Y)) < Cor (v*,E[v* | Y]), (131)

for any measurable function f; here Cor(+,-) denotes the correlation of two random vectors. In particular,
the Bayes-optimal estimator outperforms the identity estimator (i.e., f(Y) =Y'), so that (131) translates to

E[(v*, azv* + g)] < E[(v*, tanh(y/not(apv* + g)))] [ tanh(ay (e + z))p(dz)

VEllaw* 98] ~ VEtnh(Viodow® + 018 /] tank(an(a + 2))plda)

= \// tanh2(at(at + 2))p(dx), (132)

where the fist equality holds due to the symmetry of ¢(-), and the second equality holds since [ tanh(a? +

azr)p(dz) = [tanh?(a? + ax)p(dr) (see [4, Appendix B.2]). As a consequence, the above relation implies
that

e _ ]E[<v*, aw*+g>] anh2 ooy + da) = i 133
eI+l VEllow + o3 <\// T (133

which in turns reveals that
preoy < \Jaf + 1=

Armed with this relation, we can conclude that

max { / {utatm + 2u0 tanh <at (at + as))} [1 — tanh? (Ott (at + m))} o(dz),
ufaf/ [1 — tanh? (at (0w + ac))} ’ go(dx)}
< 4% max { / [x + 20 tanh (at (at + x))} [1 — tanh? (at (at + z))} o(dx),

/ [1 — tanh? (at (o + x))} ’ @(dx)}

= &2(7, 7).
As it turns out, this function x2(-,-) has been studied in [2]; more specifically, [2, relation (272)] together
with v :== /a7 + 1 indicates that x(y,a?) < 1— 2=1 and hence

-1
2l <1- T <1 ead (134

for some constant ¢ > 0. Here, notice that we view v and a7 as A and 7 respectively in [2, relation (272)].
Putting everything together completes the proof of the required relation (129).
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Case IIl: oy > VA2 —land t < 6"15)27;711)5. The calculation of k; in this case follows from similar arguments

as in [2, Section D.3.4.]. The only difference lies in the computing the parameters 7; and +;, which was done
in [2, Lemma 14] therein but requires a different proof here. Specifically, we aim to show that

m = (1+ oA —1))auvn and 2= (1+o(A— 1))n/tanh(at(at + z))p(dx). (135)

If these two relations were valid, then one could follow the argument in [2, Section D.3.4.] verbatim to
demonstrate that

1
Ktﬁl_TSO‘_l)v

as claimed.
We now present how to prove relation (135). In view of the equation (23a) of Lemma 2, we have

T = at\/ﬁ(l + O%O(Hft—ﬂb N W)) _ aMﬁ(l . O(\/(t + 1ogjl?<(_)\1—)21))logn>>

= at\/ﬁ(1+0( Q17

logn

)) = av/n(l+o(A—1))

under the condition ¢ < % and the assumption (28). In addition, with the same analysis as inequal-

ity (119), we can guarantee that

3 — ogn
[t (Tt ) olde) = [ tanké? (aufar + ) o) + 0 \/ e A T

(A -1y

logn

= /tanh (a(ay + x)) p(dz) + O ( ) = /tanh (at(ag + ) p(dx) + o(A = 1).

Then according to equation (23b), we can reach

wi=n (/ tanh(oy (o 4 z))p(dz) + o(A — 1)) +nai(1+ oA — 1))0<\/(t +logn/(A ~ 1)) 10g”>

n

= (1 +o(X — 1))n/tanh(at(04t + x))p(dx),

where the last equality follows from the fact that [tanh(oy(a: 4+ x))p(dz) < af < 1 (see relation (116)).
This establishes the claim (135).

B.4 Proof of Claim (46)

This subsection aims to establish the advertised decomposition (46). To do so, recall that {n;(z;) 1<i<i—1

spans the same linear space as {z; }1<i<¢—1 (see (40) and (41b)). It is important to notice that {n: (z1), ..., m—1(zi=1)}
are almost orthogonal to each other, thus forming a set of near-orthonormal basis; this property is summa-

rized in the lemma below, whose proof is provided in Section B.8.

Lemma 5. Suppose that the assumptions of Theorem 1 hold. With probability at least 1 —O(n~11), we have

i=1

simultaneously for all t < 19 and all w = [w;]1<i<¢ € R, where 79 is defined in (45).

= (1+0(1))[Jwl|2 (136)
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In view of Lemma 5 and the fact that & € span(Ui—1) = span{ni(z1),...,m—1(x1—1)} (cf. (40)), one can
write & as a linear combination of {n;(z;)}1<i<i—1 as follows:

= tmelzr),  with % = [f]ick<s € R obeying [yl = [|]lo- (137)

Armed with this decomposition, we intend to prove that

t—1
appr = Mt (ze) = o Ty (Ut + 275—1771@(3%))

N log?® n
= Av Tnt (’Ut) + O <n3/4()\_1)15> 5 (138)

which shall be done as follows.

e In order to see this, first note that 7;(-) is a Lipschitz function with Lipschitz constant O(1) (see

Lemma 3). Therefore, for every ¢t < lf\)% T+ we have
t—1
77t<Ut +Z’Yt 1Mk l‘k)) —v* Ty (Ut +Z’Yt 1Mk Uk)) |
k=1

<|

In view of the decomposition (137) and the Cauchy-Schwarz inequality, we can further obtain

t—1 t—1
o T (v > v me(an)) = o T (o + 30 A (o)

k=1 k=1

t—1 . t—1 ) 1/2
Sl etz < ez (3 lge-113)
k=1 k=1
4.5

31 < K31 Y2 gt
ogn ogn og n
= H&lez(Znsk M) R (Z - ) S an T

k=1

t—1 - t—1
M (vt + Z’Yﬁmk(xk)) — (vt + Z%’imk(vk)) H2 S ] ) = me(ve)ll, -
k=1 k=1 k=1

t—1
S D e (er) = me(on) 2
k=1

where the last line invokes [|&/l2 < /£ log” (cf. (39)) and t < li’grf

e In addition, when |oy| < VA — In~/4, we know that H 22;11 ﬁfﬁlqka <o/ “0% conditioned on the
o0

event {¢y},_} € € (defined in Lemma 1 with § = O(n~12)). It therefore guarantees that
= || = tlogn
t
el = o+ 3 Bl < U5+ | > At Sy (139w
t—1 t—1
vei + Yk (Oka) | S Jve il S lveal + lve-ll2 o142
k=1 k=1
3 2
5\/tlogn_’_\/t logn_\/t logns\/tlogn7 (139b)
n n n n
for every 1 < ¢ < t, where we denote U;_1,; == (v14,V2,,...,0—1,). To see why (139b) is valid, we

note that the first inequality applies Lemma 3, the second inequality results from the Cauchy-Schwarz
inequality, whereas the last line makes use of (139a) and the fact ||y—1ll2 < [[&—1ll2 < \/tsl%
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(cf. (137) and (39)). In addition, given that ¢ < logn/(A — 1) and A — 1 > n~'/?logn, we have
t* < n/logn. Repeating the argument for inequality (169) in the proof of Lemma 5, one can ensure
that for any 2 < k < 14,

n t n logn k/2—1
\Utikz Ui, (i k+ Ut (i kg = ) (140a)
, (1) 5 (1)

=1 =1 1=t+1
and
n t—1 k log n k/2 logn k/2—1 log n k/2—1
S for 3k (o) 5<1+t2k () )( ) () o
i=1 k=1

Here, we have made the observation that

n |t—1 k

SO vk (ve)

i=1 |k=1
n t—1 k/2 n 1o k/2  t—1 k)2

gn

X bl (Conn) s 3 () (X k)
i=1 k=1 i=1 k=1
t?’logn k/2 n t—1 ) k)2

(7)) X (ko)

i=1 k=1

A

t310gn k/2 t210gn k/2 tglogn k/2 t—1 k/2—1 n t—1
( n ) 't< n ) +< n ) (Zvi,(t-&-l)) Z( UIQC,(i))

< Bt (bgn)k 4 g2k (bgm)k_l
n n
k—1
sen(RE)
n

where the second line uses the fact [|v,—1[l2 = [|&—1ll2 < /21252 (cf. (137) and (39)) and Lemma 3,

n
the ante-penultimate line invokes inequality (139); the penultimate line follows from the fact that

ukll2 S 1 (see e.g. (90)) and conditional on event {¢;}:i_! € &,

< /logn;
(t+1) ™ n

and the last line follows from the fact that t*/2+1 < 8 < n/logn. Therefore, combining Lemma 3 with
expression (139) gives

t—1
Nt (Ut + Z%Zcﬂ%(”k)) — ¢ (ve)

k=1

k-1
|k | :

vk, 41y < + ‘ > B0
vl

t—1 t—1 3
= (1= o) S Ak milvg) + O (72) - <vt+2vfmk<vk>> ~ )| te (141)

k=1 k=1

(A —1)"3/*n *logn and ¢y < log’n

/n(A—1)3"

for some vectors ¢, € R™, where the parameters obey m; <

~

Here, the last equation makes use of the fact that

L— 5
v+ 3y vk (ve) | log? n
(A—1)3

nlvg|® log* n

(A—-1)?

leallz S

2
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n log4 n logn 4 log6 n
S s S (142)
A=1) n nA—1)

where the property (140) is invoked with k = 10. Next, observe that

H (Ut +Z’Yt 1Mk Uk)) — (v)°

t—1 t—1
((Ut + Z%ﬁmk(vk))? + (v)” + (v + Z%ﬁ%(vk)) ° Ut)

k=1 k=1

2

2

<
H 1< 1771“(1%) ° ( v+ Z% 1 (0r)? + (ve) )H V&2

t—1

S Jax (o)l (H Ut+k§:1% 1)l + [ (0n)* |, ) V€12
tlogn log* n

N [ge-1ll2 £ WTE(A — 1)

where the last line can be obtained by invoking property (139) and (140) with k& = 4. Here, we have
used the facts that ||&]2 < \/m% (cf. (39)), t < 1;\’% and

t—1 t—1
ttlogn
e+ Yot < oellz + || S AEameo) || <1+ Viloalle <14/ =22 S 1
k=1 k=1

Putting these together, we arrive at

t—1 t—1
s (Ut +y vfmk(vk)> = (vr) = (1= co) D vty (v)

k=1 k=1

e Finally, it is sufficient for us to consider v* " 22;11 7F_mx(vr) which shall be controlled as follows:

2

77k vk

<[5 [0 ) + O )]‘

k=
t

1
1
ko[ Qrtt [ k3 logn
@) 9o
k=1 e ( A ' < " > )

VA — vVa—1 log®5n
S \/22”775—1”2 : 17/4 = \[Hgt 1”2 1/4 SJ n3/4<>\ _ 1)145'

Putting the above three inequalities together yields the desired bound (138).
Built upon expression (138), we now proceed to the proof of claim (46) To begin with, let us recall that

v = g+ 00 BE . T we define g1 = 0" g1 ~ N (0, 1) and By = [BLy, ..., BI=2], some direct
algebra thus leads to

|U*T (v — ™ — ¢t,1)| = |v

i [fﬂf—léf’k - (1 - fii)ﬁbt*l}
k=1

t—2
< ) Zﬁf—lgk‘ +[1 = B2 1ge-1
k=1
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t12

_}Zﬂt 19k‘+ 1_+|ﬁ | ge—1]

t—2
~ ~ tlogn
Z(gk)Q + 18- l3lge-1] S 1Bt-1l21/ -

k=1

4 2 6
< tlogn. tvAi—1 n tlog™ n < log“n n log” n ’
~V nl/4 n(A—1)3 ) Y n¥t(A—-1)  nA-1)>

where the last inequality comes from the bound (165) in the proof of Lemma 5 and the condition ¢ < log"
By virtue of the above calculations, we can deduce that

S 1Be-1ll2

log®n log®n )

*T —
v v =+ g1 + O <n3/4(/\ -1) + n(A—1)3

In fact, a direct application of Lemma 3 further leads to the following claim:

nlog®n
|v*T (nt(vt) — vt)| < |v T [covt + ﬂf(vt ovgouv) + O (g|vt|5)] ‘

(A—1)3

1og4 n
143
whose the proof of the last inequality is postponed to the end of this subsection.
To summarize, taking the above results collectively and using the relation (138), we arrive at
log2‘5 n

_ T T

arer = 20T 0T () = ) +0 (ot

log* n

Therefore, invoking the above relation recursively leads to our desired decomposition:

t—k+1 t—k+1 log n
_ \t—k+1 7 7
Opp1 = A oy + E Ngi—i +0O ( Z, A n3/A(\ — )1.5)

i=1

forany 1 < k <t.

Proof of inequality (143). In order to establish inequality (143), let us first make note of the following
simple properties: with probability at least 1 — O(n=11),

’U*T(

v ovtorv*) =

v*T(v*ov*otfﬂf_mk) = *T(Zﬁt 9) S
1 - - )
T<U* o Zﬁf—ﬁbk ° Zﬁf—l¢k) = EH Zﬁf—l¢kH2 ==
k=1 k=1 k=1
(Zﬁt 1¢kozﬁt 1¢kozﬁt 0r) 5 BT *T(Zﬁt 101) < \/t‘”z#.

We remind the readers that v} ~ Unif(+ %) and we have invoked Lemma 1.

B\H 3=
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Next, recall v; == apv* + 22;11 BF | é4 to obtain

|’U*T(

t—1
aS *T(’U*OU*OU )+3a2 *T<U*OU*OZBé€71¢k)

’UtO’UtO’Ut ‘—

t—1

+3afv*T(v oZﬂt 1¢koZﬂt 1¢k)+v*T(Zﬁt 1¢k025t 1¢k025t 1¢k)

k=1
3 2 3 3
<% % o [PPlogTn
~on n n n3

nb/4’

where the last line holds as long as a; < VA — 1n~1/4

. 4 /4
notice (140), co < L2 7, < " and

a1z’ Tt~ -
t—2

a; + U*T(Zﬁf—l(bk)
k=1

B.5 Proof of Claim (56)

For notational simplicity, we assume without loss of generality that «; > 0 throughout this proof. Before
delving into the proof of claim (56), let us recall Lemma 2 to obtain

1/2
o tlogn 1 tlogn
-1 \/ — . \/
cn +0< (H& 1ll2 + . > A » (Hft 1ll2 + n

1/2
:1—|—O< : log®n A log®n >,
a?\/(A—1)3n a?y/(A—1)3n

where we have used ||&|l2 < 4/ tgl% (see (39)) and t < 1;\’571’ In turn, this implies

. Consequently, in order to derive (143), it suffices to

<\/)\—1+ tlogn< )\—1.
~ T/ V"~ /4

’v*Tvt’ _

2
™

t 2
—— —1{a; S
azn

log2 n

Wt (145)

Now, let us move on to establish a recursive relation of ;. Recalling the definition (3) of n, and Theorem 1,
one sees that

1
Q1 = AT /77t <oztv* + \/ﬁ:c) on(dz) + Ag

1
= Aot T /tanh (71} (oztv* + \/ﬁx)> on(dz) + Ag

= )\%\/ﬁ/tanh (m (o + :c)) o(dx) + Aq (146)

B

where the last equality holds by symmetry of ¢(-), namely,

= / tanh ( (n + x)) o(da) = f tanh (\7}( s + x)) o(dz).

We note that similar analysis as for relation (116) leads to [ tanh? (”T(ozt + )) p(dz) < %’2 Combining

this result with Lemma 2 and (39), we arrive at

vi=n (1 +0 ( £ lzgn>> /tanh2 (\[ (oq + x)) p(dz). (147)
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Taking (146) and (147) together, we arrive at

ot — (1 ) o( [ loan lzgn)) A [ tanh (\WT (o + x)) so(d?l/z + Aoy (148)

U tanh? (% (o + x)) o(dz)

To prove claim (56), it then suffices to control [ tanh (\f (o + x)) ¢(dz) and [ tanh® (f (ay + )) o(dx).
Towards this goal, we find it helpful to first make several observations. Define two functions:

1
f(2) :== — tanh(zy) — tanh(y),
z
1
9(2) = = tanh?(zy) — tanh?(y).
z
The Taylor expansion of tanh(zy) gives

, 1 2
fl(z) = = [tanh(zy) —zy+zy tanhQ(zy)] = —gzyg + O(z3y5),

_ 2tanh(zy)

1
3 [ tanh(zy) — zy + 2y tanhQ(zy)] = gzy4 + 0(23%),

which leads the following relation by direct calculation
/ f(t)dt = (z —Dy* +0((z* = 1)yd),
1
o2) = [ g0 = 52— 0yt + 0 = 1)4°).
1

By taking z = a:‘/ﬁ, y = oy + ), we can see that

atﬂ\tf (\/ﬁ(at—l—x))—tanh(at(at-i-x ;( )at (o +a)? +O<O:;L 1>0‘t(at+)
EANCHSS SIS A

Hence, we can conclude that

(o + z)%p(dx)

‘/ at\f <\f (e + z)) — tanh (o (o + ) @(dz)
“1)er

‘/ < * /O (O;Iiz - 1) o (a + ) p(dz)

—— —1
2
ain

< ot

~

Similarly, we can show that

’ / AL h2< (ozt—i-x)) — tanh? (o (o + ) (dz) oy (149)

‘_1

Substituting these relations into (148), we arrive at

at+1:/\<1+0(\/@)> ftanh(at(ozt—ka:))(p(dx)—FO(’Cg\—fn—1‘&?) tA,

{ftanhQ (¢ (i + ) p(dz) + O (‘% 7 1’041)}1/2
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2
i)

P
agn

2 )
i)

B t3logn J tanh (o (ar + 7)) p(dz) 1+0 (
=A(1+ O(\/T)) [ v (o (o + 2 ()] 140 (| 2
= [/ tanh? (af + ) (p(dx)} -1/2 /tanh (of + auz) p(dz) + O < aﬁTth - ’af + \/@at + Aa,t> ,

where we make use of the fact that (see, (116))

/tanh (of + auz) p(dz) = /tanh2 (0f + auz) p(dz) < of.

In addition, (133) ensures that

\/# < \// tanh?(oy (a; + x))p(dr) = [/ tanh® (of + o) gpn(dx)} o /tanh (af + ovz) (dz),

P 72 [t3logn
Qp41 Z 0t + 0] 7226 — 1‘ Oé? + g oy + |Aa,t| .
Vai+1 arn n

To finish up, putting the above results together with (145) leads to

which in turn gives

)\Oét

o e o((A = D) + O(Ags) (151)

Qipl >

where we again invoke the assumption that A\ — 1 > n~/?1logn. This concludes the proof of claim (56).

B.6 Proof of Claim (59)

Consider the regime where
lag] < (A= 1) 4 V4 < V=10 0L

First, invoke property (25b) in Lemma 3 to ensure that
[0 Te(e) = 0 Te(ve)| S [ T&—1] + (A = 1)n =2 (log n)[|€—1 |- (152)

To further bound (152), note that & _; admits the following decomposition in terms of {nx(xy)}:

t—2

§e—1 = Z’Ytkfﬂ?k(xk)a with 71 = [’Yffﬂlﬁkétf? € R""? obeying [|ys—1ll2 < [I€—1]12;
k=1

the proof of this claim can be found in Section B.4 (see Lemma 5 therein and its proof). In view of this
relation, we can apply (152) and the Cauchy-Schwarz inequality to reach

t—2

v () — vt T (ve)| S Z’Yf—1U*T77k($k) + (A= 1)n "% (logn) || & -1l
k=1
t—2 N\ 12
< ||%1||2(Z (v* T (1)) ) + (A= 1Dn"%%(logn)||& 1|2
=1

tlogn
SVAllé1lls max Jag| + (A — Dn~ 02 (logn)[|€—1]|2 < |/ —r,
To<s<t n
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provided that ¢ < 1;\)5? and max los] < VA —1n7%1. Here the last inequality invokes [|&]l2 < \/%
T0<s<t
(see (39)). Substitution into (55) yields

tl
Badl S /=25 < (A= Dae], (153)
given |as| > VA — In~/* and A — 1 2 n~'/?logn. Tt thus completes the proof of the relation (59).

B.7 Proof of Claim (62)

Throughout this section, we assume without loss of generality that a; > 0. As computed in Section B.5 for
relation (56), applying Lemma 2 reveals that

1/2 1/4
2 tlogn tlogn A—1)3
- \a,?s(nst_lnzﬂ/ : >Aat<n&_1n2+\/ g) sa(U)
ain n n logn
_ A—1)3 Tt
o n( +0 Tog tan \/ﬁ(at—i—x) o(dz),
tlogn A—1)3
Bael S leicalle +1/ 82 <, [O
ogn

5
given the inductive assumptions ||&—1]j2 < 4/ (Togln when ¢ < l(og and a; 2 VA2 —1. Now in view of

similar calculations for (150), we can deduce that

1/ 2
T A—1
Qi1 =\ [/ tanh (ozt2 + atx) (pn(da:)] +0 (‘aftn — 1’ o+ ﬁat + Aa,t>
AOét

> 2o (A= DY e+ (A - D) (154)

V1+a?

where we have made use of the fact that /&=L

log n < ()\ - l)Oét.
We then demonstrate that this relation (154) together with a little algebra indicates that o1 >
%\/ A2 — 1. Specifically, consider the following two cases separately.

e First, consider the case where oy < 2v/A? —1. Akin to inequality (57), relation (154) implies the
existence of some constant ¢ > 0 such that

a1 > (1+eA=1)ay +o((A—1Day) > « A2 — 1.

e Otherwise, consider the case where a; > \/ A2 — 1. Recognizing the fact that \/7 is monotonically

1ncreasmg in Q, We arrive at

at+12(1+c()\—1))§ 22— 1+ o((A— 3/4) 7\/;

2

Thus, this completes the proof of our desired bound (28).

B.8 Proof of Lemma 5
Throughout the proof, we work with the event that {(bk}z_:ll € & (defined in Lemma 1 with § = O(n=11)),
which holds true with probability at least 1 — O(n~'!). On this event, one has [|¢¢||cc < /2" and

t—1 4
tlogn t3logn log™ n
oo < llowv* o £ o Ll <l \/ \/ < 155
lzelloo < o] +Hk§_15t1¢k el S R e S ane g (59)
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for any ¢ < 79, where we remind the readers that (see (39), the property ||8i—1|l2 = 1, the definition of &,
and the definition (44) of )

n

t—1
_ tlogn t3logn
ad SVA=Tn 4 |38 | S/ and gl S 4/ (156)
k=1

as long as t < 1;\)% (see (45)).

To show that {n;(x1),...,n:(z¢)} forms a near-orthogonal basis, one strategy is to show that n;(z;) ~ ¢;—1
for each 1 < i <t < 79, which in turn implies that

t
i=1

given that ¢ ~ N (0, %In) are independent Gaussian vectors; here, we introduce ¢ := z1 ~ N (0, %In) for
notational convenience. Guided by this intuition, we first use the triangle inequality to derive that

t t
‘H Z;wmi(xi) . H z;wiﬁf-_%@—ng‘
1= 1=

< H iwi [Th(ﬂ%) - m(ﬂf:ll@—l)} H2 + H iwi {m(ﬁf:ll@—l) - 5;:11@—1} H2 (158)
=1 =1

t
NHZU&@AH = [wll2, (157)
2 i=1 2

for any vector w € R?. In order to bound these terms, we proceed with the following three steps.

e Let us first consider the difference between n;(x;) and ;. Invoking property (25¢) in Lemma 3 allows
us to express

2
ne(z) = (1 — ¢o) <:ct - gtxt oxyoxy + Cm,,),

where ¢y < \/%, T < 7(’;\/74%, and ¢, is a vector obeying (cf. (155))
4 14
HC || < ontH;lOg n < log™" n (159)
wlloe S TENZT)E T S B2\ — 1)105
Then one has 1
7 (1) — welly < collzell2 + gthth ozt 0 xtl2 + vl ca, [loo- (160)
We then claim that
log®
o8 1 (161)

me(2e) — el S \/ﬁ;

to streamline the presentation, the proof of this claim is deferred to the end of this section. Applying
the same argument once gain also leads to

log3 n

6B =1 ¢e-1) = BiZid-1l, S N

(162)

e Combining relations (161) and (162) and invoking the triangle inequality, we obtain

||77t (@) — me (55:11@—1)”2 < Ime(e) — a¢ly + ||~Tt - 5::%@—1”2 + Hnt(ﬂf:%ﬁbt—l) - 5::%@—1”2
_ log®
— ou = B, + O <<f_1>>
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t—2 3
log”n

= lla* + > B e+ & +0 | ———=

‘ t k:15t 1¢k ft 9 ( n()\—l)3>

t—2 3
log” n
< Naswlly + | > 8o+ leellz + 0 ()
k=1

n(A—1)3
t—2 3
t3logn log®n
SH W H + lag| +O {4/ +0 | —=)], (163
;@ 1¢k 5 ‘ t| n n()\—l)3 ( )
where the last line makes use of (156). Let us denote B;_; = (8L 4,...,3=2) € R'=2, obtained by

removing the last entry of 5;_1. According to Lemma 1, we note that with probability 1 — O(n~11),

’H §ﬁf—1¢k!\2 ~ 1Berlla
k=1

which in turn implies that

(1-o(y™m) - 1”2<H2ﬁt wnl, = (1+ 0y ) )15l

As a consequence, we can further control the right-hand side of (163) by

[t1 ~ log®
|7e () — e (55:%@—1)“2 < (1 + O( ! c;:gn)) [Be-1ll2 + O <|04t| + n(o')\g_nl)3> . (164)

e Our next step is concerned with bounding the term || gt,ng. First, recall that 3; corresponds to the
linear coefficients of 7:(x;) when projected to the linear space U; (see (42) and (41b)). We can thus
write

<|[1Br-1ll2 - su

@_[ak]1<k<f 2EST—3

tlogn
‘Z%%H ’ 1B 1ll2,

1Bell2 = UL e (x2)],
< ([0 [ () = me (B )], + |0 e (3L 0-1) = Bt gua] [, + [0 (L on1)]

(
tlog n log3 n log3 n T 1
<({140 ) +0 e |+ 0| —=—= | +||U, (Bl { s
(1+0(y/ =) 1Bl (atl n(A_l)?,) < L) W),
t1 log® t
:(HO " >| illz + O [ Jau] + =) 40 [ 2"
n(A— 1)3 n
tlogn log® n
=(1+0 \/7> +0 + .
( Brtllz <at| n(/\—1)3>

Here, the third line follows from (162) and (164); the penultimate line holds due to the independence
between ¢;_; and U;_; (see the properties below display (43)) and hence U," 1¢;_1 ~ N(0, %It); and

the last line holds as long as ¢ < log” Recognizing that ||51]|2 = /1 — ||B1]2 = 0, we can apply the
above relation recursively to yleld

e <Y (14 0(121)) 0 (far ¢ 2
t 2_T:1 n T n()\—l)3

t 3 3
SZ las| + log”n , St\/)\_l‘f' tlog”n 7
n(A—1)3 nt/4 n(A—1)3

where the penultimate inequality follows from the fact 4/ “Og" Stastg logn , and the last inequality
uses |ag| < VAX—1n"Y4 for t < 7y (see the definition of 7o in (44)). Under the assumption that
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A —12>n"Y91ogn, we can further obtain

~ tvVA—1
1Bell2 < g (165)
n

Plugging this relation into (164) and using the condition |oy| < VA — 1n~1/* (Vt < 7p) give

A—1
I e = me (810, 5 YAt (166)

It is worth noting that the inequality (165) also implies

~ ~ 2A—1
61 = V185 - 133 = 1 - 1Bl = 1- 0 (HA 1)

To finish up, putting the above bounds together with expression (158), we conclude that
t t
135 wontoo], - | ]
i=1 i=1
t t t . .
tj)H sz‘@'—lHZ + H sz {m(ﬂfi) - 771(5}:11@—1)} H2 + H sz {m(ﬂ;:%d)i—l) - 5}:%@—1} H2
j i=1 i=1

~0 (LY S, 0 (L) ituta o (2ELY - A

32N =1 tlog®n
=0 | T gy | el = ol

< logn/(A — 1) and the assumption A\ — 1 > n~1/9.
Finally, observing || Zi:l widi—1]l2 = (1 + O(4/ “‘f"))HwHQ, we reach

where the last relation results from the facts t < 19 <

H iwﬂh(zz) = (1+o(1))|lw|2,

which completes the proof of our desired bound.

Proof of inequality (161). For any fixed integer k > 2 that does not scale with n, we can write

n n n n t—1
STlwel® 3 e P 3wl + > lgwalt with w= Y BE 6.
i=1 i=1 i=1 i=1 k=1
Let us bound each term separately. Firstly, recalling that ||&_1 ]2 < /£ log" (cf. (39)) gives
n k/2
t3logn
>kl < Il 5 (—20) (167)
i=1

Secondly, on the event {¢x}i_} € £ (see Lemma 1), we see that [Jus|l> <1 and |ju]|eo < \/(flogn)/n. This
in turn gives

n Tk & < tlogn k/2 logn k/2-1 2
Z ‘ut,z| = Z |ut,(z + Z |Ut (4) ‘ + n Z ‘Ut,(1)|
i=1

i<t i>t i>t
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<t (tlogn)k/2 N <logn>k/21
n n

< <1+ tk/2+110gn) (10gn>k/21’

n n

(168)

with ;) denoting the i-th largest entry of = (in magnitude). Here, to see why inequality () holds, we recall
that on the event {¢;}i_} € £ (see Lemma 1), one has
2

< tlog n7

n
Q]

t

sup Z

t—2
aeSt—2

t—1

> anon

k=1

which also guarantees that |us ¢41)| < y/logn/n. Putting the above pieces together, we obtain

n 3k/4 k/2+1 k/2—1 3 k/2 2
1 t 1 1 t°1 1
|mm|k§n (s ogn ogn n ogn < ogn . (169)
Zi:l nA—1) n n n n

where the last inequality is valid if we take k = 6, t < logn/(A — 1) and assume A — 1 > n="/?logn. It
therefore leads to

- /2 nl/2log?n logn log®n
2 2 6
mlacomeomls = (Y laeal®) S S ,
Z T
where we have used the bound on 7; in Lemma 3 (the 3rd case). This together with (159), (160) and the
fact co S —logn_ opcludes the proof of inequality (161).

~ /n(A=1)3

B.9 Proof of inequality (73)

Before proceeding, let us make several observations about % As discussed around [2, display (254)], the
Tt

sequence 7y with 7,41 = A2h(7;) is monotonically increasing, which implies that ey < A2, In addition, the

Tt

optimality of the Bayes estimator (cf. (133)) implies that ey STt 1. Combining these two observations,
we obtain
Tt

h(Tt)
2 _

In view of the inductive assumption, we have a; = (1 + o(1))r for t 2 . Hence, for every 7 obeying
min{r,a?} <7 < max{r,a?}, it holds that 7 = (1 +0(1))7; with 7, > A2 — 1. Define T3 as in display (263)
of [2] such that

S (Tt+1)/\)\2

Ta(s,7) = 52K (1) = 52/ <1 + 2\%) (1 - tanh® (7 + v/72)) p(da). (170)

Armed with this notation, we can bound the target quantity as

") < Ta(V1 +1TANT).

h()

Therefore, it suffices to upper bound the right-hand side of the above inequality by 1 — ¢(A — 1).
Towards this end, direct calculations yield

(W +IANT) - To(VT+1ANT) 2 (o 2_
(VT E1ANT) = (VTHIAN? = (VR +1AN? =0o(A - 1). (171)

Moreover, it has been proved numerically (see Figure 1 in [2]) that

To(A,7)<1—(A=1), forAe (0,1.2] and 7 > /A2 — 1.
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Recognizing that 7 = (1 + o(1))7; = A2 — 1, we can deduce from the relation above that
LWTHIAAT) <1—((WVT+1IAN) -1)=1—c (A1) (172)

for some universal constant ¢; > 0. Finally, putting relations (171) and (172) together, we arrive at

() <Te(Vr+1AMNT) =1 +0oAN=1)Ta(VT+1ANT)<1—c(A—1)

h(r)

for some universal constant ¢ > 0. We have thus finished the proof of relation (73).

C Proof of expression (17) and Corollary 1

To begin with, by definition (16) of u;, one has

1
= tanh( < =
l|utll2 = )\\/7 anh(m,x;) i S
where we have used the fact that |tanh(7rt:ct)\ < 1. Therefore the quantity of interest [[v*v* T — wpu/ ||2 is
uniformly upper bounded by a constant 1 + )\4 In addition, we find it helpful to observe that
lv " —wpu [If = (0" = 200" Tue) + fluellz
1 T 2 1 4
e T e
1 202, 1
=1-— N . 173
MQ%+W%+M%®%% ()

To validate expression (17), it is sufficient to notice that v, — na?(a? + 1) = o(1) with probability at
least 1 — O(n~1°) (according to Lemma 2), which in turn leads to

01*4

A

To prove Corollary 1, we again invoke Lemma 2 to demonstrate that

. 1 2 tlo
*’Yt2=*ﬂ't (at+1—|—0< + )|&e— 1|2+\/?>>
n n n
1/2 9
tlogn tlogn
(et o (b (2522) 7)) (100 e 252))

= (a? + 0(6Y%))(a? + 14 0(6))
=a?(a? +1)+0(5'?) (174)

**T _
fa, fig Bffo"e” = ey 7] =1

with § = \/ “Ognz + \/ log® 1y, Where we plug in the bound on [|&]|> as in expression (8c). Substituting
the expression (174) into (173) yields

2
oo T — s [} = 1= S (202, — o} +0(57%)). (175)

After an order of log" iterations, property (14) ensures that a? — a*? = O(4/ nl(‘f\gijln)ﬁ) Putting everything
together, we arrive at

*4 4
*, x T « IOg n
[v* 0" — wu/ [|f = )\4+0< n()\—1)6>’

which holds true with probability at least 1 — O(n=19).
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