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The Lasso is a method for high-dimensional regression, which is now
commonly used when the number of covariates p is of the same order or
larger than the number of observations n. Classical asymptotic normality
theory does not apply to this model due to two fundamental reasons: (1)
The regularized risk is non-smooth; (2) The distance between the estimator
0 and the true parameters vector 8™ cannot be neglected. As a consequence,
standard perturbative arguments that are the traditional basis for asymptotic
normality fail.

On the other hand, the Lasso estimator can be precisely characterized in
the regime in which both n and p are large and n/p is of order one. This char-
acterization was first obtained in the case of standard Gaussian designs, and
subsequently generalized to other high-dimensional estimation procedures.
Here we extend the same characterization to Gaussian correlated designs with
non-singular covariance structure. This characterization is expressed in terms
of a simpler “fixed-design” model. We establish non-asymptotic bounds on
the distance between the distribution of various quantities in the two models,
which hold uniformly over signals @ in a suitable sparsity class and values
of the regularization parameter.

As an application, we study the distribution of the debiased Lasso and
show that a degrees-of-freedom correction is necessary for computing valid
confidence intervals.

1. Introduction. Statistical inference questions are often addressed by characterizing
the distribution of the estimator of interest under a variety of assumptions on the data dis-
tribution. A central role is played by normal theory which guarantees that broad classes of
estimators are asymptotically normal with prescribed covariance structure [22, 31].

It is by now well understood that asymptotic normality breaks down in high dimension,
even when considering low-dimensional projections of the underlying covariates [6, 27, 54].
As a consequence, the statistician has a limited toolbox to address inferential questions. This
challenge is compounded by the fact that resampling methods also fail in this context [21].

The Lasso is arguably the prototypical method in high-dimensional statistics [50]. Given
data {(yi, i) bi<n, wWith y; € R, x; € RP, it performs linear regression of the y;’s on the x;’s
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by solving the optimization problem

~ 1 A
1 6:= in R(0) := in ¢ —|ly—X0[3+ =101 p -

m anegain R(6) = arggain { oy - X613 + 2ol

Here y € R™ is the vector with i-th entry equal to y;, and X € R"*? is the matrix with i-

th row given by ac;r Throughout the paper we will assume the model to be well-specified.

Namely, there exist 8* € RP such that

2 y=X0"+oz,

where z ~ N(0,1,,) is a Gaussian noise vector. We denote j'" column of X by &, € R".

Classical normal theory does not apply to the estimator 6 for two reasons that are instruc-
tive to revisit. First, the Lasso objective (1) is non-smooth: its gradient is discontinuous on
the hyperplanes 6; = 0. As a consequence, 79\1 = (0 with positive probability (indeed, as we
will see, with probability bounded away from 0O for large n, p). Second, the estimation er-
ror H§ — 6%||2 is not negligible in practical settings. As a consequence we cannot rely on
perturbative arguments that focus on a small neighborhood of 6*.

A substantial body of theoretical work studied the Lasso with fixed (non-random) designs
X in the regime slogp/n = O(1) [11, 14, 38, 7]. These approaches require that A be chosen
so that ) is larger than o|| X " z|| o or, more recently, the s*"-largest element of {a|avcj7z|} j<n
with high probability; they rely on restricted eigenvalue or similar compatibility conditions
on the design matrix X'; and they control the Lasso estimation error up to constants. Unfor-
tunately, these results provide limited insight on the distribution of the estimator 6.

A more recent line of research attempts to address these limitations by characterizing the
distribution of @ for design matrices X with i.i.d. Gaussian entries [6, 49, 35]. These analyses
assume 7, p and the number of non-zero coefficients ||6* |y to be large and of the same order,
and apply to any A of the order of the typical size of J\a“chz\. This covers the typical values
of the regularization selected by standard procedures such as cross-validation [17, 351. Under
these assumptions, [6] first proved an exact characterization of the distribution of 8, which
is simple enough to be described in words. Imagine, instead of observing y according to the
linear model (2), we are given y/ = 8* 4 g where g ~ N(0, I,), and 7 > o is the original
noise level inflated by the effect of undersampling. Then 0 is approximately distributed as
n(yf;¢) where n(z;¢) := (|z] — A/¢)4sign(x) is the soft thresholding function (applied to
vectors entrywise) and ¢ controls the threshold value. The values of 7, ( are determined by a
system of two nonlinear equations (see below).

Both numerical simulations and universality arguments suggest that the results of [6, 49,
35] apply to independent but possibly non-Gaussian covariates (see [5, 39, 36] for rigorous
universality results). However, these predictions are expected not to be asymptotically exact
when covariates are correlated.

The present paper substantially generalizes this line of work by extending it to the case
of correlated Gaussian designs with well-conditioned covariance. Namely we assume the
covariates (;)i<n to be i.i.d. with &; ~ N(0,%/n). Our results hold uniformly over co-
variances with eigenvalues in [Kmin, Kmax| for some 0 < Kpin < Kmax < 00; regularization
parameters A € [Apin, Amax] for some 0 < Apin < Amax < 00; and signals 6* satisfying a
suitable sparsity condition. The sparsity condition involves a modified Gaussian width of a
certain convex cone in RP. We expect this condition to be often tight (in particular, it is for
3 =1). Assumptions on Gaussian widths have been used in the past to characterize noiseless
and stable sparse recovery in the compressed sensing literatuie [16, 51]. Here we show that
they also imply uniform approximation of the distribution of 6.

We next provide a succinct overview of our results.
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Lasso estimator. 'We characterize the distribution of the Lasso estimator 8. As in the case
Y. =1,,, this characterization involves observations y/ from a related statistical model:

3) y/ =3120* 4 1g,

where g ~ N(0,1,,) and 7 > 0. We call this the fixed-design model (hence the superscript f)
and call model (2) the random-design model. The Lasso estimator in the fixed-design model
can be written as

FO)em aremin d Sl — 31/29]2
@ ol )= argyain { Sy’ - %613+ Al |

We show that, for any Lipschitz function ¢ : RP x RP — R, the value of ¢(§ /\/P,60%/\/D)
concentrates uniformly over A, and with probability close to 1 uniformly over a suitable
sparsity class. The value of it concentrates on is the expected value of the corresponding
quantity under the fixed design model; that is, E[¢(6 / /P, 0% //p)]. The effective noise and
threshold parameters 7%, (* are given as the unique solution of a pair of nonlinear equations
introduced below.

In the case of uncorrelated covariates, the fixed design problem is particularly simple be-
cause the optimization problem (4) is separable, and 7(y/,¢) reduces to soft thresholding
applied component-wise. For specific correlation structures 32, problem (4) can also be sim-
plified, but we defer this to future work. More generally, it is simpler than the original prob-
lem since the objective in Eq. (4) is strongly convex, and hence more directly amenable to
deriving explicit bounds.

Residuals and sparsity. In low-dimensional theory, the residuals vector y — X 0 is roughly
N(0,02I,,), a remark that provides the basis for classical F' tests and for bootstrapping the
residuals. We prove that in the high-dimensional setting the residuals are instead approxi-
mately N(0, (7%¢*)?I,,), suggesting that these methods should be revised in high-dimension.

We also estimate the sparsity of the lasso estimator, showing that it concentrates so that
16*]]o = n(1 — ¢*). Notice that, together with the previous result, this implies that the param-
eters 7, (* can be entirely estimated from the data. Since 7* controls the noise in the fixed
design model, its estimation is of particular interest. A simple method is to use the following
degrees-of-freedom adjusted residuals

ly - X8|3
(1= [Bllo/n)?

It was already observed in [35] that minimizing 7(\) over A provides a good selection proce-
dure for the regularization parameter. Our results provide theoretical support for this approach
under general Gaussian designs.

(5) T(A)? =

Debiased Lasso. The debiased Lasso is a recently popularized approach for performing
hypothesis testing and computing confidence regions for low-dimensional projections of 6*.
Most constructions take the form:

6'=0+MX'(y—X6),

for an appropriate and possibly data-dependent choice of the matrix M. Under appropriate
choices of M, low-dimensional projections of 64 are approximately normal with mean 6*.
The first constructions for the debiased Lasso took M to be suitable estimators of the
precision matrix X! and proved approximate normality when [|@*||o =: so = o(y/n/log p)
[54, 52, 27, 26, 28]. Later work considered the case of Gaussian covariates with known
covariance, and set M = X!, In this idealized setting, the sparsity condition was relaxed to
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Fig 1. The debiased Lasso with and without degrees-of-freedom (DOF) adjustment. Here
p =100, n =25, so =20, ¥; = p‘i*j| = 0.51"79, A = 4, 0 = 1. The coefficients vector 6*
contains 10 entries 9;‘ = +25, and 10 entries 0;5 = —25. Quantiles and densities are compared
with the ones of the standard normal distribution.

50 = o(n/(logp)?) for inference on a single coordinate [28] and so = o(n?/?/log(p/s0)/?)
for a general linear functional of 8* [9].

The latter conditions turn out to be tight for the standard choice M = X!, As shown
in [27, 35] for uncorrelated designs and in [9, 10] for correlated designs with n > p, it is
necessary toAadjust the previous construction for the degrees of freedom by setting M =
/(1= 0]o/n):

6) 6=+ > 1XT(y- X6).

1—0llo/n

Here we establish approximate normality and unbiasedness of this construction for arbitrary
aspect ratios n/p and arbitrary covariances. As a consequence, we construct confidence in-
tervals with coverage guarantees on average across coordinates in the proportional regime.
Figure 1 illustrates the difference between the debiased estimator with and without degrees-
of-freedom correction. It is clear that debiasing without degrees-of-freedom correction can
lead to invalid inference. In contrast, debiasing with degrees of freedom adjustment is suc-
cessful already for problem dimensions on the order of 10s or 100s. (See Section 4.1 for
details. Similar simulations at different model parameters is shown in Section D)

Inference on a single coordinate. Our results on 64 are not sharp enough to show that a
fixed single coordinate 9;1 is asymptotically Gaussian, and hence we do not establish a per
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coordinate coverage guarantee of confidence intervals based on 6. While it might be possible
to leverage our results to get per-coordinate control following the strategy of [47], we adopt
a simpler approach here. We use a leave-one-out method to construct confidence intervals
for which we can prove asymptotic validity via a direct argument. Further, we prove that the
length of these intervals is close to optimal.

We observe empirically that the confidence intervals produced by the leave-one-out
method are very similar to the ones obtained using the debiased Lasso. We leave a rigor-
ous study of this phenomenon to future work. An advantage of the leave-one out method is
that it produces p-values for single coordinates that are exact (not just asymptotically valid
for large n, p).

Notation. We generally use lowercase for scalars (e.g. x,vy, z, . .. ), boldface lowercase for
vectors (e.g. u, v, w, ... ) and boldface uppercase for matrices (e.g. A, B, C,...). We denote
the support of vector « as supp(x) := {i | ; # 0}. In addition, the ¢, norm of a vector
z eR"is ||z||d = > 1 |z4]9. For r >0 and g € (0,00), we use B,y (v;7) to represent the
corresponding £,-ball of radius rn'/? and center v, namely,

1
By(v;r) = {a:ERp ’ —||z — vl grq} for ¢ >0, and By(v) := {BGRP ‘ 16llo Sy} :
p p

If the center is omitted, it should be understood that the ball is centered at 0. A function
¢ :RP x RP — R is L-Lipschitz if for every x,y € RP x RP, it satisfies |¢(x) — ¢(y)| <
L[|z — y||2. The notation SZ, is used to denote the set of n x n positive semidefinite matrices.

2. Preliminaries. As mentioned above, our main result establishes an asymptotic equiv-
alence between the undersampled linear model of Eq. (2) and the linear model with fixed
design' /2 of Eq. (3). We define the prediction vector in the fixed-design model by
Yy’ Q) ==y’ Q).

Setting the stage, let the in-sample prediction risk and degrees-of-freedom of the Lasso
estimator in the fixed-design model be

1 ~ * *
R(%,0) 1=~ |[5(S"/%6" +9,0) - 5'/%6° 3] .

d(,¢) = B [(§(5"6" +79.0). g)]

nrt
— 1 1/2 p*
= —E |[n("/26" +7g,0)o] .

where the expectation is taken over g ~ N(0,I,,). Here, for notational simplicity, we leave
the dependence of R(72,¢) and df(72,¢) on 8*, X, n, p and ) implicit. The terminology
“degrees-of-freedom” for the quantity df originated with [55], and its equivalence to the
expected sparsity of the Lasso estimate holds, for example, by [55, Theorem 1].

Fixed point equations. Let 7%, (* be solutions to the system of equations
(8a) =0’ +R(1%(),
(8b) ¢=1-df(r%¢).

We refer to these equations as the fixed point equations. As it turns out, these solutions play an
essential role in characterizing the distribution of the Lasso estimator. We start by showing

'we may take any square-root of the matrix 3. For simplicity, we will always assume we take a symmetric
square-root.
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the solutions 7%, (* are well-defined, as stated formally in the next theorem, whose proof
postponed to Appendix A.3.

THEOREM 1. If X is invertible and o® > 0, then Egs. (8a) and (8b) have a unique solu-
tion.

2

Let us denote the Lasso estimator in the fixed-design model with noise variance 7*“ and

regularization (* by
©) 6/ :=n(='°0" + 19, (),

where g ~ N(0,1,,). Our main results establish that the estimator 6 performs approximately
like 8/ and can therefore be understood via the behavior of 8/. The quality of this approxi-
mation and bounds on the behavior of 8/ depend, in part, on the complexity of the unknown
parameter 6*. The relevant measure of complexity, which we call (s, G*, M )-approximate
sparsity, involves an interplay between a sparse approximation of 8*, the ¢1-penalty, and the
population covariance 32, which is made precise in the following.

Approximate sparsity. A vector 8* is referred to as (x, M )-approximately sparse for x €
{—1,0,1}? and M > 0 if there exists 8* € R? with %Hé* —0*||; < M and x = sign(0*)
(here the sign is taken in an entry-wise manner, with sign(0) = 0). Thus, (x, M )-approximate
sparsity implies that 8* is well-approximated in an ¢; sense by an ||z ||o-sparse or even sparser
vector.

Consider the probability space (RP,B,,) with B being the Borel o-algebra and ~,, the
standard Gaussian measure in p dimensions. We denote by L? := L?(RP;RP) the space
of functions f : RP — RP that are square integrable in (RP,1,~,). Naturally, this space is
equipped with the scalar product

(Fur f2) 22 =El(f1(9). fol))] = / (F1(g), F2(e) w(dg),

and the corresponding norm || f|| 2. For x € {4+1,0, —1}7,and ¥ € RP*P define F'(-;x,X):
RP — R via

F(v;x,X) := (x, X7 %0) + H(Z_l/Qv)Sc for S : = supp(x).

1

We also denote by K(z,%) := {v € R? : F(v;x,X) < 0} the associated closed convex
cone. We define the functional Gaussian width of KC(x, %) by

1

10)  G@,%):=sw {-(w.g)s: Jollz < Vp, E[F(vse, %) <0},
vel? \P

where g denotes the identity function on L?. Let us emphasize that the supremum is taken

over functions v : R — RP, g — v(g).

DEFINITION 1.  We say 0™ is (s,G*, M)-approximately sparse for G* > 0 and s € Z~¢
if there exists @ € {—1,0,1}? such that 8* is (x, M )-approximately sparse and ||x||o = s,
G(x,X) <G*.

We remark that the Gaussian width defined in (10) differs from the standard notion of
Gaussian width which appears elsewhere in the literature (see, e.g., [23, 16, 51]). The latter
can be defined as

1
A1) Gua@ 2) = sup {~(v.g)+: vz < VB, P(F(viw,Z)<0) =1},
vel? \P
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Equivalently, recalling that K(x, X) is the cone of vectors v such that F'(v;x,3) < 0, one
can instead write

1

12 wa(z,3) = -F 9.

(12) Gsta(z, X) 5 [verlggfz)@ g)
lv]|2/p<1

The definitions (10) and (11) immediately imply Ggq(x, X) < G(x, X).

On the other hand, we expect Gstq(x,3) > (1 — 0p(1))G (2, X) in many cases of interest.
This is indeed the case for X = I,. More generally, if there exists a Lipschitz continuous
v(g) nearly achieving the supremum in Eq. (10), then we expect the distance of v(g) from
the cone K(x, X)) to concentrate around 0. In this case, projecting v(g) onto K(xz,3) will
yield a lower bound on Ggq(x, X) which is close to G(x, X).

The distribution of the random design X, response vector y, and Lasso estimate 0 is
determined by the tuple (6*,3, 0, A). Our results stated below hold uniformly over choices
of (6*,3, 0, \) that satisfy the following conditions:

A1 There exist 0 < Amin < Amax < 00, 0 < Kmin < Kmax < 00, and 0 < omin < Omax < 00
such that
(a) The Lasso regularization parameter A is bounded Apmin < A < Apax-
(b) The singular values x;(X) of the population covariance ¥ are bounded Kmin <
£§(3) < Kmax for all j. We define Kcond := Kmax/Fmin-
(c) The noise variance o is bounded 02, < o2 < g2

min max*

A2 There exist 0 < Tiin < Tmax < 00 and 0 < (min < (max < 00 such that the unique solu-

tion 7%, * to the fixed point equations (8a) and (8b) are bounded T,y < 7% < Tax and
Cmin < C* < Cmax-

We denote the collections of constants appearing in assumptions A1 and A2 by

Prnodel = ()\mim )\maXa RKmin, Amax; Omin; Umax) 5 Pﬁth = (Tminy Tmax Cminv Cmax) .

In other words, any choice of the constants Pp,o4el, Prixpt determines a uniformity class of
parameters (0,3, o, \) within which the results stated below apply.

Uniqueness and boundedness guarantees. Checking assumption A2 requires solving (8a)
and (8b), which can be a difficult task. However, it turns out that assumption A1 is sufficient
to imply assumption A2 provided 6* is approximately sparse. We formulate this result in the
theorem below and prove it in Section A.4.

THEOREM 2. Under assumption A1 and if 0* is (5,v/6(1 — Apin ), M)-approximately
sparse for some s/p > Vmin >0 and 1 > Ayin > 0, then there exist 0 < Timin < Tiax < 00

and 0 < (min < Cmax < 00 depending only on Piodel, 6, Vmin, and Apin such that the unique
solution 7, {* to Egs. (8a) and (8b) satisfy Tmin < 7" < Tmax and Cmin < * < Cmax

Let us make a few remarks on this result. First, explicit expressions for Timin, Tmax, Cmin, Cmax
can be found in the proof of Theorem 2. Secondly, while Theorem 2 establishes a sufficient
condition for assumption A2 to hold, the latter can hold even if 6* is not approximately
sparse. For instance, this is the case if 8* has a fixed empirical distribution (with finite sec-
ond moment) and X =I,,.

It is useful to compare the notion of (s,G*, M )-approximate sparsity introduced above to
sparsity with respect to £,-norms. It follows from the definition that, for ¥ = I, the Gaussian
width depends on x only via ¢ := ||x|o/p. We define

(13) w*(e) :=G(z,I,) for any = with ||z|o/p=ec.
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Indeed w*(e) can be computed explicitly, and is given in parametric form by
wie)?=c+2(1—&)®(—a),

where « satisfies €= 2lpla) — a®(~a)] .

a+2[p(a) - ad(-a)]
Here p(z) = e~**/2/\/2x is the standard Gaussian density, and ®(z) = " p(t)dt is the
Gaussian cumulative distribution function. It is easy to check that ¢ — w*(e) is increasing
and continuous in € and goes to 0 and 1 as € — 0 and 1, respectively.

The following result formally clarifies the connections between the approximate sparsity
(Definition 1) and the £,-norm for any ¢ > 0.

PROPOSITION 3. Suppose the covariance matrix 3 has singular values 0 < Kpin <
£§(3) < Kmax < 00 for all j, and let Keond = Kmax/Kmin. For w*(e) defined in Eq. (13),
define

£*(Keond, 9) :=sup{e |w*(g) < \/0/Kcond }-
Then the following hold true:
(a) If 0* € B,(v) for q,v >0, then for any 6 > 0,

0% is (Lpe*(/icond, 5/2)],/0/2, 1/(1 - 6*(mcond,5/2))>—appr0ximately sparse.
(b) If 6* € Bo(e*(Kcond, @) for some o < 0, then

0" is (I_p€*(lﬂ)cond, a)l, va, ()) -approximately sparse.

The proof of this result is given in Appendix C.1.

In particular, Proposition 3(a) implies that when 8* € B,(v) for ¢ > 0, the conditions of
Theorem 2 are satisfied with vymax = €*(Kcond, 0/2), any vimin < €*(Kcond, 0/2) — 1/p, G* =
m, and M = v. Proposition 3(b) implies that when 6* € By (c*(kcond, @)), the conditions
of Theorem 2 are satisfied with vyax = €*(Kcond, 9/2), any Vmin < €*(Keond,9/2) — 1/p,
G* = y/a, and M = 0. Then, in both cases assumption A2 is satisfied. Therefore, our results
below apply also to 8 in £,-balls for ¢ > 0 or to sufficiently sparse 8*.

3. Main results. We now turn to the statement of our main results and a discussion of
some of their consequences. The proof details are deferred to the appendix.

3.1. Control of the Lasso estimate. Our first result controls the behavior of the Lasso
estimate @ in the random design model uniformly over (6*,3, 0, \) satisfying assumptions
A1 and A2.

THEOREM 4. If assumptions A1 and A2 hold, then there exist constants C,c,c’,y >0
depending only on Ppodel, Prxpt 0, such that for any 1-Lipschitz function ¢ : RP x RP — R,
we have for all € < ¢

0
P(30crr, [¢(— LA
( e ’¢<\/ﬁ’\/ﬁ NCRVE ock

0* ) _E[¢<§f o* )} ‘ > ¢ and R(0) < min R(6) +'ye2> < ge,cné.
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We provide the proof of Theorem 4 in Section B.1.

In words, Theorem 4 shows that—with high probability—any Lipschitz function of any
approximate minimizer of the regularized risk R(6) concentrates around a deterministic
value. This deterministic value is the expectation of the same Lipschitz function of the Lasso
estimator in the associated fixed design model. The noise level and regularization in the latter
are obtained from the fixed point equations (8a), (8b).

As may have been noticed, because the Lasso estimate 6 is the minimizer of the loss
function R(8), it satisfies R(g) < mingeg» R(O) + ve? for all € > 0. Thus one can conclude
the following corollary immediately.

COROLLARY 5.  Under assumptions A1 and A2, there exist constants C, c,c > 0 depend-
ing only on Podel, Prixpt, and 6 such that for any 1-Lipschitz function ¢ : RP x RP — R, we

have for all e < ¢
* of p* .
P (o5 %) -Elo(% G| o) < G

Corollary 5 establishes the connection between the Lasso estimator in the random-design
model 6 and the Lasso estimator in a fixed-design setting /. Considering a uniform measure
over the coordinates of these vectors, it also reveals that the joint empirical distribution of the
coordinates of the Lasso estimator and the true parameters vector p—1 > 7 i1 9* 3 is close to

the one in the fixed design model p~! b6 g+ 3¢ With uniformly high probability.

Simultaneous control over A. As a matter of fact, one can further generalize the above result
to achieve simultaneous control over the penalization parameter A in the interval [Apin, Amax]-
Simultaneous control over A is particularly useful for hyper-parameter tuning.

THEOREM 6.  Assume assumption A1 holds and 6* is (5,v/8(1 — Awin), M) -approximately
sparse for some $/p > Vmin > 0 and 1 > Ay, > 0. Then there exist constants C,c,¢’ > 0
depending only on Prodel, Vmin» Amin, M, and & such that the following holds: if n >
V'2/Awin, then for any 1-Lipschitz function ¢ : RP x RP — R we have for all € < ¢

* of p* .
o5 2) =5 5| o) < G

The proof of this result is presented in Section B.7.

Theorem 6 provides a sharp characterization of the Lasso estimator which holds simul-
taneously over all A in a bounded interval [Apin, Amax]- In particular, it implies that with
high probability the minimum estimation error over choices of A\ € [Apin, Amax], 1S nearly-
achieved at a deterministic value A.. Namely, writing §>\ and 5{ for the Lasso estimator and
fixed-design estimator at regularization A, we have

]P (El)\ S [Aminy Amax]u

I~ C 4
P ‘ *||0>\*—9*||2— || )\—0 ”2’>6> < —e
( VP - \f el

for A\, := arg min Bf 0*-].
mx]f E[ [l2]

Recall that it is standard to choose ) on the order of the typical size of the s™ largest realized
value of U|53;-rz| over j, where s is the sparsity of 8* (see, e.g., [7]). In our model, this

suggests the choice \gq := J\iz;rz| is of order /o2 trace(X)log(p/s)/n. Since p/s, o, and
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trace(X) /n are of order one, A\yq = ©(1) as well. As shown in [35], the choice A = Agq is
in general suboptimal by a large factor. The above result controls the optimal error when A
varies in an interval [c] Astd, C2Astd] for any universal constants ¢, co.

Control of the empirical distribution. Previous work on iid covariates has mainly focused
on establishing the convergence of the joint empirical distribution of the coordinates of the
Lasso estimator and the true parameter vector: p~ ' >-¥_, 4,. 5, to a limiting distribution in a
certain sense (either weakly or in Wasserstein sense [0, 35]1;7f0r example). When covariates
are iid, the behavior of p~! P 5(%7@ captures all non-trivial behavior of the distribution of

0: indeed, the exchangeability of the model implies that conditional on p~* b6 the

9:.,8:°
distribution of 8 is uniform over permutations of the coordinates which map each coordinate
of 6* to a coordinate with the same value. However, in the case of correlated covariate/s\,
pt P oy 5, ho longer captures all non-trivial information about the distribution of 6.
Thus, Theorem 4, Corollary 5, and Theorem 6 involve general test functions which can probe
this additional structure.

Nevertheless, the empirical distribution p~—? b, 69‘*7(31 may be of interest, in part because
it is easily interpretable. Thus, we also provide a result detailing the concentration behavior
of this important object. The idea is that since the fixed-design model is well-conditioned,

we can show that the empirical distribution p~—? P dy- 5+ concentrates. We then leverage
Theorem 4 to establish the concentration of empirical distribution p~* b6 g+ . alsoin the
random-design model. Precisely, our results are established in terms of a particular metriza-
tion of the weak-topology on the space of probability measures on R?, namely

dup (11, V) = Z 27 F|E anp [0 (A)] — Epen[dn(B)]]-

k=1
Here {¢;.} denotes a countable dense subset of the 1-Lipschitz functions R? — R. The metric

dy,~ metrizes weak convergence in the sense that p; g w if and only if dy= (5, 1) — 0.

COROLLARY 7. There exists ji,—a probability distribution on R?, and constants
C,C", ¢ > 0 depending only on Puodqel and Peypt such that

1< c’ C _net
Pl 3N € [Amins Amax)s dw* | — 0. Gals | 2 ——=+¢€] < —e e s
(21t (3 S sn) 2 o) <&

and

1< c’ 2
P 3N € [Amin, Amax), dw= | — 0p. 5. s | Z2—=+€] < 2",
(3¢ D, e (33 2 G

=1

Corollary 7 states that in both the random-design model and the fixed-design model, the
joint empirical distribution of the estimate and the true parameter concentrates with respect
to weak-* distance, and that moreover, they concentrate on the same value. Using Theorem
6, one can also control properties of i, such as its second moments in terms of Pp,oqe1 and
Prxpt. We prove Corollary 7 in Appendix B.8.

3.2. Control of the Lasso residual. Thus far, we have characterized the distribution of
the Lasso estimator in the random design model with general covariance structures. In this
section, we aim to establish a control for the residual of the Lasso estimator. Informally, the
Lasso residual behaves like a random vector which follows from a normal distribution with



LASSO WITH GENERAL GAUSSIAN DESIGNS 11

zero mean and covariance (7*(*)?I,,. Similar to the results aforementioned, the quality of the
approximation is controlled uniformly over the models and estimators satisfying assumptions
A1 and A2.

Let us formally state our result.

THEOREM 8. Under assumptions A1 and A2, there exist constants C, c, ¢’ > 0 depending
only on Podel, Prixpt, and 0 such that for any 1-Lipschitz function ¢ : RP — R, we have for

alle<c’
P (’(b(y_\/‘ﬁ){é\) _E[(b(Tii;h)] ‘ > e) < ge—cne‘* 7

where h ~ N(0,1,,). Consequently,

ly X8> ..
]P’(’ ~ 7°C

T

The proof of Theorem 8 is provided in Section B.2.

3.3. Control of the Lasso sparsity. This section characterizes the sparsity of the Lasso
esAtimator. In particular, we show that the number of selected parameters per observation
|0||0/n concentrates around (1 — ¢*) (given in Eq. (8a) and (8b)), which is made precise in
the following result.

THEOREM 9. Under assumptions A1 and A2, there exist constants C, c, ¢’ > 0 depending
only on Prodel, Prxpt, and § such that for all e <

”gHO * C —cne’
PN — <= _
P(‘ - (1-¢")|>e€ 3¢

The proof of this result is presented in Section B.4. Recall that, by Theorem 2 and Proposition
3, assumption A1 is sufficient for this result to hold when 6* falls in £,-balls for ¢ > 0 or for
0* sufficiently sparse.

We make a note that recently Bellec and Zhang [8, Section 3.4] establish that ||6]|o/n
concentrates around its expectation with deviations of order O(n~'/?) using the second-order

Stein’s formula. We complement these results by showing that ||§ |lo/n has large-deviation
probabilities which decay exponentially. Moreover, our result also implies that the value on

which Hé |lo/n concentrates is uniformly bounded away from 1 for given Pyp,odel, Prixpt, and

Control of the subgradient. The proof of Theorem 9 is built upon controlling the vector

~ 1 ~
(14) t= XXT(y—X«sv),
which is a subgradient of the /;-norm at 6. Since controlling this subgradient may be of
independent interest, we state our result formally below. Similarly, we prove that £ behaves
approximately like the corresponding subgradient in the fixed-design model

(15) th = % »12(yf — 51297,
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where y/ = X1/20* + g, 6/ = n(y”’,¢*), and g ~ N(0,1,). The quality of the approx-
imation is controlled uniformly over models and estimators satisfying assumptions A1 and
A2.

For any measurable set D C RP, define its e-enlargement D, := im eRP | infgep |l —
'||2//P > €}. The following result makes the connection between ¢ and ¢/ precise.

LEMMA 10. Under assumptions A1 and A2, there exist constants C, c,c > 0 depending
only on Podel, Prixpt, and 0 such that for any measurable set D C RP and for all € < ¢

(16) P (fe D6> <P (ff ¢ D) + 26—0"64 .

Consequently, there exist (possibly new) constants C,c,c’ > 0 depending only on Podel,
Prxpt, and 6 such that for any 1-Lipschitz function ¢ : RP — R and for e < ¢!

a7 P (Jo(5) -Elo(F)]|2c) < G

We prove Lemma 10 in Section B.3.

3.4. Control of the debiased Lasso. Recall that the debiased Lasso with degrees-of-
freedom adjustment is defined according to expression (6)
> 1XT(y— X0)
1—16llo/n
In this section, we aim to show that the debiased Lasso approximately follows a Gaussian

distribution with mean 6* and covariance 72X 1. The next theorem makes this statement
precise.

~

0d::§—|—

THEOREM 11. Under assumptions A1 and A2, there exist constants C,c,c’ > 0 depend-
ing only on Podel, Prixpt, and 6 such that for any 1-Lipschitz ¢ : RP x RP — R, we have for

alle < ¢
o165 T o2 T ) < G

where g ~ N(0,1,).

We prove Theorem 11 in Section B.5.

Using a strategy like that in the proof of Corollary 7, one can show that the joint empirical
distributions p~* >°_, 0. go and p Y0 Ggs g sre(m-1/2g), Doth concentrate on the same
distribution in the sense that they are close in weak-* distance to the same distribution f,
with high-probability.

Using Theorem 11, one may construct confidence intervals for any individual coordinate
of 6* with guaranteed coverage-on-average. Because 7* is unknown, we use the estimator
7(A) given by Eq. (5). We refer the resulting intervals as the debiased confidence intervals.

COROLLARY 12.  Fix g € (0,1). For each j € [p), define the interval

(18) Y= 08 — =227 (N2 gpar 03+ 552700 21 g0

. . T . .
Jl=J Jl=J
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where z1_q 5 is the (1 — q/2)-quantile of the standard normal distribution, T(\) is given by
Eq. (5), and

Sii =2 = Bj—i(Bejy) T By

Define the false-coverage proportion

1 p
p ]:1 J J

Under assumptions A1 and A2, there exist constants C,c,c > 0 depending only on Prodel,
Prixpt, and 6 such that for all € < ¢/

12

P(|FCP —¢q|>¢€) < Egﬁefm6
We prove Corollary 12 in Section B.5.

It is worth emphasizing that the debiasing construction of Eq. (6) assumes that the pop-
ulation covariance X is known. In practice, 3 needs to be estimated from data. Accurate
estimates can be produced under two scenarios: (i) When sufficiently strong information is
known about the structure of X (for instance 3 or 7! are band diagonal or very sparse);
(#4) When additional ‘unlabeled’ data (});> is available.

REMARK 3.1. It is instructive to compare the degrees-of-freedom adjusted debiased
Lasso of Eq. (6) with the more standard construction without adjustment [54, 52, 27, 26, 28]:

(19) 0=6+>"'X"(y— X6).

When ||§ llo/n = o(1), the two constructions are comparable, namely 58 ~ 6. In this regime,
the errors in estimating the nuisance 6~ ; negligibly degrade the precision of inference on 7.

In contrast, in the proportional asymptotic regime, it turns out that the errors in estimating
0 ; do affect the precision of inference on 7. The denominator 1 — Hé llo/n in Eq. (6)
becomes crucial for correcting the bias induced by these errors.

3.5. Confidence interval for a single coordinate. While Theorem 11 and Corollary 12
establish coverage of the debiased confidence intervals CI;1 on average across coordinates,
they do not provide sufficient control to establish the coverage of CI;1 for a fixed j. To
illustrate the problem, we quantify the control Theorem 11 provides for a single coordi-
nate of 8. Theorem 11 implies that for any 1-Lipschitz ¢ : RP x RP — R, the difference

¢<% %) _E [qb(% %)} lies with high-probability in an interval of length O(p~1/6),

where O hides factors which only depend on Pyodel, Prxpt, and 6§, or are poly-logarithmic in
p. Applied to (;5(%, 3})) = (é\;i —07)/+/p. this implies that the difference 5}1 — 07 lies with
high-probability in an interval of length O(pz/ 3). Theorem 11 and Corollary 12 suggest that
the typical fluctuations of 9;1 — 07 are of order O(1). Thus, the control of a single coordinate
provided by Theorem 11 is at a larger scale than the scale of its typical fluctuations. A recent
paper [10] controls a single coordinate at the relevant scale for § > 1, but leaves open the the
case § < 1. Addressing this case remains an open problem.

Instead, we provide a construction of confidence intervals for a single coordinate using a
leave-one-out technique. We call these confidence intervals, defined below, the leave-one-out
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Iloo

confidence intervals, denoted by CI”°. We can write the observation vector y as

(20) y=(-a;--)|0; | +oz=0i2;+ X_;6*;+ 0z,

where X _; € R™*(P—1) denotes the original design matrix excluding the j-th column and x;
denotes the Jj-th column. Define wj‘ =x; — X_; 3" 1 ;2—j; €R"sothat @ is indepen-
dent of X _; (see Section C.2). According to decomposmon (20),

J

(21) y=X_;(0°;+6;5°; % ;) +&;0; +oz,
=05,
and
1L 2 . 2 9, Zil- 39*2
Z; 07 + 0z ~N(0,00,,I,) with oy, : =07 + ————,
n
where Ej‘ _j =2 — 2 ;%5 ;3 ;. Expression (21) can be viewed as defining a linear-

model with p — 1 covariates, with true parameter 8} , and noise variance 01200. We call this
the leave-one-out model. Let Ty , (}  be the solution to the fixed point equations (8a) and
(8b) in the leave-one-out model.

The leave-one-out confidence interval is then constructed based on the variable importance
statistic
22) . (25) " (y = X—j6100)
31— (1= [6100l0/7)
Note the statistic §; is a renormalized empirical correlation between residuals from two re-
gressions: the population regression of feature j on the other features (i.e., :EJ-L), and a sample

regression of the outcome y on the other features (i.e., y — X _jHAlOO) When 9* =0, these
residuals will be 1ndependent Indeed, &+ is independent of (y, X_;), and because 9100 is a

function of (y, X_;), € j - is also 1ndependent of y — X_; 0100 The theory from the preced-
ing sections allows us to quantify the distribution of the variable importance statistic £; even
when H;f # 0 and so permits the construction of confidence intervals.

Similarly to 7(\) defined in Eq. (5), we estimate the effective noise level in the leave-one-
out-model by

~ .y =X j6ioll2

Tl = = .
V(1 —|6iol0/n)
The leave-one-out confidence interval is then defined as

—1/24j
(23) |loo =16 =2y 3710021 a/2s EJ+23| /]Tloozl /2

We demonstrate below that this confidence interval CI;-OO achieves approximate coverage for
every fixed j, whose proof is provided in Section B.6.2.

THEOREM 13. Assume p > 2. Let §1oo = n/(p — 1). Assume \, X, and o satisfy as-
sumption A1, and that 0 ; is (s, V100(1 = Amin), M )-approximately sparse with respect to
covariance 3_; _; for some s/(p — 1) > vyin > 0 and 1 > Apiy > 0. Let M’ > 0 be such
that |05 < M'(p — 1)1/4,
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(a) (Coverage and power of the leave-one-out confidence interval) There exist constants
C,c,c > 0 depending only on Prodel, Vmin, Amin, M, M', and 6\, such that for all
e<c,
(24)

* * * * 1 €6 1

‘]PJGJ* (0 g CI;OO) _ng* (‘9] + TlOOG — 9| > TIOOZI—Q/Q) ‘ < C <(1 + |0j |)€ + ge cneb + nez) ’
where G ~ N(0,1). (See discussion following theorem for an interpretation of this bound).

(b) (Length of the leave-one-out confidence interval). There exist constants C,c,c’ > 0 de-
pending only on Ppodel, Vmin, ADmin, M, M, and 0., such that for all € < ¢/,

(25) Py- ( > e) < %e—cm“.
J €

Note that P <\9;‘ + 7 G =0 > 7 210 /2) is the power of the standard two-sided confi-

dence interval under Gaussian observations ¢; + 7, .G against alternative 6. The left-hand
side of (24) does not depend on ¢, so that the optimal bound is found by choosing € < ¢/
which minimizes the right-hand side. When [07] = o(n'/6/logn), the right-hand side can be

=~J

Too -1
*
loo

made small by for example, taking n~'/¢logn < ¢ < min{c’, 1/|63|}.

Relation to the conditional randomization test. It is worth remarking that exact tests and
confidence intervals for 0; may be constructed in our setting. Towards this, it is useful to
briefly recall this construction and discuss the relative merits of our approach.

In general, when the feature distribution is known, one can perform an exact test of

(26) y 1l | X,

even without Gaussianity or any assumption on the conditional distribution of the outcome y
given the features X (see, e.g., [15, 30, 33]). The test which achieves this is called the condi-
tional randomization test and is feasible to use for any arbitrary variable importance statistic
T(y,X). The key observation leading to the construction of the conditional randomization
test is that under the null, the distribution of 7'(y, X') | X_; is equal to the distribution of
T(y,x’;, X_;) where z’; is drawn by the statistician from the distribution x;| X _; without
using y. Under the null, this distribution can be computed to arbitrary precision by Monte
Carlo sampling. We refer the reader to [15, 30, 33] for more details about how these obser-
vations lead to the construction of an exact test.

When the linear model is well-specified, the null (26) corresponds to 9}‘ =0, and our leave-
one-out procedure implements the conditional randomization test under this null, as we now
explain. The statistic §;, defined in Eq. (22) and used in the construction of the leave-one-out
interval, can also be used as the variable importance statistic in the conditional randomization
test. We make a few remarks. The Gaussian design assumption and the choice of statistic &;
permit an explicit description of the null conditional distribution £;|y, X_;. Indeed, because
oL

Z; is independent of (y, X_j, 5100) under the null 67 = 0, one has

&ily, X5 ~N (0,351 (7,)?)

In our setting, we can access the null conditional distribution through its analytic form rather
than through Monte Carlo sampling. The test which rejects when 0 ¢ CI;00 is exactly the con-

ditional randomization test for the null (26) based on the variable importance statistic |§j].2

2This holds provided that the statistician computes &; |y, X_ 4 exactly by taking an arbitrarily large Monte
Carlo sample.
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As a consequence, the leave-one-out confidence intervals have exact finite sample coverage
under the null 67 = 0.

Moreover, Theorem 13 provides more than what existing theory on the conditional ran-
domization test can provide: it gives confidence intervals which are valid under proportional
asymptotics and a power analysis for the corresponding tests.

The linearity assumption in our setting allows us to push this rationale further. For any

w, when 07 = w, the 4™ residualized covariate if is independent of the “pseudo-outcome”

Y — wzf:jL and X _;. By computing a Lasso estimate using this pseudo-outcome in place of y,
the statistician may perform an exact test of the null 9; = w. The inversion of this collection
of tests, indexed by w, produces an exact confidence interval. Details of this construction are
provided in Appendix B.6.

We prefer the approximate interval CI;-OO to the exact interval outlined in the preceding
paragraph for computational reasons. The construction of these exact confidence intervals
requires recomputing the leave-one-out Lasso estimate using pseudo-outcome y — wsizjL for
each value of w. In contrast, the leave-one-out confidence interval we provide requires only
computing a single leave-one-out Lasso estimate. It achieves only approximate coverage, but
our simulations in Section 4.2 show that coverage is good already for n, p, s on the order of
10s or 100s. An additional benefit of Theorem 13 is its quantification of the length of the
leave-one-out confidence intervals and the power of the corresponding tests, which are not
in general accessible for the conditional randomization test or confidence intervals based on
it. In fact, because the test 0 & CI}OO is exactly the conditional randomization test, Theorem
13(a) applied under 67 provides an estimate of the power of the conditional randomization
test under alternative 6% = w.

We conjecture that the exact confidence intervals outlined above, the leave-one-out confi-
dence intervals, and the debiased confidence intervals asymptotically agree up to negligible
terms. Our simulations in Section 4.2 support this conjecture in the case of the equivalence
of the leave-one-out confidence and the debiased confidence intervals.

4. Numerical simulations. This section contains numerical experiments which (i) sug-
gest that the large s, n, p behavior established in this paper is a good description of the
debiased Lasso even for s, n, p on the order of 10s or 100s, (ii) demonstrate the importance
of the degrees-of-freedom adjustment, (iii) provide evidence for the necessity of the approx-
imate sparsity constraint in Claim 2 for the results of Theorems 4 and 8, and (iv) present
numerical evidence that our results may hold for a broader spectrum of feature distributions
going beyond Gaussian designs. We present here some representative simulations.

In our simulations, we adopt the normalization x; X N(0,X/p) rather than x; i
N(0,3X/n) as is adopted in the theoretical development of this paper. This amounts to a
simple change of variables. We prefer the normalization ¥ /p to make the dependence of
performance metrics on n more interpretable: indeed, under this normalization increasing n
for p fixed does not affect the normalization of each row of X and thus better models the
collection of additional samples or measurements.

4.1. Debiasing with degrees-of-freedom adjustment. 'We compare the degrees-of-freedom
adjusted debiased Lasso of Eq. (6) with the standard unadjusted estimator of Eq. (19).

Figure 1 reports results on the distribution of the two estimators. We set p = 100, n = 25,
and s = 20, and fix 8* € RP with s/2 coordinates equal to 25 and the rest equal to —25 chosen
uniformly at random. We repeat the following Ngj, = 1000 times. First, we generate data
from the linear model (2) where x; ~ N(0,X/n), o = 1 and X comes from the autoregressive
model AR(0.5):

i = 0.5
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In each simulation, we use the same @* vector but independent draws of X, z. We com-

: S (- 0llo/m)@—03) | S (6,03
te for each § < n the values —=2 and =% corresponding to the
pa J = e v ly—X6ll2/v/n S NNG ponding

debiased Lasso with and without degrees-of-freedom adjustment respectively. Aggregating
over coordinates and simulations (giving p - Ngim = 10° observations of single coordinates),
we plot histograms and quantile plots for all coordinates corresponding to 0; = —25, 0, 25
separately. In the quantile plots, the empirical quantiles are compared with the theoretical
quantiles of the standard normal distribution N(0, 1).

Without the degrees-of-freedom adjustment, visible deviations from normality occur. For
active coordinates, we observe bias and skew; for inactive coordinates, we observe tails which
are too fat. The fattening of the tails occurs around and beyond the quantiles corresponding
to two-sided confidence intervals constructed at the 0.05 level. Thus, failure to implement
degrees-of-freedom adjustments will lead to under-coverage in standard statistical practice
even prior to corrections for multiple testing. In contrast, with degrees-of-freedom adjust-
ment, no obvious deviations from normality occur for either the inactive or active coordi-
nates. Normality is retained well into the normal tail. Since we take s = 20, n = 25 and

= 100, our simulations suggest approximate normality already for s,n,p on the order of
105 and 100s. Our simulations are well outside the condition s = o(n 2/ 3) required by [9] or
n > p required by [9, 10].

The simulations presented Figure 1 are representative of simulations conducted at various
parameter settings.

4.2. Confidence interval for a single coordinate. In this section we consider the behavior
of the debiased confidence interval CI;i (defined in Eq. (18)) and leave-one-out confidence

interval CI\° (defined in Eq. (23)).

In Figure 2, we examine the coverage of the confidence interval for both an active coor-
dinate and an inactive coordinate. As in Figure 1, we consider p = 100, n = 25, and s = 20,
and fix 0* € RP with s/2 coordinates equal to 25 and the rest equal to —25. The locations
of the active coordinates are chosen uniformly at random. We set the coordinate of inter-
est to be 050. For each model specification, we perform the following Ng, = 1000 times.
First, we generate data from the linear model (2) with o = 1 and X the AR(0.5) covariance
¥; = 0.5"771. We construct for j = 50 the (1 — a)-confidence intervals CI;1 and CI100 at
level o = 0.05. We also construct the following interval based on the debiased Lasso Wlthout
degrees-of-freedom adjustment given by Eq. (19):

-1/2 -1/2
~ ly — X8| ~ ly — X6]l2
CI?,noDOF — 98j J| J d 4 J| J

NG 21-a/2: 0; Jn Fl-a/2

The confidence intervals from the first 40 of the 1000 simulations are plotted in Figure
2 for the cases 05, = 0 and 67, = 25. Both the debiased Lasso and the leave-one-out con-
fidence intervals achieve coverage, and these two confidence intervals approximately agree.
In contrast, when 659 = 25, the confidence interval without degrees-of-freedom adjustment
is uncentered and too narrow, leading to large under-coverage. When ¢ = 0, the empirical
coverage (for 1000 simulations) is 95.4% for the debiased Lasso with degrees-of-freedom
adjustment, 95% for leave-one-out confidence interval, and 93.7% for the debiased Lasso
without degrees-of-freedom adjustment. When H;f = 25, these coverages are 93.7%, 93.8%),
and 78.3%, respectively.

These simulations provide evidence that the leave-one-out confidence intervals CI;-OO are
valid for fixed coordinate 7, already for moderate values of n, p, and not only for large n,p
as guaranteed by Theorem 13. Further, the debiased confidence intervals CI;-1 also appear
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DOF adjustement methods No DOF adjustement methods
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Fig 2. Confidence interval for a single coordinate. Here p = 100, n = n = 25, s = 20, Zij =

0.5/i=7 ‘, A =4, 0 = 1. In the top plots, the truth is 9; = 0, and in the bottom plots the truth is
0% = 25.
J

to achieve coverage per-coordinate and not only on average even though our theory does
not establish this. Finally, these simulations support that CI;-1 and CI}00 are asymptotically
equivalent.

4.3. Approximate sparsity and Gaussian width. Recall that our main results rely on as-
sumption A2 on the solution (7%, (*) of Eqs (8a), (8b) being uniformly bounded above and
below. Theorem 2 establish that assumption A2 holds if 8* is (x, M )-approximately sparse
for some x € {+1,0,—1}” and a constant M the corresponding Gaussian width satisfies
G(z, %) < V(1 — Apiy) for some A, > 0 (plus some additional technical condition).

In Figure 3, we explore the role (and tightness) of this Gaussian width condition. Again,
we let 3 be the AR(0.5) covariance matrix: 3;; = 0.5/91. We set p = 1000 and construct
0* as follows: we choose a support S C [p] uniformly at random with sg := |S| = 200, and
set 07 =0 for i € [p] \ S and ] ~ Unif({+p, —p}) for i € S. We view this as a (x, M)
approximately sparse vector with = sign(6*), and M = 0.

We approximate the Gaussian width G(x,3) by Monte Carlo sampling. In order to do
that, we generate 500 realizations of the optimization problem (12) and obtain 500 estimates

P ~2
{G*}29 . We plot a histogram of {pG* }>% in both plots in Figure 3 as well as the median
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of these values as a vertical dashed line.> On the same plots, we plot the logarithm of the
ly-risk and of the sparsity ||@]|p/n as a function of n for four different magnitudes p of the
active coordinates of 8*. Each point on the curves is generated by taking the median over 50

simulations.

\
\
4 ‘
o .
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Fig 3. The Lasso risk and sparsity are uncontrolled when the 8* grows on a signed support
set whose Gaussian width squared exceeds the aspect ratio n/p. Histogram shows standard
Gaussian width Ggq(x,X) as computed numerically over 500 trials in simulation. p = 1000,
s =200, Eij = .5‘i*j|, A =4, 0 = 1. The support set is chosen uniformly at random, and half
of the active coordinates are positive, chosen uniformly at random.

Forn/p < @‘2, the risk grows very rapidly with p, whereas for n/p > @\*2, the risk grows
only moderately with p (if at all). There is a visually sharp transition in behavior at the
threshold n/p ~ med@:)Q. Similarly, when n/p < med(é;)z, the sparsity ||§ llo/n is equal
to or greater than 1, whereas for n/p > med(é:)2, this quantity is bounded away from 1 and
doeAs not substantially grow with p. By the stitionarity conditions for the Lasso, we know that
/|1€|lo/n < 1 always. The observed value ||@]|o/n > 1 indicate that the Lasso in this regime
is difficult to solve numerically*.

Note that med(é\*) is an estimator standard Gaussian width Ggq(x,X) (see Eq. (12))
instead of the functional Gaussian width (10) (see Eq. (10)) which enters our theory. However,
these simulations should be interpreted in light of the conjecture that G(x, X)) ~ Gyq(x, X).

4.4. Non-Gaussian designs. The results described in this work are proven under corre-
lated Gaussian designs. When covariates are independent, numerical simulations and uni-
versality arguments in previous work suggest exact asymptotic characterizations still hold
for independent but possibly non-Gaussian covariates (see e.g. [5, 39, 36] for rigorous uni-
versality results). Moreover, such universality phenomena are also expected to hold beyond
the linear models: for instance, [47] (in Figure 9) present simulations for logistic regression
with independent but non-Gaussian covariates whose behavior agrees with the corresponding
asymptotic predictions for independent Gaussian covariates. Nevertheless, these predictions
are incorrect when covariates are correlated. This suggests that the most severe limitation of
the existing exact asymptotic theory is not the Gaussianity assumption but rather the inde-
pendence assumption. It is this assumption that the current paper weakens.

3We normalize the height of the histogram to fit on our plots.
“We use the glmnet package for all Lasso simulations.
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Here we provide some numerical evidence which suggests that our theory describes the
behavior of the Lasso under some realistic data generating distributions (when the Gaussian-
ity assumption breaks). Theoretical investigations of universality is left for future work. We
consider the design matrix with covariates generated according to a hidden Markov model.
Hidden Markov models are frequently used for modeling the covariates in genetics applica-
tions (see, e.g. [45]). The specification of the hidden Markov model used in our simulation
is described in details in Appendix D. The specification is such that covariates with indices
differing by approximately 10 or less have non-negligible correlation. The response is gen-
erated according to model (2), with n = 1280, p = 2000, sg = 0.128p, and o = 0.2, and all
active coordinates of 8* are set to 1. We run our debiasing procedure with degrees of freedom
adjustment for N, = 10 independent generations of the data, with the knowledge of the un-
derlying population covariance matrix for the covariates. We then aggregate the standardized
and centered debiased Lasso estimates across coordinates and across simulations, separately
for the inactive and active coordinates, and provide a qq-plot for each; the results are pre-
sented in Figure 4. It is worth noting that from the simulations, one can see the success of
the debiasing procedure with degrees of freedom adjustment carries even into the tails of the
distribution. This phenomenon cannot be justified using prior theory based on independent
Gaussian covariates.

Active Inactive

2 / - /
/ DOF
adjustment
No
Yes

-4 2 0 2 2 2 0 2 4
Theoretical quantiles

Sample quantiles

Fig 4. The debiased Lasso with and without degrees-of-freedom (DOF) adjustment for hidden
Markov model features. Here n = 1280, p = 2000, sg = .128 - p, and ¢ = .2, and all active co-
ordinates of 6* equal to 1. Quantiles and densities are compared with the ones of the standard
normal distribution.

5. Main proof ingredients. Our proofs are built upon a tight version of Gordon’s min-
max theorem for convex functions. Gordon’s original theorem [24, 25] is a Gaussian com-
parison inequality for the minimization-maximization of two related Gaussian processes, and
has several applications in random matrix theory and convex optimization [44, 41]. In a line
of work initiated by [46] and formalized by [49], the comparison inequality was shown to
be tight when the underlying Gaussian process is convex-concave. This observation has led
to several works establishing exact asymptotics for high-dimensional convex procedures, in-
cluding general penalized M-estimators in linear regression [49, 48] and binary classification
[18, 37, 32]. (We also refer to [6, 2, 19, 20, 42, 3] for alternative proof techniques to obtain
sharp results in high-dimensional regression models, in the proportional asymptotics.)

Earlier work has so far focused on the case of independent features or correlated features
with unpenalized or ridge-penalized procedures. Analyzing the Lasso estimator under gen-
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eral Gaussian designs, however, requires overcoming several technical challenges, as the ¢;-
penalty breaks the isometry underlying procedure. In this section, we summarize our proof
strategy, emphasizing the technical innovations that are required in the context of general
correlated designs. Our work builds on the approach of [35], which studied the Lasso and
debiased Lasso estimators in the case X = I,,.

Control of the Lasso estimate. We find it useful to first rewrite the Lasso optimization ob-
jective as

1 _ Nipge o
C(v):=5-lloz — X3 1/2”’@*5”0 + 22|,

Here we introduce the prediction error vector v := X1/2(@ — 0*). The variable v is used to
whiten the design matrix and isolate the dependence of the objective on it. Indeed, X 3~1/2
has entries distributed i.i.d. from N(0, 1/n), and we have expanded y to reveal its dependence
on X . We denote by v the minimizer of C(v), i.e., ¥ := 21/2(5— 0*). By a standard argu-
ment, Gordon’s min-max theorem implies that the Lasso optimization behaves, in a certain
sense, like the optimization of the simpler objective

2
! [l _(g.v)) | A o
N 2 _ ) N * /2 - *
L(v): 2(\/0 - ++n(||0 + 37 20— 671 .

which we call Gordon’s objective. The precise statement is as follows.

LEMMA 5.1 (Gordon’s lemma). The following hold.
(a) Let D C RP be a closed set. For all t € R,

P <minC(v) < t) < 9P (minﬁ(v) < t> .

veD veD

(b) Let D C RP be a closed, convex set. For all t € R,

P (migc(o) = ¢) <27 (mig (o) >1)

veD veD

By studying Gordon’s objective, and comparing the value of min,ecp £(v) for suitable

choices of the set D, we can extract properties of v and hence . In particular, in Theorem 6,
we compare the value taken for D = RP and

* ~1/24, @* o/ o*
p={oes o5 ) ~slel G o)

where 0 is defined by Eq. (9) with 7%, (* the unique solution to Egs. (8a) and (8b). The
argument is carried out in detail in Appendix B.1.

This discussion clarifies that we can control the behavior of the Lasso objective only in-
sofar as we can control the behavior of Gordon’s objective. The major technical challenge to
apply this approach to general correlated designs is in relating the minimizer of Gordon’s ob-
jective to the fixed design estimator 6/.1In particular, this requires showing that the solution
(7*,¢*) of Egs. (8a) and (8b) is unique and bounded in terms of simple model parameters
(see Theorems 1 and 2).
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Generalizing an idea introduced in [37], we control the solutions Eqs. (8a) and (8b) by
showing that these equations are the KKT conditions for a certain convex optimization prob-
lem on the infinite dimensional Hilbert space L?(IRP; RP). To be more specific, the optimiza-
tion problem is

. . 1 HUH%2 2 (g,v)r2\2 A " —1/2 "
iy = o {3 (P 4o 0202 s o - 1o |

The objectives £ and & are closely related, but their arguments belong to different spaces.
The objective L takes vectorial arguments v € RP; the objective & takes functional argu-
ments v : R? — RP. Both objectives are convex. In Appendix A.3, we show that v € L% is a
minimizer of & if and only if v(g) = n(X'/20* + 1*g;*) for 7*, ¢* a solution to the fixed
point equations. This follows from showing that Eqs. (8a) and (8b) correspond to KKT con-
ditions for the minimization of &. Further, we show that & diverges to infinity as ||v||z2 — oo
and is strictly convex in a neighborhood of any minimizer, whence a minimizer exists, and it
is unique (Theorem 1). We are then able to conclude that the fixed point equations also have
a unique solution. We defer the details of this argument to Appendix A.3.

Controlling the size of the fixed point parameters (Theorem 2) relies on bounding the
norm of the minimizer of &. Again, our approach is geometric: rather than analyzing the
fixed point equations directly, we study the growth of the objective & as ||v||z2/+/n diverges.
The functional Gaussian width (10) controls this growth. This explains the centrality of the
Gaussian width G(x, X)) in our analysis. In fact, under only a sparsity constraint on 6*, we
can control the growth & in ||v||z2/+/7 in an n-independent way only when G(x,2) < V/§
where = € 9||0*||1. Thus, we suspect our analysis based on the Gaussian width is in a certain
sense tight, though we do not attempt to make this claim precise. The detailed argument
bounding the fixed point parameters is in Appendix A.4.

The present approach is significantly more general both than the one of [35], which studies
the Lasso for ¥ = 1I,, and of [37] which studies binary classification under a ridge-type
regularization. When X = I,,, the Lasso estimator in the fixed-design model is separable, and
Egs. (8a) and (8b) simplify because

R(r%,0) = 5Eo allon (07 +7G,A/C) ~ 67)7],

1

df(r2,¢) = 51P>(nsoft(6* +7G,\/C) #0),

where ©* ~ % ?:1 dp; independent of G ~ N(0,1), and nsos(y; ¢) == (|y| — ¢)+sign(y).
Hence—in that case—existence and uniqueness of the solution of Egs. (8a) and (8b) can be
proved by analyzing the explicit form of these equations.

Also, our approach is more general than the one of [37], which constructs a Hilbert-space
optimization problem by taking the n,p — oo limit of the Gordon’s problem. In the present
case, since we intend to establish a non-asymptotic control, for finite n, p there is no natural
sequence of covariances in which to embed 3.

Furthermore, we generalize our result to achieve a uniform control over the penalization
parameter A € [Amin, Amax] (see Theorem 6). The argument is based on a careful analysis of
the sensitivity of the Lasso problem and its corresponding solution regarding the penalization
parameter \. More details can be found in Appendix B.7.

Control of the Lasso sparsity. It is not feasible to directly control quantity ||§ llo/n using
Theorem 4 with ¢(0,6*) = ||@]|o/n, since this function is not Lipschitz or even continuous.
Instead, we establish lower and upper bounds on the sparsity separately.
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To explain the argument, define for any 8 € RP? the e-strongly active coordinates of 6 to be
{j € [p] | 10;] > €}. Likewise, for any t € R? define the e-strongly inactive coordinates of ¢ to
be {j € [p] | |tj] <1 — €} (this definition is motivated by the fact that if ¢ is the sub-gradient
of the Lasso, if |t;| < 1 — e then #; = 0 and t; would have to change by at least € for 6;
to become active). Our argument relies on the following two facts (here 0 is, as always, the
Lasso estimate, and tis the subgradient of Eq. (14)):

(27)
N - 1o, 3
¢ 1l g theninf{|9—9H2‘|{‘7HJ|>6}|>1—C*—6}2 .
n o LP n 2 2
and
(28)

6 1~ it <1— ded
el ||o>1 C* e, then inf Ht_t||2‘|{1||y< €}|>1_<*_£ >, /2
t \/]3 n 2 2

The first argument holds because the vectors 6 and 0 differ by at least € in ne/2 co-
ordinates; namely, in those coordinates in which 6 is e-strongly active and 6 is inactive.
The second argument holds similarly. In words, vectors which are very sparse are separated
in Euclidean distance from vectors with many e-active coordinates; similarly, subgradients
with many active coordinates are separated in Euclidean distance from vectors with many
e-inactive coordinates.

To proceed, we leverage the following fact: for any set D C RP which contains the fixed-
design Lasso estimate 67 with high-probability, the random design Lasso estimate 8 is close
to D with high-probability. Similarly, for any set D C R? which contains the fixed-design
subgradient ¢/ with high-probability, the random-design subgradient ¢ is close to D with
high-probability. In the case of the subgradient, this is made precise in the statement of
Lemma 10. A similar statement holds for the Lasso estimate, and developed in the proof
of Theorem 4. Taking D to be the set over which the infimum in Eq. (27) (resp. Eq. (28))
is taken, we can conclude [|8]|o/n > 1 — ¢* — € (resp. ||0]jo/n < 1 — C* + ¢) with high-
probability as soon as we can show 6/ €D (resp. t! € D) with high-probability. The details
of this argument are carried out in Appendix B.4.

Control of the debiased Lasso. We may write the debiased Lasso as a function of the Lasso
estimate 0, the subgradient ¢, and the Lasso sparsity ||0]|o/n:

PSS )
Bd - 0 —|— —_ = .
1—18]lo/n
Because 1 — [|@]|o/n concentrates on ¢* by Theorem 9, the debiased Lasso is with high-
probability close to
N~

(29) 0+ Ez .
Our goal is to show that 6+ %2_1/ 2t — 0 is approximately Gaussian noise with zero mean

and covariance 7*2X 1. Heuristically, if we replace the Lasso estimate and subgradient by
their fixed-design counterparts, we get

6/ + ?*z—lff — 0 =6 — 0" + IRyl —n129)) =7 m1/%g
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where in the first inequality we have used that %tAf =x1/2 (yf — >/ 25) by the KKT condi-
tions for the optimization (4). Thus, we would like to justify the heuristic replacement of the
random design quantities with their fixed-design counterparts.

It turns out that it is not straightforward to justify this heuristic. Theorem 4 and Lemma
10 compare the distributions of 6 and £ to their fixed design counterparts individually but not
jointly. That is, Theorem 4 compares the distribution of 6 and 6/ , and Lemma 10 compares
the distribution of ¢ and ¢/, but neither directly compares the joint distribution of (é,i\)
and (éf,ff). To conclude 6 + %Z_lf“behaves like” 67 + %E‘lff, we require such a
joint comparison. Unfortunately, the approach of [35], does not extend directly to general

covariance structures other than I,. Indeed, the empirical distributions /i = %D ?:1 5 and
J
~ 1 y4

T =1 5A do not have a simple characterization for general 3.

To conquer thls issue, we resort to a smoothing argument. For penalized regression estima-
tors with differentiable penaltles the subgradient £ is a function of the estimate 6. Indeed,
te 8||9H1 does not identify ¢ from 6 only due to the non-differentiability of the ¢1-norm at
inactive coordinates. Thus, for smooth procedures, the expression corresponding to Eq. (29)
is a deterministic® function only of the estimate. Thus, the replacement of the quantities in
(29) by their fixed-design counterparts can be justified via analysis of the distribution of the
estimate 6 individually. To leverage this simplification under smoothness, we introduce the
a-smoothed Lasso, in which we replace the ¢1-penalty by a smooth approximation in the
original Lasso objective (1). We prove a characterization of the a-smoothed Lasso analo-
gous to Theorem 4, and use this to establish the success of the debiasing procedure corre-
sponding to the smoothed estimator. Finally, we argue that the debiased Lasso estimate is
well-approximated by the debiased a-smoothed Lasso estimate for small enough smoothing
parameter, allowing us to conclude Theorem 11. The details of this argument are provided in
Appendix B.5.

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ‘The Lasso with general Gaussian designs with appli-
cations to hypothesis testing.’
(doi: COMPLETED BY THE TYPESETTER). The supplement contains proofs and techni-
cal details that were omitted from the main text.
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Supplement to ‘The Lasso with general Gaussian designs with applications to
hypothesis testing.’

A. Preliminaries.

A.1. A Gaussian width tradeoff. 1t is convenient to define the descent cone

(30) L’D>D(x,X):= 21/%’@[ > zwi(g) + lwse(g)lh
j€supp(x)

In this section, we consider relaxations of the constraint v € D(x, X)) appearing in Eq. (10).
In particular, we quantify a tradeoff between the expected correlation (v, g) 2 appearing in
(10) and the expected growth of the ¢; lower bound appearing in (30). Constraining this
trade-off is the central tool in establishing bounds on the solutions to Egs. (8a) and (8b) (see
the proof of Theorem 4(a) in Section A.4).

LEMMA A.l. FixX € S’;O with singular values bounded 0 < Kmyin < K;j(2) < Kmax <
oo for all j. Define Keond := Kmax/Fmin- Let @ € {—1,0,1}? with ||z||o/p > Vmin > 0. Let
S = supp(x). Then, for any v € L? and any € > 0, we have either

1 G(x,X)+¢
3D —(v,g)r2 < —————||v]| L2,
p( gL 7 kc2iva
or
b |>
(32) *E zjw;(g) + [[w(g)s|l1| > T |v(g)lL,
JES \/ﬁ’irln/éfx(2 + Kcond)

where w = X2y € 2,

PROOF OF LEMMA A.1. We may alternatively write (10) as

1 ~
G@¥)= s -Elwlg) g,
weD(x,I,) P
2 2w]|7 , /p<1

where g = X'/2¢g and g is interpreted as the identity function in L2. The Lagrangian for this
problem reads:
1:| 9

1 - K 1 §
L(w;k,£):=-E [ng] + — <1 ——-E { 2 2}) - fIE[ Tijw; + |[wge
(wim €)= 5 (1= B[22 wiB] ) B[ 3w+ |
where the Langrange multipliers &, are restricted to be non-negative. First, we bound the

jes
dual optimal Lagrange multipliers. We bound

)| = Llwisg)

)

k 1 . KK
§+1;E w'g - mm w3 — £(Z$]w]+||wSL
JES

KK
;ax wll3 - (Zx]wj + [lwse

jES

(33) >4+ E|w'g—

K
2

K=



2

The expected value appearing in the upper bound is maximized by maximizing the integrand
for each value of g. Because the integrand is separable across coordinates, we may do this
explicitly. The maximal value of the integrand at fixed g is

K 1 i ) 1 i N
S § s E 2 MG
2 * 2p/<‘3/€min (g] é.x]) * PRKmin < 2 f f(g]) ’

jeS jeSe

where M¢(g;) is the Moreau envelope of the /1-norm
M f 2 :
()= inf { el + el

Because EM¢(g;) > 0, we have E[g7/2 — EM¢(g;)] < E[g7/2] <E[(g; — £2)%/2] < (Kmax +
£¢2)/2 whenever © = +1. Thus,

1 2 min
E 7/</c0nd+§ /'% > sup E('Uh/ﬁf)
9 K 2 wel?

This further implies that

inf sup L(w;k,&) < sup L(w; 1,/@1111/131) ] Heond
/620 e L2 weL? 2
Similarly, maximizing the right-hand side of Eq. (33) explicitly and using g; 2/2 —EM¢(g;) >

0,

1[5](1 2 .
sup E(w’/{7§)25+7| |(1/Kcond + &7/ Fma )
welL? 2 K 2p

If either /2 > 1+ Keond/2 OF €2/ max > 4(1+ Keond/2)?/(IS|/p), then sup,, e 12 L£(w; K, &) >
1+ Kcond/2. Combining the previous two displays, we conclude that inf,; ¢>0 Sup,,c 2 L(w; &, §)
is achieved at some

2
l‘irln/ax(2 + Hcond)

(1S1/p)H/?
Since the constraints on w are strictly feasible, strong duality holds:

sup L(w;k*,*) =G(x,X).

weL?

(34) K" <2+ Rcond and ‘5*

The dual optimal variable £* quantifies the tradeoff we seek to control, as we now show.
For any function w : R? — RP, let @ : RP — RP be defined by w(g) = ,/pw(g)/E[||w(g)[|%]*/?,
where ||w||% = w ' Zw. Then

Lo "
—(w,g)r: — =E ijwj )+ [[wse(g) 11
p p jes

1. B K* 1 3
e (1 e ) ~ 8|S w509 + ws-(g) s
p 2 p
jES
< sup L(w;k", ") =G(x,X),
weL?

where in the first equality we used that E[||w(g)||%]/p = 1. We conclude that for any € > 0,

€
| >=.

1
either —(w,g)r> <G(x,X)+e or fE Z:ijj )+ [|[w(g)s- Z &

p JjES
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Plugging in w = E[||w(g) ”22]1/261/\/]3 and the upper bound on £* in (34), the lemma fol-
lows. O

A.2. The a-smoothed Lasso. Controlling the debiased Lasso (Theorem 11) will require
a smoothing argument in which we replace the £1-penalty by a differentiable approximation.
In anticipation of this, we study the smoothed and non-smoothed Lasso in a unified way.
Results about the Lasso estimate and residual will be instances of these general results.

For a > 0, define the Moreau envelope of the £1-norm

(1 )
65) Ma(6) = ing {510~ bIg + ol

and define M(6) = ||0]|1. Notice that this coincides with the Hiiber loss. In particular, for
all 8 € RP,

e}
(36) 161 = 55 <Ma(6) < l6]].
For all a > 0, define the a-approximate Lasso in the random-design model
_ (1 A .
@) Bu = ang guin { -l — X613+ 2 (Ma(6) ~ 167 1)}
=: in R (0
arg min a(0),

where the term —|[|0*||; is added to the definition of R, (@) for future convenience. Define
the a-approximate Lasso in the fixed-design model

68) iy, ¢) =g i { Sy’ =263+ AMa(6) |

Fa(y',C) =0y’ Q).

Denote the in-sample prediction risk and degrees-of-freedom of the a-smoothed Lasso in the
fixed-design model by

1 ~ « %
Ra(r2,€) i = —E[||§a(S20" +79,¢) - ='/26° 3]

(39) dalr.Q):= B[ (§a(2Y20° +79.0). 9)]

= CE[div§u(S%0° + 79)]

where the expectation is over g ~ N(0,,L,). Let 75, (% be solutions to the system of equations

(40a) 12=02+Ra(72,(a),
(40b) Co=1—dfo(72,¢a).

We refer to these equations as the «-smoothed fixed point equations. For o = 0, these def-
initions agree with the corresponding definitions for the Lasso. The solutions 7, ¢ are
well-defined.

LEMMA A.2. Forall a >0, if 3 is invertible and o® > 0, then Egs. (40a) and (40b)
have a unique solution.

In the following sections, we prove Lemma A.2 and control the behavior of the a-smoothed
Lasso using the solutions 7, ¢} to the a-smoothed fixed point equations.



A.3. The fixed point equations have a unique solution: proofs of Theorem 1 and Lemma
A.2. Theorem 1 is the « = 0 instance of Lemma A.2.

PROOF OF LEMMA A.2. Define functions 7, Z : L?>(RP; RP) — R by

1
TP =0+~ o],

2(v)i= (1- nTl(v)<g,v>L2)+ ,

where g is interpreted as the identity function in L2. Define &, : L?>(RP; RP) — R by
(41)

bulv) = Q(W 9202y 25 { (Ma(0" + 3V 2(g)) ~ 10°]1)}

— F(v) + %E{ (Ma (6" + 27 20(g)) — [|6|1) }

Let us emphasize the argument of &, is not a vector but a function v : R? — RP.
Each of the two terms in the definition of &, are convex and continuous. Moreover, for all
g we have, by Eq. (36),

Mo (0" + =7 ?0(g)) > 10" + =7 0(g)|h - =

> |27 2v(g) |1 - ||9*H1 - 7 > Ko [0(9) |2 — 116711 — %
For any M > 0,
[(v,9) 2| = |[E[(v(g), 91 g),> )] + E[{v(g), 91| g|l,<r1)]]
< o[l E[lgl31g),5]" " + ME[||v(g)[l2]-

Take M large enough that E[||g[|*1g> /] < n/2. Then

1|v]|z2 m;f/z

o) 3 (519~ SEllvto)lll) +

i 1 A/ir:ll)/? 2) *
Zmln{32 0|22, S22y 12 -—le Hl——

Elllv(g)l2] = *HG*Hl ~ 55

4Mnl/? 26’

where the second inequality holds by considering the cases that ||v||z2/(4+y/n) is no smaller
and no larger than ME[||v(g)||2]/n, respectively. We see that &, (v) — oo as [|v||pz — oo,
whence by [4, Theorem 11.9] &, has a minimizer. Let v}, be one such minimizer.

Consider the following convex function in L? parameterized by 7, > 0:

Ealwi 1) i= o =g+ 2E{ (Ma(0" + = 20(9)) ~ [0°]1)}

=] lolg) ~ 13 + 200" + 5V 20(g) - 7]}

For fixed ¢, 7 > 0, the function v}, minimizes &, if and only if v} (g) minimizes the objective
inside the expectation for almost every g. That is, if and only if

(42) v =SY2(,(0" + 72712 ¢) — 6*) almost surely.
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For any vg,v; € L? fixed, we have by differentiation of .% with respect to € € R that
Z(vo)
2n
= & (v0; Z(v0); T (v9)) — En(vg) + O(€2).

é?’oé(vo +ev1; Z(v), T (v0)) — En(vo +cv1) = llvg + vy — T(vo)gH%Q — F(vg+evy)

Thus, v is a descent direction of v — &, (v; Z(vg), T (vo)) at vy if and only if it is also a
descent direction of v — &, (v) at vg. In particular, vyp minimizes &, if and only if it mini-
mizes & (v;(,7) for ¢ = Z(vg) and 7 = T (vg). By (42), we conclude that v is a minimizer
of &, if and only if

(43) vi(g) = BV (o (0% + T (v)="Y2g; Z(v%)) — ") almost surely.

That is, if and only if 7} = T (v},), (& = Z(v}) is a solution to equations (40a) and (40b).
Because &, has minimizers, solutions to equations (40a) and (40b) exist.

To complete the proof, we only need to show that the minimizer v}, of &, is unique. First,
we claim Z ( *) > 0 for all minimizers v}. Assume otherwise that Z(v}) = 0 for some
minimizer v},. Then, by property (43),

vl =2Y2(1,(0" + T (v2)2"2g;0) — 6%) = —x1/%6*.

Thus, we have Z(v}) = (1 - W(g, —21/20*)L2) =1, a contradiction. We conclude
o -
Z(v}) > 0 for all minimizers v}, of &,.

The function &, is strictly convex on Z(v) > 0. Indeed, for any v # v/, the function

1—t tv’ 22 , — 2t{v,v — > + t2||v’
M\/n( o+ o' WH e + PV |,
n

is strictly convex by univariate calculus. Because z — 22 4 is convex and strictly increasing
on z > 0, strict convexity of &, on Z(v) > 0 follows. Because all minimizers v}, satisfy

Z(v},) > 0, strict convexity on v}, > 0 implies the minimizer is unique. U

A.4. Uniform bounds on fixed point solutions: proof of Theorem 2. In the context of
the a-smoothed Lasso, we replace assumption A2 with the following assumption A2,. As
before, our results below hold uniformly over families of instances (8*, %, o, \) that satisfy
such condition.

A2, There exist 0 < Tmin < Tmax < 00 and 0 < (min < (max < 00 such that the unique so-
lution 77, ¢ to the fixed point equations (40a) and (40b) are bounded: T < 7% < Tiax

and Cmin S C; S Cmax-

Theorem 2 is the ay,a = 0 instance of the following lemma.

LEMMA A.3. Consider amax > 0. Under assumption A1 and if 0* is (s, \/5(1 —
Amin), M )-approximately sparse for some s/p > vmyin >0 and 1 > Ay > 0 and if o <
Omax, then there exist 0 < Tmin < Tmax < 00 and 0 < Cpin < Cmax < oo depending only on
Pmodel> 0, Vmin, Amin, and camax such that the unique solution 7}, (; to Egs. (40a) and (40b)
Satisﬁes Tmin < Ta < Tmax and Cmm < Ca < Cmax

The proof of Lemma A.3 relies on controlling the degrees of freedom of the a-smoothed
Lasso in terms of its prediction risk in the fixed-design model. We establish this control in
the next lemma.



LEMMA A4. Forany 7,(,0 >0 and o > 0 and if the eigenvalues of 3 are bounded as
0 < Kmin < Kj(X) < Kmax < 00, then

QKRmax

1/2
Kmax A\ ,
§1/2 < cond + \/T Kecond + ORa ( C)) > dea(T 7C) . :

We prove Lemma A.4 at the end of this section.

PROOF OF LEMMA A.3. By general properties of proximal operators [4], the Jacobian
matrix Dy, (y/, ¢) of Go (-, C) is positive-semidefinite. Therefore df, (7,2, (%) > 0 and ¢, <
1 is immediate from Eq. (40b). Further, 75 > o, 1s immediate from Eq. (40a). We may take

Tmin = Omin and Cmax =1.
Establishing the bound 72,,.. Because 8* is (s5,v/0(1 — Apin), M )-approximately sparse,
there exists € {—1,0,1}? such that [|z[|o = s and G(z, ) < V(1 — Amin), and 8* € RP
such that %HO* — 6*||; < M and x € 9||0*|;. Denote S = supp(x) C [p].
We may equivalently write the objective in (41) as a function of w(g) := X~1/?v(g)

where g := 31/2g. Note that
(44)

1, = 5 2,5 o
M. (0" —[|0* —(/|@* 31— 0*]1) — =|0* — 0*||1 — —=
(M (6" + (@)~ }0°]1) > n(u +w(@)—16°h) - (8" - 07l — 5
5o | S asulo); + @)l | - 55 -
it ) 20’
jES
where the first inequality uses the relation (36). Plugging in € = w in Lemma A.1,
Egs. (31) and (32), we have that either
1 g V4G (x,E) V1127172
-E[(w(g),9)| < ———F—E||w(g /7
5 [(w(g),9)] N llw(g)ls]
or
\/g—g(w ) 211/2
fIE‘, x;wi(g) + [[w(g)se > ———— " E[|w(g /2,
; (@) + [w(@)se | s Ellw@IE)

where £* = KIIIQX(Q + Keond)/ yrln/li Then, Eq. (44) gives

w(g)||? g, w(g ?
ga(v):;<\/w+02_w> +%E{M 0" +w(g)) — 671}

n
+

> min 1<1g<m,2>/ﬁ>2 Efw(@)l3] A= G(@,2)/VO)EJw(g)|3
- 2 2 . n ’ 28*\/n
2AM  opaxA
RS

As in the proof of Lemma A.2 (see Eq. (42)), let v}, be the minimizer of &,. Because
M, (6%) < ||6*]|1, we bound o2/2 = &,(0) > &,(0) > &, (v}). Combining this bound with
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the previous display applied at v(g) = 3~ 1/2q *, some algebra yields

lvallz: _ Eflw(@)l3]

n n

. { 8(02/2 + 2Amax M /3 + Ctmas dmas /(26)) (02/ Amin + AM /6 + Qs /5)26* }
- (1-G(x,%)/V6)? ’ (1-G(x,%)/V6)?

8(02 /2 + 2 max M /6 + atmax/(20))  (02,0x/Amin + 4M /S + amax/8)? Fmax(2 + Kcond)
= max AZ, ’ A2 D

Recalling the fixed point equation (40a), we may set T,
hand side above.

Establishing the bound Cuin.  If df o (7%, () < 1/2, then by Eq. (39), ¥ > 1/2. Alterna-
tively, if df,(7*%, (%) > 1/2, then by Lemma A .4, it is guaranteed that

72 to be the sum of o2 and the right-

aa
1/2
KmaxTmax 1/2 i /. 15 Amin _ ®maxfmax
5172 Reond cond = 2Ca 5 )

where we have used that 7% < 7,,« (as established above) and by (40b) that R, (7%, (%) <
Té2. Rearranging terms, we conclude

* )\min5
Ca 2 1/2 1/2(,.1/2 PR '
2(/‘9max7_max5 / ( cond + V' Kcond + ) + amaxﬁmax)

Thus, we may set

)\m1n6
len - mln 17 1/2 1 2 1/2 *
Frax Tmax0 "/ Keond T V Kcond + 0) + OmaxKmax
The proof is complete. O

PROOF OF LEMMA A.4. The KKT conditions for the a-smoothed Lasso in the fixed-
design model (38) are

(45) Jo(y!,¢) —2120" =79 — 22—1/QVMa<na<yf Q).

where y/ = 21/20* + 7g. Therefore,

1
s f _21/20* 2 >
n”ya(y 7() H2 = Cz"émax n C"fl/Q n

min

Taking expectations and applying Cauchy-Schwartz yields

9 A2 E[|VMa(na(y?, Q)3 207 E[|VMa(na(yf, ¢)|13]1/2
Ra(T 7() Z C2f€max n — C51/2K1/'2 \/ﬁ

min
NE[|[V Mo (1 (3 O)112] /2
Cvn

AE[|[ VMo (o (v, OII212 k2,
AEITMal0e 0 QWP e (00 e )

)

Solving the resulting quadratic equation for , we conclude

(46)

A2 IVMa(ma(y’, OIE  2M7 [lglallVMa(ma(y”, O)ll2

)



We compute
VMa(8) = (8 — 1ot (0, @) /v, V*Ma(8) = diag((1jg,1<a)j)/ -
Because 0 — gt (0, ) /oo =1 for |0| > «, we bound
IVMa(8)113 > {5 € [p] | 1651 > o}l
The KKT condition (45) gives
B2y — Ga(y!, () = AVMa(na(y”, C)).

Differentiating with respect to y/,
(B2 = (SV2VGa(y"5 () = AV Ma(a(y”, ) =2V ga(y': ().

(More precisely, 9, (y7, ¢) and 1, (y7, ¢) are continuous and piecewise linear in g/, and the
above identity holds in the interior of each linear region.) We therefore get

-1 -1
Via(y!,¢) = <1p+ A5 129 M, (0 (y! ,<>>2‘1/2) = (Ip+ 2(2‘1/2>.,5c<2‘1/2>3c,)

¢ a
A A . -1
=T, - (= 1/2).750(1|SC|+06—C(2 Vg (5712 00 ) (2T,

where S = {j € [p] | Ina(y”,¢)| > a}. Thus,

P e\ RS

di Aa f =t Aoc f <p—-— =t
ivya(y’, () = trace(Vya(y’,()) <p T acmm/n =P EYTE—sY

Rearranging and taking expectations,

E[HVMa(na(yfaC))H%] O‘(’{'max 2 acﬂmax
n Z <1+>\> dfa(T C)— o .

Combining with Eq. (46),

1/2
Kmax 1/2 A O Kmax
c;ln/aQ ( and + \/T Keond T 0Rq ( vC)) > (C + Ol/fmax) dfa(7-2a C) - (r;na
We may ignore the non-negative term akmax in parentheses. The proof is complete. O

As a consequence, one arrives at the following result.

COROLLARY 14. Under assumptions Lemma A.3, df (7 *) is uniformly bounded

Oé I v
away from one. Namely
dfa(r3?, () =1 " < 1= Guin.

o )

with (min depending uniquely on the constants Puodel, 0, Vmin» Omin, And Qmax.
A.5. Continuity of fixed point solutions in smoothing parameter.

LEMMA A.5. If assumptions A1 and A2 hold, then there exist constants cuyax, L, and
L depending only on Ppodel, Prxpt, and 6 such that for o < oumax,

76 —7al S LV, |G — Gl < Leva.
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We emphasize that the assumptions in Lemma A.3 are made about the Lasso fixed point
parameters rather than the a.-smoothed Lasso fixed point parameters.

PROOF OF LEMMA A.5. The function

)

2
FI2 SR, ves ||”||L2+0,27<9’U>L
n n

is (1/y/n + 1/+/0n)-Lipschitz. Evaluated at the minimizer v of &, defined in (41), f(vg)
is equal to 7§¢(} > TminCmin by the proof of Lemma A.2 in Section A.3. Thus, for ||v —
villz2/v/n < TminCmin/ (2(1 + 671/2)), it is guaranteed that

f(’U) > 7-rnin2C111i11 )

Let 7 := min {({‘TC“U“Z) D } By differentiation along affine paths, the function

o2 infyep f(v)+
n(supyep |[vl|32/n+ 02, )3/

%f(v)i is strongly convex on v € B for any B C L.
Thus, & is %&g)’;//z -strongly convex on ||v — v§||L2/v/7 < 7, where R = Tyax + 7. De-
note this strong convexity parameter by a/n.

By Eq. (36), for any v € L? and a > 0, E[My(8* + X~12v(g))] > E[M.(6* +
¥129(g))] > E[Mo(8* + =~2v(g))] — pa/2. Thus, &, (vg) < &(vg) and for ||v —
villz/vn < 1, Eu(v) > E(v) — Aa/(20) > &(vg) + allv — vi||2:/(2n) — Aa/(26).

Thus, for |/ 2= <1 we have lve—villee < Aus® Since, by the proof of Lemma A.2,
N a

Th=y/o? +||vi]|2./nand (= (1 — (g,v})12/n), we conclude

)\maxa 1 AmaxOé T’2CL(5
I ¢ — Ca‘_él/Q 5 for o<

70— 7al <

max

The proof is complete. 0

A.6. The fixed point solutions as a saddle point. A crucial role in our analysis is played
by the max-min problem

(47) Igggﬂggg%( 7,B),
2 o’p p * -1/2_12 *
%(T,ﬁ):—*ﬁ - 5+T+nE3éi§{27”0_0 —7E7 glls + A(Ma(6) — |16 ||1)},

where the expectation is taken over g ~ N(0,I,). We establish that Eqs. (40a) and (40b)
are first-order conditions for the solution to this max-min problem, and in the non-smoothed
(o = 0) case, Eqgs. (8a) and (8b) are first-order conditions for the solution to this max-min
problem.

LEMMA A.6. Let 7}, (} be the unique solution to Egs. (40a) and (40b), and let 3}, =
TXCE. Then (173, BY) is a saddle point for the max-min value in Eq. (47). Namely, for all 3 > 0,
T >0,

@) Yal72 5) < Yal7ds 52) < val(r, 52),
9) a(73, B2) = maxmin b (r, ) = minmax o (r, ).

B>0 T
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PROOF OF LEMMA A.6. Let us define function

o’ p - R
alr )i =gt e B i { D0 - 07— 722 4 AMa(6) - 6711
so that 1, (7, f) = EgZq (7', B). Itis easily seen that =, is convex-concave in (7, 3) for 7, 5 >
0 because prior to the minimization over 8 it is jointly convex in (7, 0) and concave in 3. By

the envelope theorem [34, Theorem 1],

8Ea 1-46 02 1 1/2 p* * —-1/2 112
93 Z—ﬁ—TdT‘FE‘FﬂH??a(E 0" +71g,6/7)— 0" — 7% alls,
0= 1-0, o%B 1/29% a2, Bllgli3
e L T (2120 + g, 5/7) - 0+ DUl

Taking expectations with respect to g, exchanging expectations and derivatives by dominated
convergence, and expanding the square in the first line, we conclude

aw%(;m B+ +y+7R(2,ﬁ/7)—7dfa(7275/7)

—; (‘f +1- dfa(72,5/7)> + % (=7 +0® +Ra(r?,8/7)) |
Oalr, ’
Welnf) 028 B g i) = L - o Ralr, /).

Thus, if (7%,¢}) = (1, 8% /72) solves Egs. (40a) and (40b), the derivatives in the preceding
display are 0. Because 1,,(T, 3) is convex-concave in (7, ), we conclude that, for any T, 3 >
0, Eq. (48) holds. Thus, (7%, 5%) is a saddle-point of 1, (see, e.g., [43, pg. 380]). By [43,
Lemma 36.2], the max-min value of (47) is achieved at (7%, 5), and the maximization and
minimization may be exchanged as in Eq. (49). O

B. Proofs of main results.

B.1. Control of a-smoothed Lasso estimate and proof of Theorem 4. The following the-
orem controls the behavior of the a-smoothed lasso.

THEOREM B.1. Ifassumptions A1 and A2, hold, then there exist constants C,c,c',y >0
depending only on Puodel, Prxpt, and d such that for any 1-Lipschitz function ¢ : RP — R,
we have for all € < ¢

OcRr

P <39 e R?, (¢(5ﬁ) —E[¢(§é)} ‘ > ¢ and Ro(6) < min Ry (0) +fye?> < ge*me‘l.

Theorem 4 is an immediate corollary of Theorem B.1.

PROOF OF THEOREM 4. Because 6* is deterministic, 8/,/p — ¢(8/./p,0*/\/p) is a 1-
Lipschitz function. Apply Theorem B.1 with o = 0. O

Define the error vectors of the a-smoothed Lasso in the random-design model,

(50) Wo:=0,— 0%, T,:=3%"%0,—6%),
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where 5(1 is defined by (37). The error vector v, is the minimizer of the reparameterized
objective

1 _ A . e )
Ca(v) 1= I X720 — 02[f + ~(Ma(0" + =7 20) — 67]1)
(51
1 1 A
= max {uT(le/% —02) — —|[ul? + Z(Ma (6" + =720) — He*Hl)} =: max C, (v, u).
2n n u€ER™

u€R™ | n
We also define the error vector of the a-smoothed Lasso in the fixed-design model
(52) o =212 (1a(220" +739,6) — 67).

We control the behavior of a-smoothed Lasso error v, in the random-design model using
Gordon’s minimax theorem [49, 35]. Define Gordon’s objective by
(53)

2
L[ Jlvl3 | Llkle gTv A —1/2
a(v) == - Z (Mo (0* +2720) — ||6*
La(v) 2( n T ++n( (0" + v) = [167][1)
_ 1 T 1 HUH% 21T 1 9, A * —-1/2 *
—géffgg{—ng/?!!u\zg vt o\t oth u— s + (M (607 + 27 ) — [[67])1)

=: L
max a(v,u),

where g ~ N(0,,L,), h ~ N(0,,I,,) and £ ~ N(0,1) are all independent. Gordon’s lemma
compares the (possibly constrained) minimization of C,(v) with the corresponding mini-
mization of L, (v).

LEMMA B.2 (Gordon’s lemma). The following hold.
(a) Let D C R? be a closed set. For all t € R,
P i <t]<2P i <t]).
<11;11€1BCO¢(U) < ) < <§gg La(v) < )
(b) Let D C R? be a closed, convex set. For all t € R,

P <minCa(v) > t> < 2P (géigﬁa(v) > t) :

veD
We prove Lemma B.2 later in this section.

PROOF OF THEOREM B.1. Forany set D, define D, := {x € R? | infpep || —2'||2/\/P >
e}. Denote LY : =1, (7%, B%) where 7.5, 3% are as in Lemma A.6. To control v,, using Gor-

don’s lemma, we show that with high probability the minimal value of £, is close to L}, and

that if D contains 6}; with high probability, the objective L, is uniformly sub-optimal on D,

with high probability. We need the following lemma.

LEMMA B.3. There exist constants C,c,c’,~y > 0, depending only on Ppodel, Prixpt, and
3, such that for € € (0,c), we have

(54) min  La(v) > LY 4 27€2, | min Lo (v) — L] < ve?,
veBS(TL¢/2) vERP

with probability at least 1 — & exp(—cne?).
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We prove Lemma B.3 at the end of this section.
With C, ¢, ’,v > 0 as in Lemma B.3, we have for € < ¢

P ( min Cq(v) < min Cy(v) + ’)/62)
veERP

v€ED /2

<P (ernDinga(v) < gg}g Co(v) 4 v€* and 1I)I€l]'1RI%)Ca(’U) <L} —1—762> +P (manC (v) > L7, +’)/62>

<P ( min Cq(v) < L%+ 2%2) +P (min Ca(v) > L7 + ’)’62>

’UEDe/Q veERP

SQ]P( min L, (v) SLZ—I-Z’yeQ) + 2P <m%1£ (v )>LZ—|—’)’€2>

veED, /o

< 2P (@(J;QD)—I-HD min ﬁa(v)SLZ—i-%yeQ + 2P (mlnﬁ (v )>L;—|—’Y€2>
vEBS(DL;¢/2) RP
(55)
<2P (9]¢ D)+ A0 ener.
€

where the third-to-last inequality holds by Gordon’s Lemma (Lemma B.2); the second to last
inequality holds because either v, 'v ¢ D or D/, C B3 (va, €/2); and the last inequality holds
by Lemma B.3.

Define ¢ (%) = /ﬁi{fnqb (%) (recall that 8* is deterministic), with ¢ as in the

statement of Theorem B.1. Define the set

p={vem|[5(2) -2la(%)]| <5}

By Eq. (52) and recalling that 3}, = (7, we have
f _ @ * 1/2
(56) 0!, argilé}Rr}J{QT 2O+ vH1}

Thus, 175 as a function of 7 g is a proximal operator, whence 17£ is a 7);-Lipschitz function of

g [40, pg. 131]. Gaussian concentration of Lipschitz functions [13, Theorem 5.6] guarantees

that
2 2 2
~f PE B ne ne
]P’('UQQD)§2exp<—87*2>—26xp<—8%*é25)§2exp< 52 5

« max

Combined with Eq. (55) and appropriately adjusting constants, for € < ¢/
C 4
]P) 3 < s 2 < — ,—Ccne .
(v o) < mip o) +0%) < e

Because C,, is a reparameterization of the a-smoothed Lasso objective, the preceding display
is equivalent to

(7] Af 1/2 . 2 4C —cnet
(—) —E[qb( >”>/<amm eand R (0) < min Ro(0) +¢” | < —-e .

€

/P OcRr
Theorem B.1 follows by a change of variables. O

P (30 € RP,
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PROOF OF LEMMA B.2. Because M (0* + X~ /2v) — oo as ||v||s — oo,

. g . ‘
bepCal) = 4, G Ca®)
lvll-<R
Note that arg maxyegn Co (v, 1) = X ™20 — 02 has £o-norm no larger than || X /2|, [[v][2+
o||z||2- In particular, for any realization of Xz, we have for R sufficiently large that
|v|l2 < Rimplies || arg maxq,cgn Co(v,u)||2 < R2. In particular, for any realization of X, z
miB Co(v)= min max C,(v,u) for R sufficiently large,

v vED ||lul.<R?
[vll.<R [vll.<R

where “sufficiently large” can depend on X, z. Thus, almost surely

minCq(v) = lim min  max Cy(v,u).
veD R—oo veD ||ul|2<R?
[vll.<R

An equivalent argument shows that almost surely

min L,(v) = lim min max Ly(v,u).
veD R—oo wveD ||ul.<R?
lvl2<R
Because /nX >~1/2 has iid standard Gaussian entries, by Gordon’s min-max lemma (see,
e.g., [35, Corollary G.1]), for any finite R and closed D

Pl min max Cy(v,u)<t| <2P| min max Ly(v,u)<t],
veD |ul,<R? veD ||ul,<R?
lvll.<R lvll.<R

and if D is also convex

Pl min max Cy(v,u)>t| <2P| min max Ly(v,u)>t
veD ||lu|,<R? vED |lull»<R?
[vl2<R [vl2<R
Although [35, Corollary G.1]) states Gordon’s lemma with weak inequalities inside the prob-
abilities, strict inequalities follow by applying [35, Corollary G.1]) with ¢ 1 tand ¢’ | ¢ in the
previous two displays respectively. Taking R — oo, we conclude that the previous two dis-
plays hold without norm bounds on for R sufficiently largev and w. The strict inequalities
can be made weak by applying the result with ¢’ | ¢ and ¢’ 1 ¢ respectively. O

PROOF OF LEMMA B.3. Recall by Lemma A.6 that the max-min value of (47) is achieved

at 7_;, B; We have Bpin < 5; < Bmax, Where By 1= TminCmin and Bmax = TmaxGmax. Let
t = min(Smin/16, omin ). Define events

A :={ lglls <25, (1— Prnin ) < “}”2 gz} |

8Tmax n
~ ~ T/\
A%:{ Hvér%_E[uvér%] gl H}_
n n n
There exist r,a > 0, depending only on Buin, Smax, Tmin, Tmax Such that on the event A N A,

the objective L, is a/n-strongly convex on By(@; 7). This follows verbatim from the proof
of Theorem B.1 in [35] up to the first display on pg. 28.

T/
§t2, g vYa <F
n
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Let R = Tmax + 7,7 =0a/(969), ¢ = \/ar?/(24v), and € € (0, ). Define events

A ::{ min L, (v 2LZ—762},
R T S

Api= {ca(a{) <Li+ 762} .
On event A3 N Ay,

Lo(@)< min  Lo(v)+2v¢ < min  Ly(v) + 3y€l.
[vll2/vn<R [vll2/vR<R

Because 3ve? < ar?/8, the previous display corresponds to (49) of [35] Thus, the last
paragraph verbatim of the proof of Theorem B.1 in [35] implies that on ﬂz 1 Ais

min  Ly(v)= min Lo(v) > min L, (v) + 3y€2.
vEB(DL;¢/2) vEBS(D;4/85-3v¢2 /a) veR?

Moreover, the last line of the proof of Theorem B.1 in [35] shows that the preceding display
follows from Lemma B.1 in [35], whose statement additionally implies

min Ly(v)= min  L4(v).
vER? [vll2/vn<R

We conclude that on ﬂle A,

min  Ly(v) > min L, (V) +3ve2 = min  Lo(v)+ 3ye > LY + 2v€%,
vEBS(Uhse/2) veR [vll2/vn<R

and

Li 472 > Lo(0)) > min Lo(v) =  min_ L, (v) > L —ve?.
at7€ 2 La(@) 2 minLa(v) = = min_ La(v)= Lo —7e
Lemma B.3 follows as soon as we show there exists C,c,c > 0 depending only on Py odel,
Piixpt. and & such that for e < ¢ we have P(N}_; 4;) >1— & C exp(cet).
Now to complete the proof of Lemma B.3, it is only left for us to control the probability
of each A; respectively.

Event Ay occurs with high probability depending on Buin, Tmax, 0. Because g — ||g||2
and h — ||h||2 are Lipschitz functions of standard Gaussian random vectors, there exist C, ¢
depending only on Bin, Tmax, 0 such that

P(A;) >1—Cexp(—cn).

Event As occurs with high probability depending on omin, Bmin, Tmax.. The function
g nY2||5L|5 is n™ /2 ax-Lipschitz because ¥, is a proximal operator applied to 7*g
by Eq (56) [40, pg. 131]. By Gaussian concentration of Lipschitz functions, n~1/ 2||vf |2
is 72,./n-sub-Gaussian. By the fixed point equations (40a), we bound its expectation
E[n UQH@&ZH |<n 1/QIE[H'fo ]'/2 < Tinax. Combining its sub-Gaussianity and bounded

expectation, we conclude by Proposition G.5 of [35] that
|52 13/n is (C/n, C/n)-sub-Gamma for some C' depending only on 7.

Write

Tmaxg | 04/n = ([0F — Tmaxg 13 — 101113 — maxllgl13)/(2n)
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Because g — f:£ — Tmaxg 18 2Tmax-Lipschitz, the first term is (C'/n,C/n)-sub-Gamma for
some C depending only on 7yax. We conclude®

Tmangf)gi /nis (C'/n,C/n)-sub-Gamma for some C' depending only on Tyjax.

By standard bounds on the tails of sub-Gamma random variables, we deduce that there exist
C,c > 0 depending only on 7y,ay, such that

=112 (17512
P(’HUO“Z —-E Hvab] ‘>e> <Cexp(—cn(eVe),
n n
(57) :

To/f T/
P(‘g Yo _g |9 va]’>e>§Cexp(—cn(62\/e)).
n n

Because ¢ depends only on oyin, Bmin, there exists C, ¢ > 0 depending only on o yin, Bmins Tmax
such that

P(Az) > 1 — Cexp(—cn).

Event As occurs with high probability depending on omax, 9, Bmin, Bmax> Tmin» Tmax-
Our control on the probability of A3 closely follows the proof of Proposition B.2 in [35].
Consider for any € > 0 the event

(58) AL ;:{‘””\/%2—1‘36}.

By Gaussian concentration of Lipschitz functions, P(Agl) ) > Ce " for all € > 0.
By maximizing over over u for which ||ul|/\/n = (8 in Eq. (53), we compute

vl|? h To 1 A . _ N
Eav%ﬂg§< ”J“+oﬂb¥—ﬁz/>ﬁ—2ﬁ+,5maw +3720) 6"

=: Iélg(}){fa(v,ﬁ) .

Consider the slightly modified objective

vl|? To 1 A . _ N
ﬂ@ﬁ%z(||M+ﬂ—gn>5—2W+nWA9+Elﬂw—WHﬁ

n
On the event (58), for every ||v||2/v/n < R and 3 € [0, Bmax],

[a (v, 8) = L0, B)| < Bunax(R? + 0®) e
Thus, on the event (58),

min  Ly(v)= min max/ly(v,B)> min {,(v,[)
lvll2/Vn<R @) [v]l2//A<R B>0 (©.5) lv]l/v/n<R (v, fa)
(59) > min (v, 55) — Buax(R? + 02) /%€,
lvll2/vA<R a(v:52) ( )

%We remark taht the argument establishing that ||1'3£ H% /n is sub-Gamma is exactly as it occurs in the proof of

Lemma F.1 of [35]. The argument establishing ||1A)£ ||% /n requires a slightly modified argument to that appearing
in the proof of Lemma F.1 in [35] due to the presense of the matrix 3.
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For [v]l2/v/n < R,

2 2 2

P ey (IolBfetet, )

n relo TR 27 2
Thus, we obtain that

2 2 T
. +o T g v 1 .0 A _

EO *\ ||’U||2/n o * * T ook - M 0* E 1/2 o 0*
o= min {(PBREET 2 g 82— e 26 = 20— 0

which further implies that

min_ Lo (v, 5)
lollz/vAsR

: Ba <0'2 ) Lo 1 : {5* 2 T —1/2 }}
=  min 2| —+7)—=B"+— min —2v||3 = Bhg v+ A(Ma (0" + X7 v) — ||
omin () —gmtel min LSl - 5T+ MM )~ 10°11)

=: min F(r,g).
T€[o,V o2+ R?] ( )

We claim that F'(7, g) concentrates around its expectation. In order to see this, first note that
for every 7 € [0, V02 4+ R?|, the function

: i /8; 2 *aql * —1/2 *
= min SR fvly = Big o+ A(Ma (67 + 271 0) — 167y
S min_ Sl 16°l)

is Smax R/+/n-Lipschitz, whence g — F'(7, g) is as well. By Gaussian concentration of Lip-
schitz functions [13, Theorem 5.6],

2

P(|F(r,g9) —E[F(7,g)]| > €) < 2e™",

for ¢ = 1/(2Bmax>R2). Because T > Ty > 0, for all g the function 7 — F(7,g) is (Bmax +
BmaxR2/(272,.))-Lipschitz on [0,v/a2 + R2], so that by an e-net argument, we conclude
that for C| c depending only on R, Sax, Tmin that

P (AE,?’) =P ( sup  |F(r,g) —E[F(r,g)]| < e> >1-— ge*m* .

T€lo,Vo2+R?]
OnAgz),
(60) min W, Bnax) = min  F(r,g)> min  E[F(r,g)] —e.
lvll2/vn<R ( =) T€[o,Vo?+R?] (79) USICAVERES Y [Fir.g)
We compute
_BZ o’ 1 *2 1 : 5; 2 * T * -1/2 *
Frg) =5 (T r) =g min Gl = e T 4 AMa(0" 4 37 20) — ")

() - - Bl L

o \7 T7) 73

g , o
Doy - M. (" + 3 ~
: 2n nnvn%%@{%”” 74ll2 + A(Ma (8" + v) — 6*[h)

B (o 1o Barlglly 1 . o 2 —1/2
> a2 _—px2_ FallldN2 4 Pajj, - M. (0% - —1/24) _ ||19* )
> P (Tgr) - 52— 2D TR 4 = min § Lol — 73+ A(Ma (6" + E720) — 6]1)
Taking expectations, we have for any 7 > 0

(61) E[F(T’g)] = ¢a(7a /82) )
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where 1), is defined in (47).
Combining Egs. (59), (60), and (61), we conclude that on .A:(),l) N A;(f)

min  Ly(v) > (15, 85) — Ke,
[vll2/vn<R (0) 2 ¥al )

with K = BaxV R? + 02 + 1. By a change of variables and applying the probability bounds
on Agl) and Agz) establishes

P(As) > BAY N AP) > 1~ Gexp (~ene?)

for some C, ¢ depending only on R, 0max, Bmax> Tmin, and 7. Because R = Tynax + 7 and
r depends only on Smin, Smaxs Tmin» Tmax, and v = a/(966) and a depeneds only on S,
BmaXs Tmins Tmax, the constants C, C depend Only 0N Omax» d, /Bminv Bmam Tmins Tmax-

Event Ay occurs with high probability depending on 7y, 0 min, Kmin, 0, Bmin, Bmaxs Tmin, Tmax-
There exist C, ¢ > 0 depending only on Kpyin, 9, Tmax such that for € > 0,

M, (6% + 2-1/25))
n

* —1/2=f
P(Ma(e +2)

n

] > 6) < Cexp(—cne?),

because g — Mo (6% + 21250 /n is n;ilr{26_1/27max/\/H—Lipschitz. For any = > 0, note
that = — xi is locally Lipschitz in any ball around xy with Lipschitz constant and ball radius
depending only on an upper bound on |x¢|. Thus, considering z:¢p = 3, there exists L,¢’ >0

depending only on f,.x such that for e < ¢, if A and .A:())l) occur, then

2
( ||v||%+02||h||2_g%> e
v w2l < Le.
n vn no),

Using the probability bounds on .45 and Aél) and absorbing L into constants, we may find
C, ¢, > 0 depending only on 7, 0 min, Kmin, 0, Bmin, Tmax such that for e < .

P(A4) >1— Cexp(—cnet).

Because ~ depends only on § and a, and a depends only on Suin, Bmax> Tmin, Tmax, the
constants Ca c, C/ >0 depend Only Oon 7, Omin, Fmin, 57 ﬁmina ﬁmaxa Tmin, Tmax-

Lemma B.3 is established now follows by combining the probability bounds on 4; for
1<i<4. O

B.2. Control of Lasso residual: proof of Theorem 8. Same as the proof of Theorem 4,
the proof of Theorem 8 uses Gordon’s lemma. Specifically, denote

G:=X®—0z=X0—vy,

where w := wy = 0 — 6* as defined in Eq. (50). Then u is the unique maximizer of

1 1 A
> min { —(Xw — — — |3+ = 0% — |0
u ggﬁlp{ﬁ w—0z,u) = o fullz + ~([lw+ 67 — | !1)},

where the function on the right hand side (before minimizing over w) is defined as
Co(v,u) =: C(v,u) in expression (51) with re-parametrization v : = X/2w. Compared
with the analysis in Theorem 4 which focuses on the behavior of v, the focus of this sec-
tion is the behavior of u.
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Study of the corresponding Gordon’s problem. Recall Gordon’s optimization problem de-
fined in expression (53) with & =0 and M, (6) = ||@||;. For every (v, u), we have (defining
L(v,u) = Lo(v,u), cf. Eq (53)):

L=~ fulbg "o+ I e Lz A im0, o),

Denote U(w) = minyegr L(v,u) and U(u) = L(37, ) where 'vf is defined in expres-
sion (52) with a = 0, namely

ol =312 [n <9* + 2, B) - 0*} .
T

By definition, U (u) < U (w). From direct calculations, the maximizer of U (w) is

u= Hi;fHZ 2||h|| _g Uf h
Vo Vi) Ikl

Let us define quantity w : = 7*(*h. By the concentration of vf (given by inequality (57)) and
the definition of the (7*,(*) in (8a) and (8b), u is e-close to the maximizer of U (u) (in the
sense that ||u — u*||2/v/n < €). In particular, Lemma D.1 [35] holds verbatim here.

Define the set

b= {uew 1 o( ) - (SB[}

The probability P(u € D,) can be controlled as
P(u € D) = P(max min C(v,u) > maxmin C(v,u))
uceD, w u w

< P(max min C(v,u) > L* — %) + P(maxmin C(v,u) < L* —¢)

ueD. v u v
< 2P(max min L(v,u) > L* — €) + 2P(maxmin L(v,u) < L* — ¢?),
ueD. v u v

where the last inequality follows by Gordon’s lemma (Lemma B.2). The second term in

the last expression is upper bounded 5%6_6"64 using same argument as in Theorem 4, more

concretely, in Lemma B.3. The first term is upper bounded as

2P(max min L(v,u) > L* — %) = 2P(max U(u) > L* — ¢*) < QIP’(maX U(u)>L* —é?).
ueD. v ucD. ueD

We control the right-hand side following verbatim from the proof of Theorem D.1 and
Lemma D.1 of [35]. Putting the details above together yields P(u € D,) < & C exp(—cne?).

B.3. Control of the subgradient: proof of Lemma 10. The proof relies on concentration
results established in Lemma B.3. To begin with, define for ||¢||o <1

— i 1 2 | AT o Nigsn L
V(t) := min {%\Xw—azlg—knt (6 +w)—5\|0 ’1}_‘,Um€1§pv(w’t)‘

weRP
Define, for g ~ N(0,1I,,), h ~ N(0,1,,),

2
1 2 h T A A
T(t) = min ( e 9”>-hme+zﬁﬂw—nwwl
_l’_

vERr | 2 \/> n
=: min T (v,t).
min T'(v,1)

We may compare the maximization of V(¢) with the maximization of 7 (¢) using Gordon’s
lemma.
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LEMMA B4. Let D C {t € RP | ||t|loc < 1} be a closed set.
(a) Forallt e R,

(62) P (max V(t) > t) < 2P <max T(t) > t> .
teD teD
(b) If D is also convex, then for any t € R,
(63) P (max V(t) < t> <2P <max T(t) < t) :
teD teD

We prove Lemma B.4 at the end of this section. The maximization of 7 (¢) can be con-
trolled because 7 (t) is strongly-concave with high probability. We first establish this strong-
concavity.

2
LEMMA B.5. Under assumption A1, the objective T (t) is %-stmngly concave on

the event "
2 2
B _, lol3 2\
n n 0

where co > 0 is a constant depending only on 6.

We prove Lemma B.5 at the end of this section. We are ready to prove Lemma 10.
Consider aw = 0, and let v* € R? be a minimizer of L(v) := L,—o(v) defined in (53). Let

2
n 1 w3 lhlz  g'v
t = ——xl/2y == 2 2 —
A v n o NZD n
+ v=v*

* T 0%
_ s JINE | llkllz g'v Wm?¢a g,
A " viooon ) \ VIt

By the KKT conditions, 2X1/2¢* € 29(v — [|6* + X~ /2v]|;) at v = v*. With this defini-
tion, 0y, is in the subdifferential with respect to v of T'(v,t) at (v*,¢"). Moreover, ¢ = 1
whenever (6% + X7Y/2v*); > 0 and ¢; = —1 whenever (8% + £~!/?v*); < 0, whence
t* € argmax| <1 T'(v*,t). Because T is convex-concave, we have

T(v*,t) <T(v*,t*) <T(v,t"),

for all v € R?, ||t||oc < 1. Thus, (v*,t*) is a saddle-point and by [43, pg. 380]

max min 7'(v,t) = min max T'(v,t),
[[t]loc <1 veERP VER? [[t]| oo <1

and

t* €arg max T(t).
lI£lloe <1

Fix € > 0. Define the events

by L ||t*—i\f”2 €
Al._{t eD}, ,42._{\/1,5 <3¢

2 2 2
.A3 :{‘hHQ SQ’ HQJ‘Q < ?} ’ ./44 — {|T(t*)—L*’ < CO)\min 62} )

n 160 K max
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We claim that on the event ()2_, A,,

* CO)‘2 2
©4) max T (1) < L~ Jagmme€
Indeed, because .4; occurs, t € D, implies lE=t’] > ¢. Because A5 occurs, also % >

. CoAZ
5. Because A3 occurs, T (t) is ffﬁ =in _strongly concave by Lemma B.5, whence because t*

maximizes T

2
T(6) < T(tr) — L 0min €

2 Nkmax 4

Because A4 occurs, we conclude Eq. (64).
By Gordon’s lemma for the subgradient (Lemma B.4) and because D is closed,

CO)\

4 4
65 P t)>LF— ——min 2) <o(]-P <2) P(AY).
(65) (ggvm_ TOT— )_ ( (ﬂAQ)_ > P(AY)
a=1 a=1
We control the probabilities in the sum one at a time.

Event Ao occurs with high probability depending on Puodel, Prixpt, and 6. By Lemma
B.3, there exists C, ¢, ¢’ > 0 depending only on Pyodel, Prixps, and 0 such that for € € (0,¢)

we have
p(lv =3l €} _C e
NG 2]~ €2 ’
Indeed, the event in the preceding display occurs when the two COHdlthHS in Eq. (54) are
met. Also, ||9/]|3/n + o2, g "®/ /n, and ||h||2/+/n concentrate on 7*2, 7*(1 — ¢*), and 1 at
sub-Gamma or sub-Gaussian rates depending only on .« (see, e.g., Eq (57) in the proof of
Lemma B.3). Combining this with the previous display and updating constants appropriately,
we conclude there exists C, ¢, ¢ > 0 depending only on Pyodel, Prixpt, and § such that for
€ (0,¢’) we have

1 1 v/ €\ _C e
Pl — t*—*21/2 L e S . 2} <« ZLmenet
( p A (= C))<7'* g) 2>2>_626

By the definition of tf (Eq. (15)) and of v (Eq. (50)), the preceding display is equivalent to

c C —cnet
P (AQ) S ?6 .

Event A3 occurs with high probability depending on 0. By Gaussian concentration of
Lipschitz functions, P(A3) < Ce " for some C, ¢ depending only on §.

Event Ay occurs with high probability depending on 6. Observe that T (t*) = L(v*).
Then, by Lemma B.3 there exist constants C,c,c¢’ > 0, depending only on Ppodel, PhixpPt»
and 4, such that for € € (0,¢/),

jmax, T(2)

(66) P(Az>=P<T<t*>L*|>e>=P<

C
—L* > e> < —26_0"64 .
€

Combining the established probability bounds on A;, i = 2, 3,4, Eq. (65) implies that for
alle < ¢,

* 3 7 C —cnet * C —cne4
P (?é%’fv(t) > L — 276) < 2P (tf gD) +5e and P <{ﬁ1§)§1]}( )<L*— 76) =€ ,
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where the second probability bound holds by Eq. (66). Thus, P (tAe D€> < 2P <tAf g D) +

6%6_0"64. Using the definition of D, and a change of variables (which absorbs certain con-

stants into c), we conclude that Eq. (16) holds.
To complete the proof of Lemma 10, we prove Eq. (17). Define

p-feew| o) -elo(F)] =<}

By Eq. (15), 7 is M -Lipschitz in g, whence

~ 3 C a
P(# ¢ D) <20 (- ) < Geo,
C0TmaxCmax €

where the last inequality holds for € < ¢ with C, ¢, ¢’ > 0 depending only on Pyodel> PrixPts
and §. Eq. (17) is then a special case of Eq. (16). The proof of Lemma 10 is complete. 0

PROOF OF LEMMA B.4. Fix R > 0. The function t — minj,,,<r V (w,t) is concave
and continuous and is defined on a compact set D. Moreover, min|,,<g V (w,t) is non-
increasing in R. Because the maximum of a non-increasing limit of continuous functions
defined on a compact set is equal to the limit of the maxima of these functions,

max V(t) =max lim min V(w,t)= lim max min V(w,t).
teD teD R—co |wl|,<R R—00 t€D |wl|,<R

We may write

V(w,t) := max thu
(w, 1) anax, ( )

for any R’ > || X||op|lw]|2 + 0| 2|2, where
v 1 1 A A
V(w,t,u)=-u' (Xw—o0z)— —|ul?+=t" (6" — 261
(w,t,u) = T (Xw —02) — ol + 2270+ w) — 0]
Because almost surely R? > || X ||op R + 0| 2|2 for sufficiently large R, we conclude

maxV(t) = lim max min  max V(w,t,u)
teD R—00 teD |w2<R ||ul.<R?

(67) = lim max max min V(w,t,u),
R0 teD [|ul2<R? [lwll.<R

almost surely, where we may exchange minimization and maximization because they are
taken over compact sets and V' is convex-concave and continuous.
Similarly,

max7 (t) = lim max min T'(v,t).
teD R—00 t€D |[v],<R

We may write
T(v,t)= max T(v,t,u),
l[wll. <R’

for any R’ > \/ﬁ< ||v||2 + 02 H\’ﬂQ 1 lglle vQ),Where

- 1 o Ll s e A e o A
T(v,t,u)-——w\lunzg v\ T otk u—%”quﬂLﬁt (0" +% ’U)—EHG 1
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Because almost surely R? > /n (\ /2= 4 o2 HhHQ > for sufficiently large R, we con-
clude

BT = i ey min, e, Tt
(68) = lim max max min T(v,t u),

 R5o00 teD |uf,<R? |v|2<R

where the second equality holds by the following argument.” For fixed ¢,u, the function
T(v,t,u) depends on v only through g"v, t'X~%2v, and ||v|s. Moreover, T'(v,t,u)
is convex in the triple (g'v,t" X2, ||v|2) and {(g"v,t" X120, |v|2) | |[v]2 < R}
is a compact, convex set. Similarly, for fixed ¢, v, the function T(U,t,u) depends on u
only through h'w, |ullz. Moreover, T'(v,t,u) is convex in the pair (h u,||ul) and
{(hTu,||ull2) | |u|2 < R?} is a compact, convex set. Thus, the exchange of minimization
and maximization in the preceding display is justified.
By Gordon’s Lemma (see [49, Theorem 3]), for any finite R > 0 and any ¢t € R

P <max max  min V(w,t u)> t> < 2P <max max  min T(w,t u)> t) .
teD ||ul.<R? ||lw|-<R teD ||u|2<R? ||lw|-<R

Taking R — oo and using Eqgs. (67) and (68), we conclude

P <maXV(t) > t> < 2P <ma5c7'(t) > t> .

teD te
The strict inequalities become weak by considering ¢’ > ¢ in place of ¢ and taking ¢’ — t. We
conclude Eq. (62). Eq. (63) follows similarly. [

PROOF OF LEMMA B.5. Define

_ B Llkle g
f(v):= - +o Jn —-

The gradient and Hessian of f(v) are

1 /[ ||lv|3 12k g
vrio= L (1, ) %2 bt

1 (|lvl3 e vll3 T Ihl2 _ 1 (lv]3 2|
2 _1 2. 2 _ 2 . 2 2 2
Vf('v)—n( n to L n to n \/ﬁ n\ n +o°

‘We bound
2|R|3 . 2|9l
Vi3 < =52+ =52
hlla (1Rl | llgll2lvll2 (]2 /2
) | A
’f('v” HV f(v)”op— ng/g \/ﬁ + n n to
_ IRI3+Rlalglle

n2

"Note that 7" is not convex-concave in (v,t,u), so that the exchange of the minimization and maximization
requires a different justification to that in Eq. (67).

|hll2
NG

I,.



LASSO WITH GENERAL GAUSSIAN DESIGNS 23

The Hessian of 3(f(x))% is [V f(2)Vf(x)" + f(z)V2f(x)] 1 (z)>0. whence on the event
appearing in the statement of the lemma,

2||k|3
V2 (F0)2 /2D)lop < 2012

where cg = (4 +4/5 +2(1 4+ 671/2))~L. That is, v — 3 f(v)% is 1/(nco)-strongly smooth.
Note that

2llgllz  [|k|2 + ||k 1
n ||92||2+H 15+ 1] ||2H9H2<7

n2 ~ ney

T(6) =~ (1)~ 210",

where f(9) := f(EY2(no/)\ — 6*))?/2, and f* is the Fenchel-Legendre conjugate of f.

NKmax

Because f(v)% /2 is 1/(nco)-strongly smooth, f is aze=-strongly smooth. By the duality of
strong smoothness and strong convexity [29, Theorem 6], we conclude that 7 (v) is %-
strongly concave.

B.4. Control of the Lasso sparsity: proof of Theorem 9. For notational convenience, let

us write
_ 1 1 - 1
Y= ¥, Thi=y/—7T" A= A,
Kmin Rmin Rmin

so that by Eqgs. (4) and (9)
(69)

6 —arg pin { S 179 + 220" - )3 + N6l } —argain { S 19 + 526" - ) + Aol |

The KKT conditions of this optimization problem are

— — 0 X 0-
B2 (7g + 2120 - 87)) € 010 .

) < : )
= Nsoft C* ’
and by Eq. (15)

S r p A
(71) t 5\ (y Tlsoft (y ’C*>> )

where 7 (-, ) applies z — sign(z)(|x| — )+ coordinates-wise. This representation is use-
ful because the marginals of 3/ have bounded density, which will allow us to control the
expected number of coordinates of ¢/ which are close to 1.

whence

70) 6 =nen <§f 13l <7"*g + 520" — 5f)) :

T[>

LEMMA B.6 (Anti-concentration of §7). For each j, the coordinate ﬂjf has marginal

/
Hcond

density with respect to Lebesgue measure bounded above by “ N

PROOF OF LEMMA B.6. We compute
(72) §' =6"+ X' (?*g + (I, - = HE2(0" - §f)) = 0"+ Z12(F'g + f(7*g)).

By definition, all eigenvalues of 3 are bounded below and above by 1 and K¢ond. respectively,
Cond Because $1/267 s 1-
Lipschitz in 7*g (by Eq. (69), using [40, pg. 131]), the function fis (1 — x__ d) Lipschitz.

so that all eigenvalues of (I, — X71) are between 0 and 1 —
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Let &; be the i row of /2, Let Pf be the projection operator onto the orthogonal
complement of the span of &;. Then

gl =0; + 75l g+ 5] f(7(5] 9)5:/|5il3 + 7Plg).
Consider the function
iﬂx)::f*x+-6:f<fﬁuh/nﬁﬂﬁ-+%*P$g).
Since fis (1 — Hcond) -Lipschitz, for any x1 < x2, 1,22 € R, we have

(73) h(xg) — h(zy) > 7k E (29 —21).

cond

Because &; g ~ N(0, ||&;]|3), its density is upper bounded by (27||&;]|3)~'/2. Further, it is
independent of PZ-Lg. Thus, the lower bound (73) implies that gjlf has density ¢(y) upper
bounded by

1/2
1 1 Kppin Kcond

su
pQ( )_ \/%”0’1”2 inf h( ) \/%Tmm

where we have used that || ;|2 is no smaller than the minimal singular value of 3'/2 which
1/2 1/2 0

min min*

is no smaller than 1 by construction, and that 7" = 7% /K"~ > 7in /K
We are now ready to complete the proof of Theorem 9. We prove high-probability up-

per and lower bounds on the sparsity separately. The arguments are almost identical, but

establishing the upper bound involves analyzing the subgradient t and establishing the lower

bound involves analyzing 0.

Upper bound on sparsity via the subgradient: The lasso sparsity is upper bounded in terms

of the lasso subgradient:

1610 _ € lp): |51 =1}

n n

(74)

We prove a high-probability upper bound on the right-hand side. Given any A > —1, define
T(y,A):={jC[pl|ly;| > A1+ A)/¢*}. We will control quantity T'(y, —A) for A > 1..
Consider the function

¢"°(3 Z¢ (#j,A) where ¢{°(y, A) :=min(1,(*[§]/(AA) — 1/A +2),

The function ¢4 is 0 on [~A(1 — 2A)/¢*, A(1 — 2A)/¢*], 1 on [-A(1 — A)/¢* M1 —
A)/C*]¢, and linearly interpolates between the function Values on these sets everywhere else.
Unlike 9 — T'(7, —A), the function ¢'°(y,A) is -Lipschitz in 9. For all g, by
definition we have

AA5w2vﬁ

y, —A

(The preceding display justifies the superscript ub, which stands for “upper bound”.) More-
over, by Eq. (70)

S A) < |y§2||o [ € [pl11 = Cliyl/A € 0,201

n
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whence
A K2 d _ 4 A maxKcond A
E ub uf’A <1_ *+ Mmin vcond 1_ *+ max/vcon ’
[¢ (y )] o C 6<* V 2T Tiin C 67—min€min\/ 2T Kmin
where we have applied Lemma B.6. By the definition of ¢/ in Eq. (72) and recalling
that X1/20/ is 7*-Lipschitz in g, we have that g — ¥ is HiéidT + Hiéid *//411“/51 =

2/{i£ gTmax/ /-amm Lipschitz in g. By Gaussian concentration of Lipschitz functions,

’T('y ) _A)‘ * 4 A maxKcond A b/vf b/wf
P{——>1-— < P( " A) > E[p" A
(POl gy Bt ) < p(goh(y7,0) 2 El0(5/, A)] +

5}2 mln
<exp| — n 5 I e
ZC* 4HCOHd Thmax

2
< exp < n5/\m1n 5 A2€2> .
8/{m1nCmaxK‘cond Thax
Plugging in ¢ = A and absorbing constants appropriately, we conclude there exists ¢1,cs > 0
depending only on Podel, Prixpt, and 6 such that for A >0

vf o
P <|T('y,A)] >1-C"+ c1A> <exp (—CQTlA4) .
n

By Eq. (71), if LW=8) < 1 _ ¢* 4 ¢/ A, then for all £ € R? with |{j € [p] | |t;| > 1}|/n >
1-— C* + chA,
&

— t”% > 61A3
n p )

because there are at least ¢; An coordinates where ¢/ and ¢ differ by at least A. Absorbing
constants and taking D ={t e R? | [{j € [p] |1 — |t;| < A}|/n <1 — (" + 1A} in Lemma
10, there exists C, ¢, ¢’ > 0 depending only on Ppodel, Phixpt, and 0 such that for A < ¢

P(I{je 11151 > 1) zl—C*+2A) <2exp (- enart) +

n

C
A3 exp( an6) .
We may absorb the first term into the second at the cost of changing the constants C, ¢, ¢’ be-
cause the bound applies only to A < ¢’. By Eq. (74), P(||0|o/n>1—-(*+ A) < %e‘mAG.
A high probability upper bound on the sparsity of the lasso solution has been established.
Lower bound on sparsity via the lasso estimate: Define

Zcbl Jj,A) where ¢P(f,A) :=min(1,*[§]/(AA) = 1/A = 1),

The function ¢ is 0 on [=A(1 + A)/¢C*, A1 + A)/¢*], 1 on [=A(1 + 2A) /¢, (1
2A)/¢*]¢, and linearly interpolates between the function values on these sets everywhere

else. The function ¢'® is a AAél/z\f -Lipschitz lower bound for [T'(y, A)|/n:

‘T(y7 )’ > ¢Ib(?j;A) )

Moreover, by Eq. (70)

ol o) s 107l 1 €l 1A~ 1€ (0,280}

n
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whence

ANA K1/2 Kcond ZJL)\maX’{condA

E Ib “fA >1—(C"— Zmin *€ont - q ok _
[0” (Y, A)]=1-¢ 5 e S ¢ S O

where we have applied Lemma B.6. Following the same argument used to establish the upper
bound, we conclude there exists c¢1, co > 0 depending only on Ppodel, Paxpt, and d such that
for A >0

7
(75) P (Wﬂ <1-("— 01A> <exp (—CQTLA4) .

1 o
By Eq. (70), if WA 5 g ¢x ) A then [UERII%IZA]

0 c R? with |0]|o/n <1 — C* — 2c1 A,

>1—(* — c1A. Then for all

N
RTINS

n
because there are at least c; AnAcoordinates where 6/ and 6 differ by at least A. In particular,
taking D := {0 € R | %m >1—-("—cA}and Do :={x € RP | infpep ||z —
x'||2//p > €}, we have that {8 € RP | [|0]|o/n < 1—("—2c1A} C D, jp fore/2 = +/c10A3.
Eq. (75) says P(éf ¢ D) < e~©"2" Thus, by the proof of Theorem B.1 in Appendix B.1 —

in particular, Eq. (55)— we conclude there exists C,c,c¢’ > 0 depending only on Ppodel,
Prxpt, and § such that for A < ¢/

0l C
P <|| n”O <1-¢* A) §exp<fan4) + Eexp (—an6) .

We may absorb the first term into the second at the cost of changing the constants C,c, ¢’
because the bound applies only to A < ¢’. (In applying Eq. (55), recall 3/ = 3/ 2(0Af —0),
with the definition of D modified according to this change of variables). A high probability
lower bound on the sparsity of the lasso solution has been established.

Theorem 9 follows by putting together the upper and lower bounds.

B.5. Control of the debiased Lasso: proofs of Theorem 11 and Corollary 12. 'We control
the debiased Lasso by approximating it with the debiased a-smoothed Lasso, which turns
out to be easier to study due to the Lipschitz differentiability of the M, (cf. (35)). Define the
debiased a-smoothed Lasso

L~ 21X T(y- X6,
Bg = ea —|— (Qy* Oz) .
(0%

This definition is analogous to (6) except that 1 — ||§ lo/n is replaced by the constant (.
Because it is not feasible to calculate (* exactly without knowing 8*, therefore < cannot be

computed either. Rather, HAg is a theoretical tool.
To establish Theorem 11, we first characterize the behavior of 8% and second show that
64 is close to 4 with high-probability. The next lemma characterizes 6.

LEMMA B.7 (Characterization of the debiased a-smoothed Lasso). Let o > 0. Under
assumptions A1 and A2, there exist constants C,c,c’ > 0 depending only on Pmodel, PhixpPt
and b such that for any 1-Lipschitz ¢ : RP — R, we have for all e < ¢

94 * 4 pry—1/2 i enet
P (o(%) Sl (1) <G

mm(mlna
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where g ~ N(0,1,).

We leave the proof of Lemma B.7 at the end of this section.
The following lemma will allow us to show that 8¢ and 89 are close with high probability.

LEMMA B.8 (Closeness of the Lasso and «-smoothed Lasso).  There exists C1,C, ¢, max >
0 depending only on Prodel, Prxpt, and 0 such that

6,0
P MSCM/&, forall a < amax | >1—Ce .
VP

We prove Lemma B.38 at the end of this section. Equipped with these two lemma, we are now
ready to prove Theorem 11.

B.5.1. Proof of Theorem 11: characterization of the debiased Lasso. For any o > 0,
direct calculations give (setting ¢* = ()

(76)
64— ¢ ~ 1 1 1 _ “p
187 =l . 1 =X T -x0)(———— = )| +— |- xTx/¢)6-
VP VP 1—6]lo/n /N2 /P
- X0 1 1 11
< mllr{QH I/QXTHOp”y H2 — - + —
VP 1—||0)lo/n ¢ 1C* &
1= 2 X T ol | X 517 o 152 op | (16 = B2
+{1+ o =

=:T1+T5.

Bounding T1. We start with bounding the 7} term in Eq. (76). By [53, Corollary 5.35] and
Theorem 8, there exist C'1, C, ¢ > 0 depending only on Ppodel, Prixpt, and d such that with
probability at least 1 — Ce™“"

172 ly — X8
(77) RIm12x T T

m1n

<Cy.

Let L, and L¢ be as in Lemma A.5, and let amax be the minimum of the corresponding
quantities in Lemma A.5 and Lemma B.8. Let o, = min{aumax, Ty /(4L7), (o / (4L7) ).

By Lemma A.5, for all & < o, one has

Tmin/2 < 7oy < Timax + Tmin/2, Cmin/2 < (5 < Cmax + Cmin/2 -
For a < o ., by Lemma A.5
(78) [1/¢" = 1/G < (4/¢hm) Leva.

By Theorem 9, there exists C, c ¢ > 0 depending only on Pp,odel, Prixpt, and 0 such that for
a < ¢, with probability 1 — 57z ¢ emcna’

(79) I1/(1 = 18llo/n) = 1/¢*| < (4/Chin) Ver.

Combining the Egs. (77), (78), and (79), we conclude there exists Cy, C, c d>0 depending
only on Pyodels Prixpt, and d such that for a < ¢/, with probability 1 — o3 ,2 e~ the first
term on the right-hand side of Eq. (76) is bounded by C1+/«.

6.)

2
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Bounding T>. We now bound the 75 term of Eq. (76). Assumption A2, is satisfied with
Péxpt = (Tmin/za Tmax + Tmin/27 Cmin/Qa Cmax + Cmin/Q) in Place of Pgxpy for all a < O‘;nax'
Because (} > (min/2, by [53, Corollary 5.35] there exist C,C,c > 0 depending only on
Prodel> Prxpt, and & such that with probability at least 1 — C'e ="

_1/2 _
<1+ 15Xl X3 1/2HopH21/2Hop>gcg.
0%

Combining this bound with Lemma B.8, absorbing parameters into constants, and absorbing
smaller terms into larger ones, we conclude there exists C7,C,c > 0 depending only on
Prnodel> Prxpt» and § such that for o < o ., with probability 1 — C'e =" the second term on
the right-hand side of Eq. (76) is bounded by C1+/a.

Combining the high-probability upper bounds on the terms on the right-hand side of
Eq. (76), we conclude there exists C'1, C, ¢, amax > 0 depending only on Ppodel, Paxpt, and
¢ such that for o < aax,

(&0) P(w@d)—qb(égn >cwa> <IP’<H 0l ., f) C
o 3/2 :

VP VP
Further, for o < aypax, by Lemma A5,
o (TR (TR <o

Taking € = o in Lemma B.7 (and assuming o < ¢ for ¢’ in that lemma),

o e (o) (I b < e

Combining Egs. (80), (81), and (82) and appropriately adjusting constants, we conclude there
exists C,C’, ¢, ¢ > 0 depending only on Ppodel, Prxpt, and ¢ such that for € < ¢/

e (Jo( %) -2l (*ETE )| o) < G

We complete the proof of Theorem 11.

B.5.2. Proof of Lemma B.7: characterization of the debiased a-smoothed Lasso. By the
KKT conditions for the optimization defining the a-smoothed Lasso (cf. (37)), Og =0, +

W' Since @ — VMy(8) is 1/a-Lipschitz, 9 is a (1 + 1/;2“‘ )-LiPSChitZ

o .

minSmin &

function of éa. The function

-1
(0N A 0+A2—1VMQ(0>/<;>
¢<\/;5> = (1+ 1/2Cmma> ¢< NG ’

mln

is 1-Lipschitz. Moreover, by the KKT conditions for the optimization defining the a-
smoothed Lasso in the fixed design model (Eq. (38)),

. AZIYM, (6L
6/ + VC* (62)

Because R, (9 ) < mingegr Ra(0) + ve2 for any v, e > 0, Theorem B.1 and the previous
two displays imply the result.

=0/ + 2722 (r2g - 2V2(0] - 07)) = 0" + 7127
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B.5.3. Proof of Lemma B.8: closeness of the Lasso and the a-smoothed Lasso. The proof
of Lemma B.8 relies on showing that with high-probability, the Lasso objective is strongly
convex locally around its minimizer. We then show that because the value of the a-smoothed
Lasso objective is close to that of the Lasso objective pointwise, the minimizers of the two
objectives must also be close.

LEMMA B.9 (Local strong convexity of Lasso objective). Assume n(*/8 > 1. Then there
exists C,c,c,c1 > 0 depending only on Prodel, Pixpt, and 8 such that with probability at
least 1 — Ce™“" the following occurs: for all @ € RP with ||@ — 8||2/\/p < ¢/,

-~ C ~
waﬁawzgﬂe—m@

Let us take Lemma B.9 momentarily and provide its proof below. By Eq. (36), R(0) >
Ra(60) >R(0) — é—g‘ for all @ € RP. On the event of Lemma B.9, for |0 — 8||2/,/p < ¢

A ~ ~9 A ~ ~9 A

Ra(0)>R(O) — —=>R(O)+ =0 —0]5 — — >Ra(0)+ —0 —0|5 — —.

(0) = R(6) — 55 = R(0) + 10— 0113 — 55 > Ra(6) + 0 6] — 35
Since éa minimizes R, (0), we conclude that for o < aypayx 1= %

Héa—é\HQ < /)\maxa
\/f) - 2c¢10 .
The proof of Lemma B.8 is complete.

B.5.4. Proof of Lemma B.9: local strong convexity of the Lasso objective. \Ye make the
observation that with high probability, the Lasso subgradient ¢ = %X T(y — X0) (cf. (14)),
cannot have too many coordinates with magnitude close to 1, even off of the Lasso support.
The next lemma makes this precise.

LEMMA B.1. There exists C,c, A > 0 depending only on Ppodel, Paxpt, and 6, such that

) PCUeMHﬂ21—AﬂH21_

n

w) < Cen.

PROOF OF LEMMA B.1. The proof'is as for Theorem 9 with the following minor changes.
We apply Eq. (75) with A = (*/(4c;) with ¢; as in in that equation. By Eq. (71) and with
this choice of A, if ‘T(gnﬂ < 1—3¢*/4, then for all t € RP with [{j € [p] | |t;| > 1—
A/2}/n=1-("/2,

[ -t A% ¢
n — 16 256¢7

because there are at least (*n/4 coordinates where t/ and t differ by at least A /2. Absorbing
constants and taking D ={t e R? | |{j € [p] |1 — |t;| < A}|/n <1 —3(*/4} in Lemma 10,
there exists C, ¢ > 0 depending only on Pyp,odel, Paxpt, and d such that Eq. (83) holds. O

We are now ready to prove Lemma B.9. Define the minimum singular value of X over a
set S C [p] by

k—(X,S)=inf {|| X w2 | supp(w) C S, ||lw]2=1},
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and the s sparse singular value by

k_(X,s)= |I§l|ignsli_(X,S).

Consider the event

151 >1—A/2}]

n

A= {5 (Xon(1 =€ /1) 2 Ko }0 {1 Xy < )0 {2 <1-¢/2).

(Note that we need not assume that (1 — (*/2)n <por (1 — (*/4)n < p for these definitions
or events to make sense).

We aim to show that there exist ! ; .
such that

(84) P(A)>1—Ce ",

The second event in the definition of A is controlled by [53, Corollary 5.35] and the third
event by Lemma B.1. Now it is sufficient to consider the first event in the definition of A.

Case § > 1. For 6 > 1, we have P(k_ (X ,n(1 — (*/4)) > ki) = 1 — Ce™ " because
k—(X,n(l—¢*/4)) > k—(X,p) is the minimum singular value of X, whence we invoke

[53, Corollary 5.35].

Case 6 < 1. Consider now § < 1. Let k = |[n(1 — (*/4)| and note that k¥ < p because
n < p. Because r_(X,S5") > k_(X,S) when S’ C S, we have that k_ (X, n(1 — (*/4)) =
min|g|—, £ (x, S). By a union bound, for any ¢ >0

(85) P(r (X,n(1—-C/4) <t)< > P(s(Xg) <t).
|S|=k

A, C, c> 0 depending only on Ppodel, Prixpt, and 0

The matrix Xg = YSZ];/; where X g has entries distributed i.i.d. N(0,1/n). Thus, one has

Ko (Xs) > v (Xs)k-(SY5) > v (Xs)ri.

Invoking the fact that X, s has the same distribution for all |S| = k, expression (85) implies

s (X1 = ¢ /) <o)< (§)Pls- (Ko < t/if2).

where the S appearing on the right-hand side can be any S with cardinality k. By Lemma 2.9
of [12],

P(r-(Xs) < t/mlin) < Clnt/rifm) exp (nuol/n,t/mi2)) |

min
where C(a,b) is a universal polynomial in a,b and (a,b) := $[(1 — a)logb+ 1 — a +
aloga — b]. (Lemma 2.9 of [12] states a bound on the density of x_(Xg), but a deviation

bound incurs only a factor ¢/ nrln/i which we may absorb into the polynomial term). Note also

that (}) < C'(p) exp(nH (k/p)/d), where C" is a universal polynomial. We conclude that
P (n— (X, n(1 = C*/4)) 1) < Cln,p,t /) exp (n(H(k/p) /6 + ¥ (k/nst/k 1) )

Note that 1(a,b) < Cglogb forall a=k/n <1-—"/4 and b € (0,1). Thus, there exists
¢,k >0, depending only on d, Kmin, Cmin,» such that H(k/p)/d + ¢ (k/n, n;nin/ﬁl/Z) <

min min
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—2c¢. Because C'(n,p, K.,/ mmln)e_cn is upper bounded by a constant C' depending only on

d, Kmin, ¢, We conclude there exists C, ¢, k. > 0 depending only on 6, mrlr{ii, Cmin such that

P (h—(X,n(1 = ("/4)) < ki) < Ce .

This conclude the proof of the high-probability bound Eq. (84).
The remainder of the argument takes place on the high-probability event .A. Consider any
0 € RP. We first construct S; O S(A/2) such that

1 2v2
(86) (D) S| <n(1—C7/4) and (i) —||0s; [|l2 < 10sa/2)cll1 5
\/f? + \/<T (A/2)
where we adopt the convention that ||@p||; = ||@y||2 = 0. We establish this by considering two
cases.

Case 1: p<n(1—*/4). Inthis case, let Sy = [p]. Then Eq. (86) holds trivially.

Case 2: p>n(1—(*/4). Let Si,..., S be a partition of [p] \ S(A/2) satisfying the fol-
lowing properties: first, |S;| > n¢*/8 fori =1,...,k — 1; second, |S1| > --- > |Sk|; third,
|S(A/2) U S| <n(1—(*/4); | if j € S; and j' € Sy for i <4’. This
is possible because |S(A/2)| <n(1 — (*/4) and, because n(* /8 > 1, there exists an integer
between n(1 —(*/4) an n(1 —*/8). In this case, let Sy = S(A/2)U.S;. Condition (i) holds
by construction. To verify condition (i), observe

k k
=22 sl < 5 > Isi (1=
Lo 3 ys (10
P P |Si-1]

1 1
EHesﬂr o 1{|Sf |}ZH05 Hl

) pmin;—y

<
- pZC *0
where the first inequality holds because |0;| < ||0s, ,||1/|Si—1]| for j € S;, the second in-
equality holds because |S;| < |S;_1], and the third inequality holds because |S;| > n(*/8 for
1 <k — 1. Thus, Eq. (86) holds in this case as well.
We lower bound the growth of the Lasso objective by

R(6) - R(B) = 5 | X(0 - B3 + (X (y X§>,5—0>+§(Henl—uéul)

. )\ o~ .
_ _ 24,2 — —
= o IXO-8)3+2 ((£:6-6)+ 6]~ 4]])

We first make the observation that

o~

(8.6 —6) + 6]l — [19]: >

Because £ € 9]|6]|; and |t;| <1 — A/2 on S(A/2)° so that £;(8; — 6;) + |0;] — |0,] > 0 for
all j, and is no smaller than A|6;]/2 for j € S(A/2)¢. Thus, it is guaranteed that

AA

R(6) —R(6) > (6-0)]3.

Now choose S5 C [p] satisfying Eq. (86). Condition (ii) of Eq. (86) implies

-~ Cc1
87 R(6) — R(6) > 1|05 ||z,
(87) () ()_\/ﬁH s¢ ll2
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where ¢; > 0 depends on Ppyodel, Prixpt, and 6. Next we prove that there exists ¢ > 0 such
that for H05'+ - 95+ Hg/\/f) <,

/

(88) R(O) — R(é) > \;;5 10s, — §s+ |3 holds true on event A.

In order to see this, if || X g, (05, — §S+)H2/2 > || X s Ose

9, then

12
’%m

~ 1 ~
R(0) —R(0) > | Xs, (65, —0s.) ]3> 2

inH

n 9+_05+||%a

as a consequence of Eq. (84). Otherwise, if || Xg, (05, — 0A5+)||2/2 < || X5 Os¢

9, then

105, — s, |2 < K *| X5, (85, — 05, )2 < 2m*[| X 52 ¢ ]2 < C|0s¢ ||2. Thus
R(0) —R(0) > 7”95‘ 22 %HO& — 05, |2,

where the value of c; changes between the last inequalities. Combining the previous two
displays, we have established inequality (88), where again the value of ¢’ has changed from
the previous displays.

Combined with Eq. (87), we conclude there exists c¢1, ¢’ > 0 depending only on Pyodels
Prxpt, and § such that for |0 — 5”2/\/13 <d,

/
~ C ~
R(6) —R(6) > EIIO - 0|13
The proof is completed.
B.5.5. Proof of Corollary 12. To start, let us define

¢1(x, A) :==min(1, 2/A — 210/ A+ 1) 4.

The function ¢1 () equals to 0 for z < z;_, /2 — A and 1 for x > z;_g /5, and linearly in-
terpolates between these two regions elsewhere. Therefore, the false-coverage proportion
FCP:= 113 1]7:1 1g:¢ci, can be controlled as

y— X0,

FCP=— 21 6% — 07| Sl 212
P 7 = 8llo/n)
lij 12 (1= [18]o/n)[63 — 03]
P ly — X8|l2/v/n

12 e 1| 1-|8o/n 1
Z (J\J _Hj’/T’A>+Z — X0 o
ly — X8]2/v/n

We bound the terms on the right-hand side respectively.

221/2 G
Jl=j

* By Theorems 8 and Theorem 9, there exist C, ¢, > 0 depending only on Pyodel> PhixPt
1—\@|o/n _ 1
ly-X6l2/vn 7"

and § such that for € < ¢/, we have < e with probability at least 1 —

C _—cne®
e )

0*
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* Because X I/ 2] < k2 forall Jj, the quantity ]lg Z?:l E;( 2] 9d 07| is \/fimax/p-Lipschitz

in 6. Moreover, when 64 is replaced by 8* + 7*X~1/2g, this equantity has expectation
bounded by a constant depending only on Pyp,0del, Prixpt, and d. By Theorem 11, there exist

C,C’, ¢ > 0 depending only on Ppodel, Prixpt» and d such that ;1) ]1‘/23 \Qd 0*| <’

with probability at least 1 — C'e™"

* The quantity %Z?Zl b1 ( j1|/2]| (9;|/T*,A) is Af -Lipschitz in 8%, where L is a
constant depending only on Ppodel, Paxpt, and §. By Theorem 11, we conclude there
exists C, ¢, ¢’ > 0 depending only on Ppodel, Prxpt, and ¢ such that for € < ¢/, we have

LS (S - 051/7.) < ZE[ (=51 gyl ra)] +oa,
j=1

with probability at least 1 — E%e*”“ .
» Using the fact that the standard Gaussian density is upper bounded by (27r)*1/ 2 we obtain

the bound E [ 61 (S1{2 (7271 2g);[ /7, A) | < g+ 22

Combining the previous bounds, we conclude there exist C,C’, ¢,¢’ > 0 depending only
on Prodel, Prxpt, and 5 such that for all € < ¢/, we have FCP < g + C'(A + ¢/A) with
probability at least 1 — = Ce~cn¢’  Optimizing over A, we conclude there exists C, ¢, ¢ > 0
depending only on Pmodel, Pﬁxpt, and ¢ such that for all € < ¢/, we have FCP < g + € with
probability at least 1 — ? e—cne’?,

The lower bound holds similarly.

B.6. More details on confidence interval for a single coordinate. Because they may be
of independent interest, we first describe in detail the construction of the exact tests outlined
in the discussion in Section 3.5 and state some results about the quantities involved in the
construction (Lemma B.10 and Theorem B.11 below). The proof of Theorem 13 uses a spe-
cial case of Lemma B.10, whereas Theorem B.11 is independent of any future development,
and is stated only for general interest.

B.6.1. Description of exact test. For any w € R, the statistician may construct the
“pseudo-outcome” y“ =y — w:i:j*. We have
(89) y* = X_j6i,, + &5 (0 —w) + oz

where 6 is defined in (21). As with the leave-one-out model of Section 3.5, expression (89)

can be viewed as defining a linear-model with p — 1 covariates, true parameter 6, and noise

. i (0 —w)? .. . ~
variance 0120 O(w) =02+ % Generalizing the leave-one-out lasso estimate 6y, the

variable importance statistic §;, and the estimated effective noise level in the leave-one-out
model 77, we define

A
Ot angmin, { Sl - X501+ 2160 }
and similarly

(&) (g — X 9100)
51— 1162, llo/n)
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and

~w,j y® X*JGIOOH
Moo *
T /(- 1622 llo/n)

Whereas the statistic §; should be large when 0% # 0, the statistic &, should be large when
07 # w. It is normally distributed conditional on (y, X_;) when 07 = w, and is always ap-
proximately normally distributed unconditionally.

LEMMA B.10. We have the following.

(a) (Exact conditional normality of £ when 9’F =w). If 0* =w, then
w ) 1
(90) € fred ~ N0, ).

(b) (Approximate normality of {¥ in general). Assume p > 2. Let 0100 =1 /(p—1). Assume )\,
Y., and o satisfy assumption A1, and that 0* jis (8,v0100(1 — Amin), M )-approximately
sparse with respect to covariance X_; _; for some s/(p —1) > vmin > 0and 1 > Apin >
0. Let M’ > 0 be such that |07 — w| < M'(p — Y4 and 0% < M'(p — /4,

Then there exist constants C,c,c’ > 0 depending only on Pyodel, Vmin» Dmin, M, M,
and 01, such that the following occurs. There exist random variables rj, R;, Z; such that

(& = (0; —w))/7d =12+ Ry,
and for all e < ¢
1 C
me2

C*CTLG
Zj~N(0,%71 ), P(lrj = 1] >€) < e o P(R[>e) < —

Lemma B.10(a) implies that the test which rejects when [£¥'] > E]‘ 2 7'10 :
level-a test of the null 67 = w. Lemma B.10(b) states that under the alternative ¢} is approx-

21 «/2 1s an exact

imately normal with mean 9; — w and standard deviation ?f;’oj (The latter quantity is random
but concentrates). Thus, Lemma B.10(b) permits a power analysis of the exact test.

The next theorem is included because it may be of independent interest. No future devel-
opment depend upon this theorem, and it can safely be skipped.

THEOREM B.11. Let 7'1“(;5*, Cf;’; be the solution to the fixed point equations (8a) and (8b)
in the model (89) for the Lasso at regularization \.

(a) (Power of exact test). There exist constants C,c,c’ > 0 depending only on Ppodel, Vmins
Anmin, M, M', and b\, such that for all e < ¢/,
(91)

Po; (1612 T3P0 21 ap2) = P (165 + T G =] > o o1 ap2)|

x L _ 1
§C<(1+‘9j—w‘)6+626 one? +77,€2>,

where G ~ N(0, 1).
(b) (Insensitivity of fixed point parameter to w). There exists L, M{ > 0 depending only
on Pmodel, Vmin, Amin, M, M', and dio0 such that for |07 — w|/\/n < Mj, we have

|Tf; loo ’<L’6*_w‘/\F
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Theorem B.11 says that the exact test of the null §7 = w described above has power ap-
proximately equal to that achieved by a standard two-sided confidence interval for Gaussian
observations at noise-variance (Tﬁ‘)’:)z. Part (b) states that this noise variance is effectively
constant for all w = o(y/n).

Because we have an exact test for 9; = w for all w € R, we may in principle construct
exact confidence intervals by inverting this collection of tests. As described in Section 3.5,
constructing such confidence intervals would require computing a Lasso estimate at each
value of w.

B.6.2. Proof of Lemma B.10, Theorem 13, and Theorem B.11.

Proof of Lemma B.10(a). Wehn 07 = w, the data (y~, X_;) is independent of ij Be-
cause 6% _ is o(y*, X _;)-measurable,

T = _ .
sl Yi—illy® — X568 |l2

loo

Because izj ~ N(0,3;_;I/n) and is independent of y* — X_jél“éo, conditionally on

y*, X _; the quantity is distributed N(0, Ej_ll_j). Thus, it is distributed N(O, zj—|£j) uncon-
ditionally as well. We have established (90).

Proof of Lemma B.10(b). We may without loss of generality consider the case w = 0.
Indeed, the joint distribution of (y“, X _;, a”cjl, 5% ,) under 07 is equal to the joint distribution
of (y, X_j, :ﬁj, 51000) if the j™ coordinate were instead 9; — w. Under this transformation,
the conditions of the Theorem are still met, possibly with M’ replaced by 2M’.

Thus, consider the case w = 0. Note y° = v, 51%0 = 5100, and f? = ;. To simplify notation,
we thus remove the superscript 0 in the remainder of the argument. Define the quantity

&= (&) (y — X_ji00) — 0555 _;(1 — [|Bu0ollo/n)
Direct calculations give
gj = (ijl)—r(o-z + ije; + X*jol*oo - X*jé\loo) - ;'(Ej\—j(l - Hé\looHO/n)

= (Z7) (02 + X_;05,, — X_;6],0) + (&) " (&505 + X (0100 — O100)) — 075/_;(1 — |B00lo/n) ,

Ay B;

where

Y . 1 * 2 A
Gy ant uin { 5l + X85~ X018 + 216l

In particular, 5{0 o 18 o(z, X_ j)—measurable, so is independent of 53]4, whence
Arlz X~ N(0.51 0z + X605 — X—i01u0l3/n)

The estimate 5100 is a function of z, X_;, and cT:jL We make this explicit by writing
éloo(z, X_j, :Y:JL) Following this notation, 51’00 defined above is equal to 5100 (2,X_;,0).
Next consider the term As. First define

F(z,X_j,&}) 1= &105 + X_j(B100(2, X_1,0) — Oo0(z, X_j,&7)).
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Use Viji to denote the Jacobian with respect to a”:]L Almost surely, VZE]_L F(z,X_j, :EJL) =
07 (I, — PX;jg), where Px_, _ is the projector onto the span of {xy | k € S} and S is the
support of Oy,0(2, X_j, & uL) [55]. The function F is 6;- Lipschitz in aél for fixed z X_]

Therefore we conclude that A = (&; DTF(z,X_j,& 5 ) Ej—jdivgs F(z, X_j,@; Ly /n.
Applying Stein’s formula and the second order Stein’s formula [8 Eq (2.1) and Theorem
2.1], we get

2jl—j 2 il w1
E[As]z, X_;] = 0and Var(Ao2, X ;) = = E[||F(Z,X,j,acj)||2—|— |V P2, X )[R | 2. X
Note that, almost surely HvijF(z,X_j,:ij)H% = 9;?2(71— |6100]0). Further, HF(z,X_j,:EjL)Hg <
9;‘%\&:}][% because [ is 07 -Lipschitz and F'(z, X_;,0) = 0. Thus,

2 *2
2551595

Yjl—j * Y é\loo 0
Var(As|z, X_;) < QJE[9j2<|]ccﬂ|%+2jj<l—|| - | >> almost surely.

z,X_j] <

Because the E[Ag|z, X_;] = 0 almost surely, we have Var(Ag) < 22?‘7j9;‘2/n as well.

Next observe that éh =& — 0*. Thus,
51— (1= 16150 l0/n) & J

VL= [Broollo/) (& = 07) _ oz + X8y — X8, 2 Ay
ly = X 61002 Iy =X 3000l Bjijlloz+ X367, = X6}, /v
+ B2
Yi—illy — X_j00oll2/v1
=:1;Zj + Rj,
where Z; : = = ~ ~ N(O, % ! ) (and normality follows by the

Zji-illoz+X_;00,—X_;0{,.ll2/vn
proof of Eq. (90)).

The singular values of X_; _; are bounded between the minimal and maximal singu-
lar values of 3. Thus, the matrix 3_; _; satisfies assumption A1(b) because X does. In
particular, the triple A\, 3_; _;, and o satisfy assumption A1. Because 8% j is (s, V0100 (1-—
Amin), M)-approximately sparse, we may choose _; € {—1,0,1}7"! and 6* ; € RP~! such
that

Heij_éijnl/(p_l)gMa mfjealléijlll,
and [|z_;llo/(p—1) = Vmin, G(®—j,E—j—;) < vV/n/(p—1)(1 = Amin).

Also, [[6:57F S 5ll/(p— 1) < ML S 5lla/vVE— T < Mk /B~ L.
Using the same sparse approximation 8 ; and subgradient _j, we conclude that

05 is (5, v/ 0100(1 — Apin), M + M’ ;m{ Kmax/ /P — 1) — approximately sparse.

By Theorem 2, there exists Pgypy depending only on Prodel, Ymin> Amin, and d such that
assumption A2 is satisfied by the observations oz 4+ X _;0;  and design matrix X _; which

are used to fit ] .

Because F' is ¢7-Lipschitz in T+
X_ 0’

loo

i, we have |||y - X7]0100||2 - ||O‘Z + ijaikoo B

ll2] < 6?*HaclH2 By Theorem 8 and since Q*ZHxLHQ/n ~ 9*2X /n?, there exist
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C, ¢, > 0 depending only on Pyodel, Prixpt» 0, and M’ such that for € < ¢/, it is guaranteed
HUZ + X—jgl*oo — X—jefooHQ/\/ﬁ

that
IP’(|7“j—1|>e):JP’< — -1 >e)
ly = X_j61o0ll2/v/n
. ( loz + X380 = X000 l2/ v/~ lly = X100
ly — X_;B100]l2/ v/

( 05| ]2/+/n ) C e
P > € <7€ s
€

IA

ly = X300, l2/v/n = 103l |2/ v/

Where the final inequality has the following justification: First, we have used that ||y —

X_ 01’00||2 /+/n concentrates on a quantity for which we have a lower bound by The-

orem 8. Second, we have used that P(|0;‘|||:73j||2/\/ﬁ > M'(p — )1/4/fE;|/2] t) <

C exp(—cn?t?). The right-hand side of the preceding display is larger than 1 from e =
O(n~1/4) and M'(p — 1)1/4/\/52}(_2]. = O(n~ "), whence we get P(|0%|[[&}]2/v/n >
€) < 692 exp(—cne*), as desired. The O’s hide constants depending only on Ppodel> Phixpts 6,
and M'. R
Similarly, combining the concentration of X;_;[Jly — X ;0 |l2//n on a quantity for
which we have a lower bound, the high probability upper bound on ]9}‘”5#“2 /+/n, and
Chebyshev’s inequality applied to Ao, there exists C,¢’ > 0 depending only on Ppodel,
Paxpt, 0, and M’ such that for € < ¢’ such that
P(|Rj| >€) < —5.
(B> )<~
The proof of the lemma is complete.
Proof of Theorem 13(a). The event 0 ¢ CI;OO is equivalent to
1/2 o
212 (1~ [Buoollo/n)E; — 6
1y = X j6h0o[l2/ vV
With r;, R; defined as in Theorem B.10 for w = 0, this is equivalent to

1/2 ~ X
25171 = [600]lo/n) (05 — 6)
Ai=3i2 (2 + By) + = — ¢ [~ _app. 21 apa].
Gl—j\'J / /
ly = X j01o0ll2/v/n
By Theorems 8 and 9 on concentration of the Lasso residual and sparsity and Theorem B.10
on the concentration of r; and Rj, there exist C, ¢, ¢’ > 0 depending only on Prodel, PhixPt,
8100, and M’ such that for all € < ¢/,

1/2 /ps
Ey(](%—ﬂ) C .o C

>(1+10; —0)e | <57 +—.

> Zl—a/Q .

PllA-%? 27—
Jl=j T*,O

€3 ne
loo



38

Thus, by direct calculation (where C' may take different values between lines)

P(AZ (210 211ap]) 2P | 55225 +;/2fM\ > 21ajp+ (140 = 0])e
o0
_p LA EVQZ-—X:ﬁtgw>(1+w;—mk
loo
>P | [3)2 +J1/2]<z9\>zl aj2 + (14107 = 0)e —0(613 o +n1€2>
> P (10 + 3P ne)G - 0] 2 3 20 o) c<(1+|e;f9|)e+€1 o +nl€2>

The reverse inequality is obtained similarly.

Proof of Theorem 13(b). By definition, one has
?ljoo _ ly — X—ﬂloon/f

ngo ( HalOO Ho/n)Tloo

The singular values of X_; _; are bounded between the minimal and maximal singular values
of X. Thus, the matrix 3_; _; satisfies assumption A1(b) because X does. Further, o?nin <

720 1\1/2 . .
02 <ol <02 4 PmeMTEZDE o a?nax + Fmax M. In particular, the triple A, =_;_;,
and o, satisfy assumption A1 with o2, replaced by 02, + Kmax M’ 2 (In fact, that as

n, p — 00, we have an upper bound on oj,, which converges to omax)-

Further, as argued in the proof of Theorem B.10(b), 6} is (s,1/0100(1 — Amin), M +
M’ Hmilfmmax/\/ — I)-approximately sparse, so is in fact (s,v/100(1 — Amin), M +

M’ /’i;jr{ 2/ﬁmx)—approxima‘[ely sparse. (In fact, we have as n, p — oo that the /1 -approximation

constant M + M’ H_-l/ 2Hmax /+/p — 1 converges to M). By Theorem 2, there exists Prypt

min

such that assumption A2 holds on the model (y, X _;). Equation (25) follows from Theorems
8 and 9 on the concentration results for the Lasso residual and the sparsity.

Proof of Lemma B.11(a). The joint distribution of (y*, X _;, &;, 6% ) under 07 is equal

to the joint distribution of (y, X_j, a“:j, 5100) if the j™ coordinate were instead 07 —w. (We
also used this fact in the proof of Theorem B.10(b)). Thus,

Vvn(l - ||0100H0/")|§§u|>271/2 .
ly — X_;6%, 12 Jm e

(‘é-j | > Zﬂ /]7'100 21— a/2) PG; (

1—-16 j
:Pg;_9<\/ﬁ< 81000/ i, m)
ly = X j6100ll2

=Pp: (0 & CIP°).
Then Eq. (91) follows from Eq. (24).

Proof of Theorem B.11(b). As argued in the proof of Theorem B.10(b), the leave-one-out
parameter vector 8} is (s,v/0100(1 — Amin), M + M ;ulrf%max /+/p — 1)-approximately
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sparse. We view (89) as defining linear model with aspect ratio dj,, = n/(p — 1), design
(0 —w)2

W, and true parameter 0 .

Note 01200(9;f) = o2 is bounded by 02, < o2 < o2, by assumption. Thus, by Theorem

2, there exist parameters Pgypt = (Tmm, Timaxs Gmins Gmax) dependlng only on Ppodels Ymins

Amin, M, M{ such that 7y, < 70 b5 < Tmax and (min < Cl ’O’ < (max. The notation Pprypy
will refer to the parameters in this lower and upper bound for the remainder of the proof.

To control the fixed point parameter 7, , we will study the functional objective &y of
Eq. (41) for the linear model (89) as we vary w. For simplicity of notation, we will drop
the subscript on &y. As we vary w, the only parameter defining the leave-one-out model
which changes is the noise variance 0'1200(0.}). Thus, we will make the dependence of the
functional objective on gy, explicit but leave its dependency on all other parameters implicit.

In particular, we write

. . ) . . 2 .
covariance X _; _;, noise variance oy, (w) = a +

o1 H’U H 2 <g’ > 2 A * - *
soni) = SO g 00 gy m )~ o)}

where we emphasize that &% is a function L?(RP~!;RP~1) — R and where we take g to
be the identity function in L?(RP;RP). The model (89) for w = ¢ corresponds to the choice
01200 = o2, Denote the unique minimizer of &7 by vw*. Existence and uniqueness is

guaranteed by the proof of Lemma A.2. Also by the proof of Lemma A.2,

(92) rie =\ Jo2 (@) + [0 |2 /0.

The objective &> is L-Lipschitz in 0100 on 0100 > O'mm for some L depending only
on Pgyps. By the proof of Lemma A.5, there exists r,a > 0 depending only on Pgypy and
dloo such that &7t is a/n-strongly convex in v on ||[v — v7°**||3//n < r. Thus, for ||[v —

S INCES

&7 (v) > E7(v) = Llojy, — 0% > &7(v7) + %Hv —v""|Z: = Llog,, — o

2 2 2
L2 — 2L|0100 — 0 | .

> £70 (v7%) 4 = ||v — v
n

We conclude that if \/ZL\alzoo —02|/a <7, then ||[v7oo* —v7*|| 12 //n < \/2L|01200 —02|1/2/aq.

Recalling that 02 (w) — 02 =3 _ (07 = w)?/n, we see that for 07 — wl|/vn < My :=

71/ a/(2LKmax ) We have ||v710 @) — || /\/n < 2L%;_;/al0; —0]/\/n. By Eq. (92),

2LY, 10 —w| 1 %j5(05 —w)?
o . il=3 V3 91—
7 == )+ oo = o o <2 S
0F —w
<L!’

< 7n
where the L in the final line differs from the one in the preceding line and depends only on

Pmodel’ PﬁXPt9 51009 and M{
The proof is complete.

B.7. Uniform control over \: proof of Theorem 6. To make the dependence of the Lasso
objective on \ explicit, we write R*(0) for Eq. (1). As before, C*(v) is a re-parametrization
of R*(8), namely C*(v) : = RN0* + X ~1/2v). We also write 6> for the minimizer of R (9)
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and ¥” for the minimizer of C*(v) (in particular 6* = 6% + X~1/23). Finally, in order to
expose the full dependency of 7 on the regularization parameter A, we redefine

oo’ ¢/ =argguin { 1’ — =7613 + o] |
Throughout this section we will use this definition instead of Eq. (4). We denote the Lasso
error vector in the fixed-design model at regularization A by
5/ — 21/2(,,7(21/29* g, CFIA) — 67,
where implicitly 7%, (* depend on A via the fixed-point Egs. (8a) and (8b). For simplicity, we

write &(%) = gb(%, 0;). For A € [Amin, Amax] let

~ ~ /\f‘7A
2= {oew|[o(2) -2(%0)]| > .
‘ VP VP
Define &* : L?(RP; R?) — R as &(v) = &y(v), where & is as in the proof of Lemma A.3,
and we make dependence on A explicit in the notation. In particular,

2
)i (DL o 900N Al vz (), — o), ).
2 n n + n

We emphasize that the argument v is not a vector but a function v : RP — RP. Recall, by the
proof of Lemma A.2, that 5/}, viewed as a function of g and thus a member of L?(RP;RP),
is the unique minimizer of &*.

The proof of Theorem 6 relies on two lemmas. The first quantifies the sensitivity of the
Lasso problem (1) to the regularization parameter A. The second quantifies the continuity of
the minimizer of the objective function & in the regularization parameter \.

LEMMA B.12.  Assume 0* is (s,7/0(1 — Amin), M)-approximately sparse for the matrix

3. Then, under assumption A1, there exist constants K, Cy, cg > 0 depending only on Podel,
Apin, M, and 6 such that

veRP

P (vx, N € Mmin, Amax), € (21) < min C (v) + K|\ — Xy) >1— Cpe ",

LEMMA B.13.  Assume 0* is (s,/6(1 — Amin), M )-approximately sparse for the matrix
Y. Then, under assumption A1, there exists constants K,c' > 0 depending only on Pyodel,
Anmin, M, and § such that for all \,\' € [Amin, Amax] With |\ — X| < ¢ we have

x
NG

where in the previous display we view B/, 1" as functions of the same random vector g
and thus as members of L?(RP; RP).

for all \, N € [Amins Amax)» 155 = 57|12 < KN = MY,

The characterization of the Lasso solution involves only the distribution of /*. The preced-
ing lemma implicitly constructs a coupling between these distributions defined for different
values of \ by using the same source of randomness g in defining v/ and ©/". We prove
Lemma B.12 and B.13 in Sections B.7.1 and B.7.2 respectively.

To achieve a uniform control over A € [Apin, Amax|, We invoke an e-net argument. Because
0" is (5,v/0(1 — Apin), M)-approximately sparse and assumption A1 is satisfied, assump-
tion A2 is satisfied for some Pgypy depending only on Priodels 05 Ymin, and Apin. Con-
sider € < ¢/, where ¢ is as in Theorem 4. Let Cy, ¢y be as in Lemma B.12 and Lemma and
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let K1, K> be the K’s which appear in Lemma B.12 and Lemma B.13, respectively. Set
€ = min {762/K1,m1/2 /Kg} Define \; = Apin + i€ fori=1,...,k, k:= L@J

min
and A1 = Amax-
By a union bound over \;, Theorem 4 implies that, for C, ¢, ',y > 0 depending only on

Prnodels Prxpt» and d, with probability at least 1 — % exp(—cnet),
©3) Yo €R, YA, Cy,(v) < minCy (v) +9€* = v € (DF)".

Further, Lemma B.12 implies that with probability at least 1 — Cye™ ", the following occurs:
for all A € [Amin, Amax]

C,\i(ﬁA) < min Cy, (v) + K|A — X\;| < min Cy, (v) + ve?,
vERP ) vERP

where i = i(\) is chosen such that A € [A;, \;+1] and the inequality holds by the choice of €.
Combining with inequality (93), we conclude that

for all X\, 9 € (D)¢ where i =4()) is such that A € [\, A1 1].

Because ¢ is 1-Lipschitz,

- b _pf 1 57.1/2
E¢ —E¢ ‘gE B2@IA — B () ||o| < "min A - 5 L2
3(25) ~E(25)| < B [Im 26— 5 )] < s
< Krpil i = MV? <€

where the third-to-last inequality holds by Jensen’s inequality, and the second-to-last inequal-
ity holds by Lemma B.13, and the last inequality holds by the choice of ¢. Note we have
compared the two expectations on the left-hand side by constructing a coupling between the
distribution of ©/* defined for different values of \; see comment following Lemma B.13.
By the triangle inequality, if 9* € (D2)¢, then ¥ € (D3, ). Thus, we conclude that with
C,c,d > 0 depending only on Ppodel> Ymin> Amin» and 4,

Ck+1)

A
- e—cnet
€

P (3X € Donins Amals 9 € D3) 21—
For € < ¢/, we have (k + 1) < C/€? for some C depending only on Prodels Ymin» Amin, and
0. Absorbing constants appropriately, the proof of Theorem 6 is complete.

B.7.1. Proof of Lemma B.12.

LEMMA B.14. Assume x € {—1,0,1}? is such that = € 0||0* |1 with G(z, %) < (1 —
Amm)\/g. Then there exist finite constants a, co, Co > 0 depending only on Anin, Kmin, Kmax,
and § such that if n > \/2/ Apin the following happens with probability at least 1 — Coe ™™,
For any w € RP:

(94) 16" +wl — 1071 <0 = || Xwll2>afwl.

PROOF OF LEMMA B.14. The Gaussian width G(a, X) is an upper bound on the standard
notion of Gaussian width Ggq(x, X) defined in Eq. (12). Thus,

1 1
5 1— Apin)Vo > ¥)=-=-F g
©3) ( W02 GualwB) = = E| max (v.g)]
l[vll3/p<1

The result then follows from standard results; see, for example, Corollary 3.3 of [16] and its
proof. We repeat the proof here for convenience.
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For simplicity of notation, we will denote K = K(x, X). Note that

16"+ wlly = 67[ly = [wse [l + (6" + w)s]l1 = [165]l1 = [|ws:

1 + Z x]"w]‘,

Jj€supp(x)

whence [|0* + w||; — ||0*||; < 0 implies Xw € K. Thus, it suffices to show that with proba-
bility at least 1 — Cpe™“", one has

Swek = || Xwl|z2>alw|z.

Define the minimum singular value over K as

p(X,K) i =inf {1 Xwllz |w e K, Jwll; =1},

and define i (X, K) : = inf {HX'ng |w € K, |2 2wy = 1}. Then, because K is a cone

(and so is scale invariant),

Ko (X,K) >R (X,K)- min 22wy > #_(X,K)k2

min *
lw][2=1

R

Thus, it suffices to show there exists a > 0 depending on A in, Kmin, Kmax, and d such with
high-probability x_ (X, ) > a.

By definition,
~E[#_ (X,K)]=E[ max —|Xw|s]=E] max min u' Xw].
wek wek lu|l2=1
1212 w]|>=1 24/ 2w]l,=1

Recall that the rows of X are distributed iid from N(0, 3 /n). By Gordon’s lemma (Corollary
G.1 of [35])

) 1 1 12
_ < I I
E[f-(X.K)) <E[ max  min Tl Zwla(h w) a2 (2 w, g)]
132w, =1
1 n D=
- E ~ »1/2 < - Gz,
B[ max (2 wg)] <[k L)
=1/ 2w]|=1
- n +1_Amin7
n+1

where the second-to-last equality uses E[||hl2] > \/?% and the definition of G(x,X), and

the last inequality uses the upper bound on the Gaussian width (95). For all n > 2 we have

Vn/(n+1)>+/(n—1)/n>1- ﬁ Thus, for 7 > v/2/Amin, E[F_ (X, K)] > Amin/2.

The quantity #_(X,K) as a function of X »-1/2 s ﬁ—Lipschitz with respect to the

Frobenius norm. Thus
P(i_(X,K) <E[i_(X,K)] —t) <e /2,

Taking t = Apin/4 and using E[f_ (X, K)] > Amin/2 gives P(k_ (X, K) < k2 Amin/4)

. <
min —
e "A%hin/32_ The proof of inequality (94) is complete. O

LEMMA B.15. Assume 0* is (s,v/0(1 — Apin), M)-approximately sparse for the ma-
trix . If n > ﬂ/Amin, then there exist constants C,Cy,co > 0 depending only on
0, Amin, Kmin,s Kmax, Amin, Amax, and 0 such that

©6) P (w € Dhmin Ml £ [0+ 5725, — 07| < c) > 1= Cpeeon.
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PROOF OF LEMMA B.15. The proof follows almost exactly that for [35, Proposition
C.4], using Lemma B.14. The primary difference is the approximation of 8* by 6*.

Because 0% is (s, N (1 — Amin), M )-approximately sparse, there exists 8* € RP and x €
{~1,0,1}? such that . [|0* — 6*[|y <M, € 9||6*||1, and G(z, %) < V(1 — Amin). Note
that

)‘ * — - * >‘ 0 * — - N* N * *
= (0" + =712 — 10711 ) = = (116" + =712 | (16711 — 2/16" — 671 )

A/ R _
> 2 (116" + =251~ 8*]) - 2AM.
n
We show that the high probability event (96) is implied by the event
A= {6 +wl — 161 <0 = | Xwla> alwlz} () {llzll2 < 27}
where @ is as in Lemma B.14. On this event, C(9*) < C\(0) = 0?||z||3/(2n) < 202, whence
1 0* — -~ N*
;;(He + V25, — |6 m) < 202/ Ain + 2M
which further implies
1 * — - *
97) = (16" + =728 = 10711 ) < 207/ Auwin + 40
Let @w* = X~1/25*. On the event A, we also have

R 1 N A
202 ZC(UA) > 2—”02 —X'w’\H% — —||wA|]1 —2\M
n n

> L@ - T2l - @ — 20
= 4n 27 g2 5

a | AVD |~
> L3 - 0” — 2P — 220

n n

We conclude that

2

1 \/ A
— <24/202 4+ 2 M + — < C(1 M
¢#MWh_ 02+ 20M + =5 <C(1+ A+ M),

for C' depending only on o, a, d, so in fact only on o, Amin, 0, Kmin, Fmax. Lhen

1, .. 1 ~
(98) —C5 (14 Appax + M) < —5HwAH1 < —(lle" + @1 —[|6"]1)-
The event A has probability at least 1 — Che™“"™ by Lemma B.14 and concentration of
Lipschitz functions of Gaussian vectors, where Cy, ¢g depend only §, Anin, Kmin, and Kmax.
Lemma B.15 now follows by combining (97) and (98). ]

Lemma B.12 follows from Lemma B.15 by exactly the same argument in the proof of [35,
Lemma C.5].

B.7.2. Proof of Lemma B.13. Recall from the proof of Lemma A.2 (in particular,
Eq. (42)) that 7}, where the latter is viewed as a function of g and hence an element of
L?(RP;RP), is the unique minimizer of &*. By optimality,

O'2 A Araf,h A * —1/2-f, *
09 G =602 @) 2 TE{0 + 278 ()~ 0] }
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We now find also a lower bound on the right-hand side. Because 6 is (s, V/6(1 — Apin), M)-
approximately sparse, there exists 8* € R? and « € {—1,0, 1} such that I%HB* -0 <M,

x € 0)|0*||1, and G(x,3) < v/§(1 — Apin). Note that
A

n

* — fo * A N * — fo N* N * *
E{[6"+=71/%) 1 — 0°]11 } = “E{ 6"+ 27181 — 16°]), — 2//6" — 671 }

A 2) -~ 0*
> ﬁE{HB* + V2 — |6 |yl} —2AM.

By the definition of Gaussian width (see Eq. (10)), either
A = N _
“E{]16"+ =725y — 0711} 2 0,
n

or

2 1 /57| 12 DA 2\ A
g _ éo)\(o) > (ga)\(;v\f,)\) > - <H'U HL . g<x> )H'U HL ) . gE{||2_1/2’l7f”\(g)|l1} M
+

2 2 vn Vnd
‘|"Aff’AH%2 2 A —1/2f
>7A-——E{E /251, }—QAM
> AL, - E (B g)
> H'Ef)\”%ﬁ A2 . AKmax ”'l/;f’)\HL2 — oM.

m min \/g \/ﬁ
In the latter case, we conclude

57| 2 o?  NKia
W Wee o foanr+ T x
Jn = Tyt osaz

min

Thus, in this case
(100)

1 /oA Akmax [|072| 2
fIE{ 0"+ X% 12552, — |16 }2— e 2 _2\M
—E{| =i} = —= 2
2 2 2
Kmax o A2 K
Z_ 2 2)\111 XM+ max+ max max_QM‘
Ve * 2 20A2

Combining Egs. (99) and (100), there exists C' depending only on Ppodel, Amin, M, and §
such that

1 ~
fIE{HO* + 2G5
mn

- ||0*rl}\ <.

By Theorem 2, the solutions to the fixed point equations (8a) and (8b) are bounded by some
parameters Prixpt = (Cmin, Cmax, Tmin, Tmax) Which depend only on Prodels Ymins Amins M,
and d. By the proof of Lemma A.5, there exists r,a > 0 depending only on Pp,odel, PoxPt»
and ¢ such that &* is a/n strongly-convex in the neighborhood ||v — & || 2 /v/n < r around
its minimizer. Thus, we conclude for any v € L? we have

EXNw) 2 @) + h(llv = 0712/ Vn)

where h(z) := min{ax?/2, ar|x|/2}. It worth emphasizing that this bound holds for with the
same a, 7 for all A\ € [Amin, Amax)- Then direct calculations further give

EMNOMY) > &0 + h(|[o7 = oI 2 /) = EY (B5) + h(|]p7 N — 5
> EN (@) + 2h([o7 — BN |2 /v/n) = CIN = A|
> ENOIA) + an (|7 — 3|2 /) — 201N = )|,

|L2/v/n) = CIN = A|
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where the last inequality holds by the same string of manipulations justifying the first three.
Take ¢/ = ar?/C.If |A — X| < ¢, we have h(||[o/ — /|12 //n) < ar?/2, whence in fact

, R DFN 52 PRy R
h(||[ofA — 5|2 /v/n) = allo? =07 iz We conclude [0 — 52| 2/ /P < 1/%|)\ —

2n

N [Y/2_ Therefore the claimed result holds with K = / %.

B.8. Control of the emprical distribution: proof of Corollary 7. In the fixed design
model, let I be uniformly distributed on [p] independently of g. Let u., be the distribution

of (9?,5}0) For any k, we have 2 Y7 ¢, (07 67) is Tn_l/Q/\/j)-Lipschitz in g, so that by

1074 min
Gaussian concentration of Lipscﬁitz functions,

P p
P (‘; ; o (07,0]) —E [; ; o(67,67 )} ‘ > t) < 90~ Rt/ T

whence E H% P o(0r,07) —E[l b (67 §f)} H < C/,/p, for some C depend-

74 D 74
ing on Prodel, Paxpt- Summing the above inequality over £ = 1,...,00, we obtain

that E [dw* (% P 59;751; ; M*)} < C/,/p. Note further that d,,- (% P 69375{ , ,u*> is
Tmaxﬁ;ilr{ 2/ /p-Lipschitz in g. Applying Gaussian Lipschitz concentration in the fixed de-
sign model, we conclude the second inequality in Corollary 7. In addition, applying Theorem
6, we conclude the first inequality in Corollary 7.

C. Auxiliary results and proofs.

C.1. Gaussian width under correlated designs: proof of Proposition 3.

PROOF OF PROPOSITION 3. Let us first establish the following relation

1/2 *
(101) Gz, %) < s mgw ([lzlo/p)
To start with, notice that
1 (S . kY2 > )
(102) sup  —(v,g)r>= sup oz (. g). SNT/Z sup Bw.g)1 w;/g;ﬁ 7
veD(x,X) P wep(@1,)  PlIEw|r: Kin WEDP(@L)  DKmax
[vll32/p<1 w32 /p<1 w3 /p<1

where in the equality we have used that w < ||w|| 2 Xw/||Xw|| 22 is a bijection between the

sets over which the suprema are taken, and in the inequality we have used that the supremum
1/2
min

is positive (because w = 0 is feasible) and ||w||12/||Zw||z> > K
maximization on the right-hand side is

. The Lagrangian for the

1 1
Ls(w;k,§) = WE[WTEVQQ] + g <1 --E [Hw”%]) - §E[Z%‘wy‘ + HwSc”J
PRmax p p jes

1 w'S2g &k

k 2
=5t E R 5”“’”2 —¢ ijwj + [|ws-

max jES

1

The optimal w € L? maximizes the integrand for almost every g, whence

k1 w'T2g & 9
sup Le(w;k,8) ==+ —-FE | sup { ————— — =||lw||5 — & Tiw; + ||wge
sup Lxwin§) =5+ B | swp 3 D6 | Y+

max jes

1
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We emphasize that the dummy variable w is in L? on the left-hand side and R? on
the right-hand side. We apply the Sudakov-Fernique inequality [1, Theorem 2.2.3] to up-
per bound the expectation in the preceding display. Indeed, for w,w’ € RP, we have
E[wal/Qg/nrln/gx} =E[w'g] =0 and Var((w — w’)TEl/Qg/mrlI{aQX) < Var((w —w') " g)
because | X1/2/ ni{fxnop < 1. Thus, the Sudakov-Fernique inequality implies

k 1 K
sup Lx(wir,§) < - +-E | sup Sw'g— ~|lwl3 —¢ | D zjw; + ||Jwge
wel? 2 p weR? 2 jes

1 = sup ﬁlp(wﬂ‘é,f)-
welL?

For any £,£ > 0, supy,cr2 L5(w; £,€) > SUP wep(a,1,) <§;::{5/’2L2 , whence, by Eq. (102),
lw]?./p<1 e

G(x,X)= sup 1<v,g)Lz < /{iéid sup Ly, (w;k,§).
veD(z,X) P weL?
vll3./p<1
Note that Ly (w;k,§) is the Lagrangian for the optimization Eq. (10) defining G(x,I,).
Because the constraints on w in this optimization are strictly feasible, strong duality holds.
Thus, Eq. (101) follows by taking the infimum over x, & > 0 in the preceding display.
Parts (a) and (b) of Proposition 3 now follow from the following constructions.

(a) If [|6*]|d/p < v7 for some v > 0 and ¢ > 0, take a to be supported on the largest
[pe*(Kcond; 0/2)] coordinates of 8* and take 7 = 07 for j € supp(z) and 0 other-

wise. We have an upper bound on the Gaussian width of /4/2 and an upper bound on
|0 — 6*||1/p of M =v(1 —*(Kcond,9/2)).

(b) If [|0*|l0/p < £*(Kcond, @) for some o < 6, take x to have support size |pe*(Keond, @) ]
with support containing supp(0*)® and take 8* = 6*. We have an upper bound on the
Gaussian width of v/ and an upper bound on ||@* — 6*||1/p of M =0,

The proof of Proposition 3 is complete. O

C.2. Properties of the design matrix. Given every integer j € {1,...,p}, each row of our
design matrix is sampled independently from a multivariate Gaussian distribution, namely

1 - o
forizl,...,n (XLJ',XZ‘.,j)NN <0,2) Y= ( Ej’j 2]’_] > s
n YjjBj—j
where the 1/n factor is due to the normalization of the design matrix. Here X ; stands for the
covariate corresponding to the j-th coordinate of @ and X _; € R®~1) stands for covariates
corresponding to rest of 6.

Let us further define XjL =X - Zj,_jE:}ﬁjX_j for every j € {1,...,p} and the
sampled version ot = ;i — X_j E:} -~ jE, j,j € R™. Then the linear model can be written
as

y=a"0;+X ;(6°;+0;2°; T ;) +oz
In addition, we state without proof the following straightforward properties.

-1 -1

Xi| X N2 X, (2 — 55758 55)-

1 -1
XXy N, (25— %5557 8 55)

1 —1

X5~ N0, 5(85 — 25875 _385))-

The entries of & are i.i.d with distribution N(0, 1(%; ; — 2j7_j2:;7_j2_j7j)).

8Note it is important that = have support large enough, even if 8™ is sparser than ¥ (k¢pq, @)-
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D. Additional Simulations.

D.1. Hidden Markov model specification. In the hidden Markov model, the covariates
x;j are conditionally independent given latent states s;; which are generated according to a
Markov chain. In particular, the distribution satisfies P(s;(j11) | {sic}e<j) = P(si(j41) | 8ij)-
The latent states (values for s;;) and observed values (values of x;;) in the hidden Markov
model that we consider here, take values in {1,2,3,4,5}. Both the transition and emission
probabilities are given by a symmetric random walk with reflection at the boundary; that is,

1/2 be{2,3,4} and |a — b| =1,
]P)(Si(j+1) :a]sij :b):]P’(:):ij:a]sij :b): 1 be {1,2} and ’a*b| =1,
0 otherwise.
We initialize this Markov chain (i.e., s;1) from its stationary distribution. In this case, the
covariance of x;; and z;; is only a function of |j — j'|, as plotted below. We see that covari-

ates which are within approximately distance 10 of each other have non-trivial correlation.
HMM Covariance Matrix

159 »

1.09

0.59

0.04  T%ccecsicstcccceccccrccccesescescccescone

D.2. Debiasing under Gaussian ARI models. Here we collect simulations which repeat
those in Figure 1 at different model parameters. These simulations demonstrate the success
of debiasing at many settings of the model parameters. In particular, we run the simulations
varying the correlation parameter p = 0,.5,.8 and the sample size n = 25,50, 75,100. We
show the legend for the first two plots. The legend for the remaining plots is the same.
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