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Evolution of Al models

z Tell me a joke about statisticians
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Diffusion models hold great promises

Diffusion Models Beat GANs on Image Synthesis

Prafulla Dhariwal* Alex Nichol*
OpenAl OpenAl
prafullaQopenai . com alexopenai.com

NeurlPS 2021, cited 10023
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Diffusion models hold great promises

Diffusion Models Beat GANs on Image Synthesis

Prafulla Dhariwal* Alex Nichol*
OpenAl OpenAl
prafullaQopenai . com alexopenai.com

Generative Al imagines new protein structures
“FrameDiff” is a computational tool that uses generative Al to craft new
protein structures, with the aim of accelerating drug development and
improving gene therapy.

Rachel Gordon | MIT CSAIL
July 12,2023
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Diffusion models hold great promises

Diffusion models are now
Diffusion Models Beiturbo_chargmg reinforcement
learning systems

By Ben Dickson - Harch

Prafulla Dhariwal*
OpenAl

Generative Al imagine

“FrameDiff” is a computational tc
protein structures, with the aim o
improving gene therapy.

Rachel Gordon | MIT CSAIL
July 12,2023
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Diffusion models hold great promises

Diffusion models are now
turbocharging reinforcement
learning systems

By Ben Dickson - Harch 4, 2024

Diffusion Models Be:

praull Dharival ScienceAdvances

OpenAl

Generative Al imagine FXW¥indé %0

“FrameDiff” is a computational tc . )
Generative emulation of [weather forecast|ensembles

protein structures, with the aim o
with diffusion models

improving gene therapy.

Rachel Gordon | MIT CSAIL
July 12,2023

SCIENCE ADVANCES

Stable Diffusion Based Solution for
Medical Imaging

By NETSOL Technologies on October 23, 2023
In this blog post, we'll deeply dive into the fascinatiigworld of stable diffusion-based solutions and
explore how they work alongside generative Al totake medical imaging to the next level

> A

Microsoft Team Uses Diffusion Model
FFor Materials Science |

By John Werner, Contributor. @ | am an MIT Senior Fellow & Lecturer, 5x-... v Follow Author |

Published Jan 21, 2025, 03:40am EST
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Generative modeling

training data
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Given training data X" ~ py... (1 <i < N) in R?
—_————

from a general distribution
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Generative modeling

training data new samples
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e Given training data X' ~ py .. (1 <i < N) in R?
—_————

from a general distribution

e Generate new samples Y ~ pgata
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A natural approach: density estimation

e learn the distribution directly (parameterized by 0):

e—fo(x)

where Zy is a normalizing constant depending on 6

6/ 124



A natural approach: density estimation

e learn the distribution directly (parameterized by 0):

e—fo(x)

where Zy is a normalizing constant depending on 6

e Use maximum likelihood (or posterior) to estimate 6:

N
max ) | logp(X; | )

i=1
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A natural approach: density estimation

e learn the distribution directly (parameterized by 0):

e—fo(x)

where Zy is a normalizing constant depending on 6

e Use maximum likelihood (or posterior) to estimate 6:

N
log p(X; | 6) —> Intractable!
meaxz ogp(X; | 6) ntractable

i=1
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Another approach: score function

The (Stein) score function of a distribution p(z) is defined as

s(z) := Vylogpx(x).

Note that
effg(z)
Viogp(z | 0) = Vylog
Zg
= _vxfé'(x)

getting rid of the annoying Zj!
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Another approach: score function

The (Stein) score function of a distribution p(z) is defined as

s(z) := Vylogpx ().

Note that
effg(z)
Viogp(z | 0) = V;log
Zg
= _vxfé'(x)

getting rid of the annoying Zj!
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Score function of Gaussian mixtures

The score function points towards regions of higher probability.J
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noise noise noise

o forward process: diffuse data into noise
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noise noise noise

denoise denoise denoise

o forward process: diffuse data into noise

e reverse process: convert pure noise into data-like distributions
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noise noise

............ 1/'2 € @ @ @ Qe R TEPERPP

Stein score function
O [s0=

e forward process: diffuse data into noise

A

e reverse process: convert pure noise into data-like distributions
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noise noise noise

............ }/2 G @@ @ Lo oo YT

A g
Stein score function
s3(-) |st() = Viogpx, ()| s7(*)

e forward process: diffuse data into noise

e reverse process: convert pure noise into data-like distributions

Goal: Y, ~X;, t=T,--,1 J
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Score is all you need
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Score is all you need

d
How to learn a reverse process s.t. Y; ~ X;, fort =T, --- ,17

It is feasible as long as one knows the score function V log px,(x)
—_————

w.r.t. X

) dX, = —X.dr + V2dB, ) .
data dist =~ Xo > X7 ~ noise dist

Forward SDE: Ornstein-Uhlenbeck Process

9/ 124
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Score is all you need

d
How to learn a reverse process s.t. Y; ~ X;, fort =T, --- ,17

It is feasible as long as one knows the score function V log px,(x)
—_————

w.r.t. X
dY; = (Y; + Vlogpx, . (Y7)) dr

----------- vt

.

. dX,; = —X,dr + V2dB. o
data dist &~ Xo - — X7 =~ noise dist

Forward SDE: Ornstein-Uhlenbeck Process

.3 3
.......... Reverse SDE ______..‘-

dY, = (Y + 2V logpx, . (Y1) dr + V2dB,
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—Anderson’'82; Haussmann and Pardoux’'86; Song et el.’20...



Towards mathematical theory for diffusion models

e hard to develop full-fledged end-to-end theory
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Towards mathematical theory for diffusion models

e hard to develop full-fledged end-to-end theory

&< decouple
e ‘“divide-and-conquer”: score learning < X — sampling
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A divide-and-conquer approach

— Li, Lu, Tan'22
— Chen, Chewi, Li, Li, Salim, Zhang '22
— Benton, De Bortoli, Doucet, Deligiannidis '23

denoising network

learn s;(+) = Vlog px,(-)

1. score learning/matching: learn estimates s;(-) for Vlogpx,(+)
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A divide-and-conquer approach

— Li, Lu, Tan'22
— Chen, Chewi, Li, Li, Salim, Zhang '22
— Benton, De Bortoli, Doucet, Deligiannidis '23

denoising network

learn s:(-) =~ Vlog px,(+)

1. score learning/matching: learn estimates s;(-) for Vlogpx,(+)

2. data generation: sampling w/ aid of score estimates {s:(-)}, ,,



Score matching via denoising

XOdiataa Xt:\/EtXO—'_ Vl_atN(O)Id)7 1 StST
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Score matching via denoising

Xo ~ Pdatas Xt = VauXo+vV1I—aN(0,1g), 1<t<T

Tweedie's formula (Hyvarinen'05; Vincent'11):

s*(z) =

1 ~ ~ J—
“7i:ff:%§j E [Ll/ | VaXo+V1I—aW = 1&

where the expectation is taken over W ~ N(0, 1), Xo ~ Pdata-
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Score matching via denoising

Xo ~ Pdatas Xt = VauXo+vV1I—aN(0,1g), 1<t<T

Tweedie's formula (Hyvarinen'05; Vincent'11):

1
———EK
RV4 1-— ¢

where the expectation is taken over W ~ N(0, 1), Xo ~ Pdata-

s*(z) =

W | Vaxo+vI—@w =ql,

e nonparametric methods Wibisono et al.’24; Zhang et al.24; Dou et al.24
o AMP wWu & Montanari'23

e neural networks Cole and Lu'24, Mei and Wu'23, Oko et al.23
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Agenda:

1.

2.

non-asymptotic convergence theory
adaptation to (unknown) low dimensionality
acceleration via higher-order approximation
provable benefits of diffusion guidance
diffusion models for inverse problems

discrete diffusion (or diffusion language models)



Part 1: nonasymptotic convergence theory

Yuling Yan Yuchen Jiao
DE Shaw CUHK UluC

Yuxin Chen Yuejie Chi Yuting Wei
UPenn Yale UPenn



Two mainstream approaches

Denoising Diffusion Probabilistic Models

Jonathan Ho Ajay Jain Pieter Abbeel
UC Berkeley UC Berkeley UC Berkeley
jonathanho@berkeley.edu ajayj@berkeley.edu pabbeel@cs.berkeley.edu

DENOISING DIFFUSION IMPLICIT MODELS

Jiaming Song, Chenlin Meng & Stefano Ermon
Stanford University
{tsong, chenlin, ermon}@cs.stanford.edu
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DDPM vs. DDIM

noise noise noise

forward process: X ~ pqata (target distribution)

Xi=VauXi 1 +V1i—a N0, ;) t>1

e (3 := 1 — a4 controls variance of injected noise
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DDPM vs. DDIM

denbhe de5obe denoise
— Ho, Jain, Abbeel '20

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
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DDPM vs. DDIM

denbhe de5obe denoise
— Ho, Jain, Abbeel '20

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
Yr ~ N(Oa Id)

1
thfl = \/TT(YZ—F?]?dpmSt(YVt)—I—O'?dpm/\/’(o,]d)), t:T’7 ,1

deterministic stochastic
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DDPM vs. DDIM

denoise denoise denoise

— Song, Meng, Ermon '20
— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole 20

2. A deterministic sampler: denoising diffusion implicit models

DDIM; or probability flow ODE
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DDPM vs. DDIM

denoise denoise denoise

— Song, Meng, Ermon '20
— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole 20

2. A deterministic sampler: denoising diffusion implicit models

DDIM; or probability flow ODE
Yr ~ N(0, Iy)

1 .
Y;f—l - ﬁ(n +77?dlmst(}/;f))a t= Ta e 71

deterministic
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Interpretations from lens of SDE/ODE

X3

b to ts

discrete-time continuous-time
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Interpretations from lens of SDE/ODE

X3 ’
X, /*”/ s~
X, AT (“““““““““‘w /X
t ts ts
discrete-time continuous-time
forward process Xy = 1= B Xe—1+V/BN(0, Iy)

— dXt:f%,B(t)XtdtJr\/ﬁ(t)th (SDE)
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Interpretations from lens of SDE/ODE

X3
x, N S~
Xi A ﬁ‘ X
- | —.
b ta ts
discrete-time continuous-time
forward process Xy = 1- B Xe—1 + V/BN(0, Iy)

— dXt:f%ﬂ(t)XtdtJr\/ﬁ(t)th (SDE)

e J reverse-time SDE w/ same path distribution (Anderson '82)

AY; = (Y, + 255 ,(V2)) B(T — t)dt + /28(T — t) AW,
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Interpretations from lens of SDE/ODE

X3
x, N S~
X, A ‘—‘ / x
[, | —.
b 123 i3
discrete-time continuous-time
forward process Xy = 1- B Xe—1 + V/BN(0, Iy)

— dXt:f%ﬂ(t)XtdtJr\/ﬁ(t)th (SDE)

e J reverse-time SDE w/ same path distribution (Anderson '82)

time discretization DDPM
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Xi A ﬁ‘ X
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b 123 i3
discrete-time continuous-time
forward process Xy = 1- B Xe—1 + V/BN(0, Iy)

— dXt:f%ﬂ(t)XtdtJr\/ﬁ(t)th (SDE)

e  reverse-time ODE w/ same marginal dist (Song et al. '20)

dYy = (Vi + s7_,(Y2)) B(T — t)dt
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Interpretations from lens of SDE/ODE

X3
x, N S~
X, A ‘—‘ / x
[, | —.
b 123 i3
discrete-time continuous-time
forward process Xy = 1- B Xe—1 + V/BN(0, Iy)

— dXt:f%ﬂ(t)XtdtJr\/ﬁ(t)th (SDE)

e  reverse-time ODE w/ same marginal dist (Song et al. '20)

time discretization DDIM
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Key takeaway: in continuous-time limits, sampling is feasible once
exact score functions are available

— almost no restriction on target data distributions



Key takeaway: in continuous-time limits, sampling is feasible once
exact score functions are available

— almost no restriction on target data distributions

Questions:
e what happens in discrete time? — effect of discretization error

e what if we only have imperfect scores? = — effect of score error



An incomplete list of prior theory

Lee, Lu, Tan'22

Chen, Chewi, Li, Li, Salim, Zhang'22
Chen, Lee, Lu'22

Lee, Lu, Tan'23

Chen, Daras, Dimakis '23

Chen, Chewi, Lee, Li, Lu, Salim'23
Benton, De Bortoli, Doucet,
Deligiannidis '23

Li, Wei, Chen, Chi’'23

Benton, Deligiannidis, Doucet '23
Cheng, Lu, Tan, Xie'23

Tang '23

Li, Wei, Chi, Chen'24

Li, Yan'24a, '24b

Azangulov, Deligiannidis, Rousseau '24
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Huang, Wei, Chen 24
Gao, Zhu '24
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Li, Jiao'24

Li, Di, Gu'24
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Liang, Huang, Chen'25
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Yu, Yu'25
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Li, Zhou, Wei, Chen'25
Jain, Zhang '25

Jiao, Zhou, Li'25
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Typical assumptions

e log-concavity of target distribution pyata
e smoothness of score function s} = V log p(x)

e /y, / {3 loss of the score estimate
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Our assumptions: target distribution pg.,:,

P(|| Xo|l2 < T°®) =1 for arbitrarily large const cg > 0
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Our assumptions: target distribution pg.,:,

P(|| Xo|l2 < T°®) =1 for arbitrarily large const cg > 0

e support size can be very large
e very general: no need of log-concavity, smoothness, etc

e can also be replaced by E[|| Xo||2] < T°M for large const cps

22/ 124



Our assumptions: score estimates {s;(-)}

e (9 score estimation error: sf(X) = Vlogpx,(X),
1 X

72 B (150 = s (O] < e

t:1
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Our assumptions: score estimates {s;(-)}

e (5 score estimation error: s;(X) = Vlogpx,(X),

- ZXNIE;;;Xt [Hst ) ( )H } = score

t:1

o much weaker than pointwise score error assumption
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Our assumptions: score estimates {s;(-)}

e (5 score estimation error: s;(X) = Vlogpx,(X),
1 L

72 B (150 = s (O] < e

t:1

o much weaker than pointwise score error assumption
o suffices for DDPM but not DDIM (counterexample in Li et al. '24)
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Our assumptions: score estimates {s;(-)}

e (5 score estimation error: s;(X) = Vlogpx,(X),

IO (100 - 5 (01E] < e

t=1

o much weaker than pointwise score error assumption
o suffices for DDPM but not DDIM (counterexample in Li et al. '24)

e Jacobian estimation error (for DDIM only):

1 T
T2 &

=1 ~PXy

[H Ost oy _ 05t

X < acobi
0] < 2

23/ 124



Assumptions: learning rates

X0 ~ Pdata, Xt = VoueXi—1 + V1 —aN(0, 1)

e learning rates: for some consts ¢y, c; > 0,

1 1
_al_ﬁ

cilogT . c1log T\t
170%: 1Tg mln{(lal)(1+ 1Tg )71}

2 phases: exp growth — flat
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A glimpse of convergence theory (up to log factor)

KL(px, | pvy) S d?/T? + €%, (Jiao, Zhou, Li'25)

DDPM: . ,
TV(px,,pvi) S d/T + €score (Li, Yan '24)
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KL(px, | pvy) S d?/T? + €%, (Jiao, Zhou, Li'25)

DDPM: . ,
TV(px,,pvi) S d/T + €score (Li, Yan '24)

e iteration complexity: d/c (assuming accurate scores)

to yield KL <&2

e iteration complexity: d/c (assuming accurate scores)

to yield TV <e
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A glimpse of convergence theory (up to log factor)

KL(px, | pvy) S d?/T? + €%, (Jiao, Zhou, Li'25)

DDPM: . ,
TV(px,,pvi) S d/T + €score (Li, Yan '24)

e iteration complexity: d/c (assuming accurate scores)

to yield KL <&2

e iteration complexity: d/c (assuming accurate scores)

to yield TV <e

o Pinsker inequality (TV < y/1KL) is loose when bounding TV
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e stability: degrades gracefully as eqcore T

25/ 124



A glimpse of convergence theory (up to log factor)

KL(px, | pvy) S d?/T? + €%, (Jiao, Zhou, Li'25)

DDPM: . ,
TV(px,,pvi) S d/T + €score (Li, Yan '24)

iteration complexity: d/c (assuming accurate scores)

to yield KL <&2

iteration complexity: d/c (assuming accurate scores)

to yield TV <e

stability: degrades gracefully as escore T and €jacobi T

general data distribution: no need of smoothness, log-concavity
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A glimpse of convergence theory (up to log factor)

KL(px, || py,) < d2/T2? 4+ €2, (Jiao, Zhou, Li’25)
TV(px,:pvi) S d/T + €score (Li, Yan '24)

DDIM: TV (px,,pv;) < d/T + Vdescore + dejacobi  (Li et al. '24)

DDPM:

iteration complexity: d/c (assuming accurate scores)

to yield KL <&2

iteration complexity: d/c (assuming accurate scores)

to yield TV <e

stability: degrades gracefully as escore T and €jacobi T

general data distribution: no need of smoothness, log-concavity
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Analysis strategy # 1 (for DDPM)

— Chen, Chewi, Li, Li, Salim, Zhang '22, Chen, Lee, Lu'22, Tang, Zhao '24
— Benton, De Bortoli, Doucet, Deligiannidis '23, Huang, Wei, Chen '24

X3

discrete-time continuous-time

control discretization error
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Analysis strategy # 1 (for DDPM)

— Chen, Chewi, Li, Li, Salim, Zhang '22, Chen, Lee, Lu'22, Tang, Zhao '24
— Benton, De Bortoli, Doucet, Deligiannidis '23, Huang, Wei, Chen '24

X3

R >

t ts t3
discrete-time continuous-time

/ X(t)

control discretization error

Analogy: (stochastic) gradient descent vs. gradient flow, TD learning via ODE
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Analysis strategy # 1 (for DDPM)

— Chen, Chewi, Li, Li, Salim, Zhang '22, Chen, Lee, Lu'22, Tang, Zhao '24
— Benton, De Bortoli, Doucet, Deligiannidis '23, Huang, Wei, Chen '24

X3

X, /
/Xt

[/” adl ‘ ‘

t ts t3
discrete-time continuous-time

control discretization error

2 key steps:

e apply change of measure (e.g. Girsanov thm) to show

KL (Pt || pedem) < / w(t)E [Hdrift““eu) — drift®dPm (1) ||] " dt + small-term

score error + discretization error
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Analysis strategy # 1 (for DDPM)

— Chen, Chewi, Li, Li, Salim, Zhang '22, Chen, Lee, Lu'22, Tang, Zhao '24
— Benton, De Bortoli, Doucet, Deligiannidis '23, Huang, Wei, Chen '24

X3

R >

t ts t3
discrete-time continuous-time

/ X(t)

control discretization error

2 key steps:

e leverage stochastic localization to chacracterize

discretization error <™ E[Cov(Xy | X¢)]

26/ 124



Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25

Tackle discrete-time process directly & track changes of, e.g., TV
distance
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25

Tackle discrete-time process directly & track changes of, e.g., TV
distance

yields state-of-the-art theory for DDIM & DDPM! )
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

1 Bt
1—BeXt 1+ /BN, I), Yi1= Ye + st(Y2)
1— B¢ 24/1— B¢
= D¢ (Yt)
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

TV(pX“th) 0 = pyi(ye) ~1 Vy: €& (some “typical” set)

px, (Yt)
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

TV(pxt,pyt) ~ 0 — IZ;Yti((Zt)) ~1 Vy €& (some “typical” set)
x, (Yt
I I
t—1 t T
v

(Pe(yr) Py (Pulyr)) ( Px, 1 (Pe(wr)) >71P)/}(.Ut)
px, 1 (Pe(y2)) Py, (Yt) px, (Yr) px, (Ye)

relation btw Y; & Y; 1 relation btw X; & X1
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

Py (yt)

TV(pX“pyt) ~0 — P, (W) ~1 Vy €& (some “typical” set)
t
I I
t—1 t T
4 —1
Py (Pi()) v (Pu(yr)) ( Pxi_i (Pe(3)) > py: (yt)
Pxoy (Pe(ye)) Py, (yt) px, (Ye) px, (Yt)

relation btw Y; & Y; 1 relation btw X; & X1
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Analysis strategy # 2 (for DDIM & DDPM)

— Li, Wei, Chen, Chi’24, Li, Wei, Chi, Chen '24
— Li, Yan 24, Liang, Huang, Chen 25, Jiao, Zhou, Li’'25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

Py (yt)

TV(pX“th) ~0 — P, (00) ~1 Vy: €& (some “typical” set)
DPx:\Yt
I I
t—1 t T
!
'I
4 —1
Py (Pi()) v (Pu(yr)) ( Px, 1 (Pe(wr)) > Py, (Y1)
px, o, (Pe(ye)) Py, (Ut) px, (Yt) px, (Yt)
relation btw Y; & Y; 1 relation btw X; & X1
rd “u
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Part 2: adaptation to (unknown) low dimensionality

Yuling Yan Changxiao Cai
DE Shaw UMich

Jiadong Liang Zhihan Huang Yuxin Chen Yuting Wei
UPenn UPenn UPenn UPenn



Recap: theory for mainstream diffusion models

Denoising Diffusion Probabilistic Models DENOISING DIFFUSION IMPLICIT MODELS

Jiaming Song, Chenlin Meng & Stefano Ermon

Jonathan Ho Ajay Jain Pieter Abbeel Stanford Un}vcysny
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Theorem 1 (Li, Wei, Chi, Chen’24, Li, Yan’24)
With perfect scores, both DDIM & DDPM yield TV (px,,py,) < € in
O(d/e) iterations

e d: ambient dimension
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d/e iterations are too slow

ImageNet: d = 150, 528 pixels per image
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d /e iterations are too slow ...

ImageNet: d = 150, 528 pixels per image (so g > 10 for moderate ¢)
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d /e iterations are too slow ...

ImageNet: d = 150, 528 pixels per image (so g > 10 for moderate ¢)

In practice, DDIM/DDPM yield good samples in hundreds (or tens)
of iterations . ..
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d/e iterations are too slow ...
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ImageNet: d = 150, 528 pixels per image (so g > 10% for moderate ¢)
k = 43 intrinsic dimension (Pope et al. '21)

In practice, DDIM/DDPM yield good samples in hundreds (or tens)
of iterations . ..
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Can diffusion models adapt to intrinsic low dimensionality?



Intrinsic dimension

The target distribution pyats is said to have intrinsic dimension k if

1
log NV*"(support(pdata)s || - [|2,€0) S klog -

covering number of support of pgata
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Intrinsic dimension

The target distribution pyats is said to have intrinsic dimension k if

1
log NV*"(support(pdata)s || - [|2,€0) S klog -

covering number of support of pyata

k-dimensional linear subspaces

k-dimensional manifolds

union of the above

— see Li, Yan 24, Huang, Wei, Chen '24
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Assumptions

e minimal data assumptions:

CR —
P(| Xoll2 < T ) =1

polynomially large diameter

for arbitrarily large constant cp > 0

e perfect score estimates: s;(-) = Vlogpx,(-)
— not needed; only to simplify presentation
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Convergence theory in KL divergence

Theorem 2 (Li and Yan’'24; Huang, Wei, Chen’24)

DDPM sampler (its original form) yields KL(px, || py,) < € in

O(k/¢) iterations

— related work Azangulov et al. '24, Potaptchik et al.’24
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Convergence theory in KL divergence

Theorem 2 (Li and Yan’'24; Huang, Wei, Chen’24)

DDPM sampler (its original form) yields KL(px, || py,) < € in

O(k/¢) iterations

— related work Azangulov et al. '24, Potaptchik et al.’24

e optimal scaling in k
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Convergence theory in total variation

Theorem 3 (Liang, Huang, Chen '25; Li, Yan '25; Tang, Yan'25)
Both DDPM & DDIM (their original form) yield TV (px,,py,) < € in

O(k/¢) iterations

1 im
DDIM: Y1 = — (Y; + 7" "s1(V2))

[e%7

-3

DDPM: Yio1 =

(Y + {50 (V) + 0§ "N (0, 1))

5
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Convergence theory in total variation

Theorem 3 (Liang, Huang, Chen '25; Li, Yan '25; Tang, Yan'25)
Both DDPM & DDIM (their original form) yield TV (px,,py;) < € in

O(k/¢) iterations

5

DDIM:  Yi ) = — (m+1“‘st(n)>
N

1 (Yt F (1= an)se(Ye) +

(1 — Oét)(()ét — Et)

DDPM: Y;_; = T
— o

N(O,Id)>

5

where @ = Ht

i=1 Y
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Convergence theory in total variation

Theorem 3 (Liang, Huang, Chen '25; Li, Yan '25; Tang, Yan'25)
Both DDPM & DDIM (their original form) yield TV (px,,py,) < € in

O(k/¢) iterations

DDIM: Yj_; = — (m+1“"st(1€e)>
1+

RVAe%3 [ ar—ay
11—
1 (1 70@)(041‘, 7at)
DDPM: Y, 1 = Y: 1-— Y; N\ ————= 1
t—1 \/OTt(t-i‘( ar)se(Ye) + 1-a N(0,14)
where a; = szl e

e originally derived to optimize variational lower bounds!
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Interpretation from lens of SDE/ODE

reverse-time SDE (same distribution as X,):

dY; = (V; + 285 _,(Vy))dt + V2dB,
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Interpretation from lens of SDE/ODE

reverse-time SDE (same distribution as X,):
dY; = (V; + 285 _,(Vy))dt + V2dB,

Tweedie's formula ﬂ
dY; = (e14Ys + c2,B[Xo | Xpoy = V1] )dt + vV2dB,
——

linear drift cond. mean of X

e key enabler: E[X | X;] is “projection” onto low-dimensional structure
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Interpretation from lens of SDE/ODE

reverse-time SDE (same distribution as X,):
dY; = (V; + 285 _,(Vy))dt + V2dB,

Tweedie's formula ﬂ
dY; = (e14Ys + c2,B[Xo | Xpoy = V1] )dt + vV2dB,
——

linear drift cond. mean of X

time-discretize ﬂ

DDIM or DDPM

e key enabler: E[X | X;] is “projection” onto low-dimensional structure

e discretization scheme matters: time-discretize carefully to retain
low-dimensional adaptation
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Can diffusion models adapt to other structures,
e.g. Gaussian mixture models?

figure credit: Dall-E 3 from OpenAl
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An incomplete list of prior art
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An incomplete list of prior art

Gaussian mixture models (Pearson’94)

K
Xo~ Y meN (1, %),

fe=il

Dasgupta’99
Vempala & Wang'04
Arora & Kannan’'05
Kalai et al’10
Moitra & Valiant'10
Hsu & Kakade'l3
Diakonikolas et al.'18
Hopkins & Li'18

e Ghosal & Van Der Vaart'01
e Dwivedi, Wainwright, et al.'20

e Chen'95

e Heinrich & Kahn'18
e Wu & Yang'20

e Doss et al'23

e Saha & Guntuboyina'20

e Ashtiani et al'18

e Shah et al/23

Liang et al’'24

Wu et al’24
Chidambaram et al.24
Chen et al'24
Gatmiry et al.'24
Wang et al'24
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Dimension-free convergence of DDPM for GMMs

Gaussian mixture models (Pearson’'94)

K
XONZﬂkN(uk,E), Zmzl
k=1 =1
Theorem 4 (Li, Cai, Wei'25)
For spherical Gaussian mixture with ¥ = o*1;, DDPM yields

log?(KT)log*T

+ EscoreV/10g T’
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Dimension-free convergence of DDPM for GMMs

Gaussian mixture models (Pearson’'94)

K
XONZﬂkN(uk,E), Zmzl
k=1 =1
Theorem 4 (Li, Cai, Wei'25)
For spherical Gaussian mixture with ¥ = o*1;, DDPM yields

log?(KT)log?T

+ EscoreV/10g T’

e to yield e-accuracy, it requires  O(1/¢) iterations
——

dimension-free
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Dimension-free convergence of DDPM for GMMs

Gaussian mixture models (Pearson’'94)

K
XONZﬂkN(uk,E), Zmzl
k=1 =1
Theorem 4 (Li, Cai, Wei'25)
For spherical Gaussian mixture with ¥ = o*1;, DDPM yields

log?(KT)log*T

+ EscoreV/10g T’

e to yield e-accuracy, it requires  O(1/¢) iterations
——

dimension-free
e stable vis-a-vis score errors
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Dimension-free convergence of DDPM for GMMs

Gaussian mixture models (Pearson’'94)

K
XONZﬂkN(uk,E), Zmzl
k=1 =1
Theorem 4 (Li, Cai, Wei'25)
For spherical Gaussian mixture with ¥ = o*1;, DDPM yields

log?(KT)log*T

+ EscoreV/10g T’

Even in ultra-high-dimension, diffusion models are highly effective in
sampling GMMs!
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Comparison w/ prior theory of GMMs

log?(KT)log* T
(our theory) TV(Xo,Yo) < % + excore/10g T.
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Comparison w/ prior theory of GMMs

log?(KT)log* T
(our theory) TV(Xo,Yo) < % + excore/10g T.

e Liang, Shi, Song, Zhou'24: provides O(d/c?) complexity bound

show no adaptation phenomenon

40/ 124



Comparison w/ prior theory of GMMs

log?(KT)log* T
(our theory) TV(Xo,Yo) < % + excore/10g T.

e Liang, Shi, Song, Zhou'24: provides O(d/c?) complexity bound

show no adaptation phenomenon

e Chen et al'24; Gatmiry et al'24: focus on score estimation using
piecewise polynomial regression + existing DDPM convergence
theory
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Part 3: acceleration via higher-order approximation
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DDPM and DDIM are still slow ...

Low sampling speed! @
100s-1000s steps -

-

A

— Song, Meng, Ermon '20
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DDPM and DDIM are still slow ...

Low sampling speed!
100s-1000s steps

initialize
atipure
Gaussian

50K 3232 images: DDPM (20h) vs. single-step GANs (< 1min)

— Song, Meng, Ermon '20
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! training-based \

pretrained diffusion model ﬁ
( (pretrained scores)

e training-based: distill pre-trained diffusion model into another

requires additional training
model that can be executed rapidly

o e.g., progressive distillation, consistency model
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oW .
o _---->| distilled model |-~~~ ~
%\N 7 N

d'\ﬁ /,’ s S
I training-based N
pretrained fiiffusion model
(pretrained scores) -

~
~~o

-

e training-free: directly invoke pre-trained score estimates for
sampling w/o additional training

o e.g., DPM-Solver/4++ (Lu et al.'22), UniPC (Zhao et al.’23), ...
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Can we design a training-free sampler that is
provably faster than DDIM/DDPM?



Discretization <— approximation

A starting point: equiv solution to probability flow ODE

1 a—1
ode _ ode ode
v = Lo [T L
—— ay
represent Yi_1 represent Y:

where s%(z) = V108D _5xy4 1=907(0,1) (¥)
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Discretization <— approximation

A starting point: equiv solution to probability flow ODE

ode 1 ode G- ] ode
Yat—l = Yat + / _ (Y )d
N—— VO~~~ ar VY
represent Yi_1 represent Y;

infinitely many score evaluations!

where s%(z) = V108D _5xy4 1=907(0,1) (¥)
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Discretization <— approximation

A starting point: equiv solution to probability flow ODE

ode 1 ode G- ] ode
Yat—l = Yat + / _ (Y )d
N—— VO~~~ ar VY
represent Yi_1 represent Y;

infinitely many score evaluations!

where s%(z) = V108D _5xy4 1=907(0,1) (¥)

e can we approximate the integral by a few score evals?
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ode __ 1 Yode

a1 \/0775 ay 3 \/7

(YOde) d'y

approximate by7
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1 |
Ygde _ Ygde / Sk Yode d
Qt—1 \/0775 (623 + 3 W ‘S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)
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1 |
Ygde _ Ygde / Sk Yode d
Qt—1 \/0775 (623 + 3 W ‘S’Y ( vy ) 2

approximate by?
Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

1 1—
= Y= W <Yt + 2%651‘(1/1‘)> original DDIM
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1 |
Ygde _ Ygde / Sk Yode d
Qap—1 \/0775 (623 + 3 W ‘S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€
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1 |
Ygde _ Ygde / Sk Yode d
Qt—1 \/0775 (623 + 3 W ’S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

refined approximation?
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1 |
Ygde _ Ygde / Sk Yode d
Qt—1 \/0775 (623 + 3 W ’S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

refined approximation?

Y- oy

* Yode ~ Y,
S’Y( ¥ ) st ( t)+at_at+1

(St(yt) — St+1 (Yt+1))
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1 |
Ygde _ Ygde / Sk Yode d
Qap—1 \/0775 (623 + 3 W ‘S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)
d . . . .
— iterations; 1 score eval per iteration (DDIM)
€

2nd order approx: (Li, Huang, Efimov, Wei, Chi, Chen'24)

(1— az)?
4(1 — ou41)

l—«

2 tSt(Yt) +

VorYio1 =Y +

(s¢(¥2) — vargisis1(Yer))

— similar in spirit to DPM-Solver-2 (Lu et al '22)
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1 |
Ygde _ Ygde / f Y:ode d
d=1 o * @@ Ve i,/_)/ 7

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

2nd order approx: (Li, Huang, Efimov, Wei, Chi, Chen'24)

poly(d)
NG

iterations; 2 score evals per iteration
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1 |
Ygde _ Ygde / Sk Yode d
Qt—1 \/0775 (623 + 3 W ’S’Y ( vy ) 2

approximate by?

Ist order approx: % (Y0%) ~ s% (Y2%) ~ s,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

even higher-order approximation?
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Qp—1 1

gt [ o a0 @

approximate by?

Ist order approx: s% (Yo%) ~ s% (Y2%) = 5,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

even higher-order approximation? for order K:

1 odey 5 (V55)
3/2 ’y(Y ) ZO§i<K¢l(’Y) (PYt,i)S/Q

e K anchor points: v¢0,..., 7K1
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Qp—1 1

gt [ o a0 @

approximate by?

Ist order approx: s% (Yo%) ~ s% (Y2%) = 5,(V;)

d
— iterations; 1 score eval per iteration (DDIM)
€

even higher-order approximation? for order K:

1 odey . ‘gﬂfﬂ«l(y’;)l(,iz'e)
RSO R D i VOV

e K anchor points: v¢0,..., 7K1

HZ/ 1’#1(7 Ve, 7,’)

e Lagrange basis polynomial: v;(v) ==
i /¢1(7t iVt 1/)
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Proposed K-th order sampler (Li et al.’25)

t—1 t, T
1 -1 ]
Yo = —v2de 4 / — (%) d
at—1 \/OTt at & W /( Y ) Y

approx by deg-(K—1) Lagrange polynomials
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Proposed K-th order sampler (Li et al.’25)

t—1 t, T
x A
1 @1
d d * d
v = [ o A0 @

approx by deg-(K—1) Lagrange polynomials

; ; ode ode
e successively, alternately refine Y2°° and s, , (Y;°F)
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Proposed K-th order sampler (Li et al.’25)

t—1 t T
N
1 w1
yode — — _yode / —  s5 (YOl dy
t—1 \/OTt at & W Y 9
approx by deg-(K—1) Lagrange polynomials

; ; ode ode
e successively, alternately refine Y2°° and s, , (Y;°F)

K score evals per iteration; 5(1) rounds of refinements J

47/ 124



Convergence theory for our accelerated sampler

Theorem 5 (Li, Zhou, Wei, Chen '25)

Consider any K = O(1). With perfect scores, our accelerated
deterministic sampler yields TV (px,,py;) < € in

O(d*2/K J1 /Y jterations
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Convergence theory for our accelerated sampler

Theorem 5 (Li, Zhou, Wei, Chen '25)

Consider any K = O(1). With perfect scores, our accelerated
deterministic sampler yields TV (px,,py;) < € in

O(d*2/K J1 /Y jterations

qlto(1)

e # score function evaluations: i
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Convergence theory for our accelerated sampler

Theorem 5 (Li, Zhou, Wei, Chen '25)

Consider any K = O(1). With perfect scores, our accelerated
deterministic sampler yields TV (px,,py;) < € in

O(d*2/K J1 /Y jterations

qlto(1)

e # score function evaluations: i

e outperforms vanilla DDIM (d/¢)
o substantially improved e-dependency
o almost no loss in d-dependency;
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Convergence theory for our accelerated sampler

Theorem 5 (Li, Zhou, Wei, Chen '25)

Consider any K = O(1). With perfect scores, our accelerated
deterministic sampler yields TV (px,,py;) < € in

O(d*2/K J1 /Y jterations

qlto(1)

e # score function evaluations: i

e outperforms vanilla DDIM (d/¢)
o substantially improved e-dependency
o almost no loss in d-dependency;

e minimal assumptions on data distributions
o see also Huang et al. '24, '25 (Runge-Kutta; stronger assumptions)

48/ 124



Can we design algorithms to improve the dependency on
dimension d?



Non-uniform Lipschitz property

Non-uniform Lipschitz constant L > 1: for every v € (0, 1),

1

P((1=) V()b < L) 21— -
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Non-uniform Lipschitz property

Non-uniform Lipschitz constant L > 1: for every v € (0, 1),

1

P((1=) V()b < L) 21— -

e much weaker than the global || Vs (z)[2 < Lforallz e R%and 7
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Non-uniform Lipschitz property

Non-uniform Lipschitz constant L > 1: for every v € (0, 1),

1

P((1=) V()b < L) 21— -

e much weaker than the global || Vs (z)[2 < Lforallz e R%and 7

e Examples that L is small but Lis large
o Xo~N(u,X%) = L=1, L= oo for singular &

o Xg~ Zthl TN (pn, 02 14) = L < log(d)log(H), L can be
Q([lull3) ~ E[|| Xol3] even when o7 =1

o Xy has indep. entries with E[|Xo ] < d°® = L < logd, L can
be infinite

50/ 124



Convergence theory for DDPM

Theorem 6 (Jiao, Zhou, Li’25)
DDPM yields TV (px,,py;) < & and KL(px, [|lpy;) < €% in

in{L+vd,d
%\m iterations
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Convergence theory for DDPM

Theorem 6 (Jiao, Zhou, Li’25)
DDPM yields TV (px,,py;) < & and KL(px, [|lpy;) < €% in

in{L+vd,d
%\m iterations

e When L = O(1), iteration complexity: v/d/e
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Convergence theory for DDPM

Theorem 6 (Jiao, Zhou, Li’25)
DDPM yields TV (px,,py;) < & and KL(px, [|lpy;) < €% in

in{LVd,d
min{Lvd, d} Vi, dj iterations
€

e When L = O(1), iteration complexity: v/d/e
e When L = O(v/d), sublinear dependency on d
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Convergence theory for DDPM

Theorem 6 (Jiao, Zhou, Li’25)
DDPM yields TV (px,,py;) < & and KL(px, [|lpy;) < €% in

in{LVd,d
min{Lvd, d} Vi, dj iterations
€

e When L = O(1), iteration complexity: v/d/e
e When L = O(v/d), sublinear dependency on d

e When L = O(1), the lower bound is Q(v/d/e)

51/ 124



Sampler based on randomized midpoint

For integral fol f(x)dz, interval width ¢:
e Fixed endpoints: error o || f/[|6
e Randomized midpoints: error o || f/||6%/2
— Gupta et al '24, Shen and Lee '19
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Sampler based on randomized midpoint

For integral fol f(z)dx, interval width o:
e Fixed endpoints: error o || f/[|6
e Randomized midpoints: error o || f/||6%/2
— Gupta et al '24, Shen and Lee '19

For ODE in diffusion models:
d d o d
vt = —var [ st a
apprOX|mate by7

) _
~ L yode | Q-1 Q1 2 (Yo%), oy~ Unif (@, 1))
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Convergence theory for our accelerated sampler

Theorem 7 (Jiao & Li’25)
Our accelerated sampler yields TV (px,,py,) < € in

5 min{d, d?/3L'/3 d'/3L}
( 7

) iterations
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Convergence theory for our accelerated sampler

Theorem 7 (Jiao & Li’25)
Our accelerated sampler yields TV (px,,py,) < € in

~ min{d, d*/3L/3 d'/3L}
o( 7

) iterations

e To achieve sublinear dependency on d, our accelerated sampler
requires L = O(d) vs. DDPM requires L = O(+/d)
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Convergence theory for our accelerated sampler

Theorem 7 (Jiao & Li’25)
Our accelerated sampler yields TV (px,,py,) < € in

~ min{d, d*/3L/3 d'/3L}
o( 7

) iterations

e When L = O(1), O(d'/3) dependency vs. O(d'/2) dependency
of DDPM
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A

Iteration J
complexity L
’
d5/4------------7'-'- Li and Cai (2024) - - -

’

’
,’ Benton et al. (2023),
d ,/__ Liand Yan (2024) _ _

/6
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Forward-value discretization of diffusion ODE

i . ° °
Reverse ODE D PR

— T - _ Aar) - -
X(a_y) = ,/%@th(at) +1—a M (X (@(N), @(N)) dA
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Forward-value discretization of diffusion ODE

X(1) X(ap-1) X(aw) X(0)
L 3 3 °
Reverse ODE D PR

M= 1., ) o =
X(a—1) = 11_7@)((0%) +/1—q e (X @), a(n)) dx

data predictor

Reverse-value discretization of diffusion ODE:

Approx. integrand (X (@(X)), @())) with reverse value at @

1—a;— — 1—0a-1)a _
Yio1 = 17%154 + (\/Oétl - (tl)t>/~L(Yt,at)a
- G

1-1a;

t=T, 2.
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Forward-value discretization of diffusion ODE

o . . o
Forward ODE ~~ weeeeeeee >

Forward-value discretization of diffusion ODE:

Approx. integrand (X (@(X)), @())) with forward value at @4

W 1- Qi W — (]— - aif)atfl W —
th = \/ﬁytfq - ( Qp — 1_7% ,U'(Y;Sfflvatfl)a

t="T,-,2.
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Motivation: diffusion ODE

° ® . .
Discretized forward ODE =~ ===eeeeeee | 2

L—ap l—a;)a
Y = ﬁij + < Q-1 — U-a)a M(thivhat—l)a
—
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Motivation: diffusion ODE

x(1) X@1) X(@) X(0)
° . * ®
Discretized forward ODE =~ =eeeeeeees >

1—ay_ 1-2;1)a
thiv1 = liély;fw + < 1 — ﬂ M(thivpat—l),
- &y

Valid in two extreme cases:

) T = 2: Yifw ~ N(Yf‘”,al) ~ Xl (al ~ 1, 62 ~ 0)
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Motivation: diffusion ODE

x(1) X@1) X(@) X(0)
° . * ®
Discretized forward ODE =~ =eeeeeeees >

1—ay_ 1-2;1)a
thiv1 = liély;fw + < 1 — ﬂ M(thivpat—l),
- &y

Valid in two extreme cases:
) T = 2: Yifw ~ N(Yf‘”,al) ~ Xl (al ~ 1, 62 ~ 0)
o T — oo: u(Y™, @) ~ pu(Y™,@_1) = solve the ODE
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Motivation: diffusion ODE

X(1) X(@1) X(on) X(0)
[ 2 2 .
Discretized forward ODE =~ =weeeeeees >

1-w (1-—a-)
fw t—1 fw — t—1 t fw  —
Y,r = 1_7%3/ ( Q1 — 1_at>N(Yt—170‘t—1)’
t=1T,---,2

Valid in two extreme cases:
o 1T'=2: wa ~ (Yf"",al) ~ X1 (61 ~ 17 Qg ~ 0)
o T — 00: u(Yf‘”,*) ~ u(Yt 1, O 1) = solve the ODE

d
Conjecture: forward-value discretized ODE Y ~ X (@,) for any T' > 2
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Motivation: diffusion ODE

X(1) X(oq) X(a
[ & 4
Discretized forward ODE =~ =weeeeeees

1—ay_
L B L
- &

70
—e— DDIM (order=1) 40 —e— DDIM (order=1)
>~ DPMSolver-2 (order=2) 4~ DPMSolver-2 (order=2)
60 —®— Ours ideal case (order=1) 351 —®— Ours ideal case (order=1)
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Order of our sampler

Recall forward-value discretization of diffusion ODE: fort =T, ..., 2,

1-a,;_ 1-o;.1)a
Y = 1_;;1?%(\/@ U)o t>u(mfivl,at_1).

1—a

Theorem 8 (Jiao, Li, Cai, Li. '25)

The forward-value discretization of diffusion ODE satisfies

1Y — X (@) + Y™ = X (@)]|2 = O(1/T).
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Order of our sampler

Recall forward-value discretization of diffusion ODE: fort =T, ..., 2,

1-a,;_ 1-o;.1)a
Y = 1_;;1?%(\/@ U)o t>u(mfivl,at_1).

11—y

Theorem 8 (Jiao, Li, Cai, Li. '25)

The forward-value discretization of diffusion ODE satisfies

1Y — X (@) + Y™ = X (@)]|2 = O(1/T).

Our proposed sampler is first-order
( DDIM error ||[Y34™ — X (a;)|ls = O(1/T) )
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Experiments: quantitative comparisons

FIDs] on ImageNet64 dataset (EDM2-S):

First-order Algorithms

High-order Algorithms

NFE Ours DDIM DPMSolver-2 | DPMSolver-3 | UniPC-3
4 22.35 43.86 29.91 23.66 50.00
5 11.98 31.41 18.16 12.57 26.93
6 7.20 23.22 11.89 7.63 15.26
8 3.64 14.20 6.40 3.92 5.78
10 2.51 9.85 4.26 2.70 2.71
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Experiments: quantitative comparisons

FIDs] on ImageNet64 dataset (EDM2-S):

NEE First-order Algorithms High-order Algorithms
Ours DDIM DPMSolver-2 | DPMSolver-3 | UniPC-3
4 22.35 43.86 29.91 23.66 50.00
5 11.98 31.41 18.16 12.57 26.93
6 7.20 23.22 11.89 7.63 15.26
8 3.64 14.20 6.40 3.92 5.78
10 2.51 9.85 4.26 2.70 2.71

e Better than first- and second-order algorithms

e Comparable with third-order algorithms
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Experiments: quantitative comparisons

FIDs| on ImageNet512 dataset (EDM2-XXL):

NEE First-order Algorithms High-order Algorithms
Ours DDIM DPMSolver-2 | DPMSolver-3 | UniPC-3
4 50.96 87.78 66.21 59.34 217.22
5 22.69 61.62 38.02 28.05 94.36
6 14.33 53.88 28.23 16.11 30.65
8 6.18 31.16 12.18 7.01 8.51
10 4.57 20.97 7.44 4.93 4.90

e Better than first- and second-order algorithms

e Comparable with third-order algorithms
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Experiments: qualitative comparisons

Stable diffusion: a desk and chair in an office cubicle

DPM
Solver-2 9

DPM
Solver-3

I
R

F-DPM ;
Solver-2

Only our sampler can generate chair
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Experiments: qualitative comparisons

Stable diffusion: four tennis players with rackets on a court

DPM

Solver-2 EEEEE

F-DPM

Only our sampler can generate four players 63/ 124



Part 4: provable benefits of diffusion guidance

Yuchen Jiao Yuxin Chen
CUHK UPenn




Guided/controlled data generation

external conditions / specific instructions (via, e.g., prompts)
— steer generation toward specific prompts
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Guided/controlled data generation

external conditions / specific instructions (via, e.g., prompts)
— steer generation toward specific prompts

diffusion

models

training

samples

conditional
diffusion
models

Label: Corgi

e.g. Classifier guidance.

Classifier-free guidance

Y, = ¥, 437 (¥ [t + vV3aB, . ’;

class-conditional sampling: generate samples for a specified class ¢
65/ 124
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class ¢

sample from pyata|c

a natural conditioning approach: replace scores w/ cond. scores
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class ¢

sample from pyata|c

a natural conditioning approach: replace scores w/ cond. scores

dt 1

+—dB
t

. 1
(unguided) dY; = <§Yt + Viogpx, , (Kg))
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class ¢

sample from pyata|c

a natural conditioning approach: replace scores w/ cond. scores

dt 1
C)) — 4 7dBt

. 1
(guided)  dY; = (Vi + Viogpx,, (Vi |0)) 5 7
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sample from pyata|c

a natural conditioning approach: replace scores w/ cond. scores

dt 1
C)) — 4 7dBt

. 1
(guided)  dY; = (Vi + Viogpx,, (Vi |0)) 5 7

e mathematically sound
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class ¢

sample from pyata|c

a natural conditioning approach: replace scores w/ cond. scores

dt 1
C)) — + 7dBt

, 1
(uided) Vi = (3Yi+ Viegpx, , o(¥i o)) 7+ —

e mathematically sound

e unsatisfactory perceptual quality . ..
sampling from this model via a standard diffusion sampler (e.g. DDPM). Interestingly, this standard
way of conditioning usually does not perform well for diffusion models, for reasons that are unclear.

In the text-to-image case for example, the generated samples tend to be visually incoherent and not
faithful to the prompt, even for large-scale models (Ho and Salimans, 2022; Rombach et al., 2022).
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Practically more appealing: diffusion guidance

Add classifier probability to the drift to amplify guidance

1

w 1 w v i
ay; :<§Yt +Vlogpx, ,|c(Y; |C))7+W

dB;
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Practically more appealing: diffusion guidance

Add classifier probability to the drift to amplify guidance

1 w dt 1
4y = (¥ + Viegpx, ., 1o(¥" [¢) + wV logpe x, (| Y")) T + N

guidance
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Practically more appealing: diffusion guidance

Add classifier probability to the drift to amplify guidance

1 w dt 1
dY—tw - (§§/tw + VIngXl—t |C(thw ‘ C) +wV log])c\xl,,(c ‘ th )) ? * %dBt

guidance

Diffusion Models Beat GANs on Image Synthesis

Prafulla Dhariwal® Alex Nichol*
OpenAl OpenAl
prafullaGopenai.com alex@openai. com

classifier guidance

CLASSIFIER-FREE DIFFUSION GUIDANCE

Jonathan Ho & Tim Salimans
Google Research, Brain team
{jonathanho,salimans}@google.com
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Mystery of diffusion guidance

1 ondt 1
dY;fw = (inw + VIngX1—t |C()/tw ‘ C) +wV logpc\)ﬁ—t(c ‘ i/f )) -+

—dB
t

guidance

e Bayes' rule Vlogpy, ,|c+wVlogp. x, , = Vlog (px,_, -piﬁ}“lit)
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Mystery of diffusion guidance

dt 1

1 w
dy” = (th“’ + Vlogpx,_, (Y |c) +wViogp. x,_,(c| Yf“)) - + %dBt

guidance

o Bayes' rule Vlogpx, , | +wVlogpe|x, , = Viog (px, . p,[¥,_,)

e appears to sample from

14w
pXopC | XO
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Mystery of diffusion guidance

e appears to sample from e contrasts w/ Bayes
1+
pXopc|)1gO bx, le X pXopc|X0
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Mystery of diffusion guidance

e appears to sample from e contrasts w/ Bayes
1+
PXoPe | ¥, PXo | e X PXoPe| Xo

Clashing ‘Effectiveness’ Narratives ...
Clash of Elite
Clashing Mindsets

Pivotal Moment, 1

» Norvig and Co-authors point out/claim (in talks, not paper):
'Bayes Theorem is Empirically Wrong'.
» They mean: when used in a certain dataset,in a certain way,

it is empirically outperformed by a different rule! i.e.
not

P(B|A) = % - P(A|B) (BAYES)
instead
[ P(B|A)z%<P(A|B)‘-5 (NOT—BAYES)] . "'

David Donoho - The Bridge from Mathematical to Digital, and Back
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Mystery of diffusion guidance

e appears to sample from e contrasts w/ Bayes
1+
PXoPe | ¥, PXo e X PXoPe| Xo

flectiveness’ Narratives ...
ite

Clashing Mindsets

Pivotal Moment, 2

» Norvig et al.

P(B|A) ~ —— - P(A|B)*®  (NOT-BAYES)

» Empirical Machine Learning mindset:

» Mathematics is merely a source of gadgets.

» Anyone is free to grab any ‘Math gadget’ w/o motivation,

amputate,_mutilate and mashup ad libitum

» Measured Task Performance on a URL-available dataset
is objective arbiter of what works.

» Poor Leaderboard ranking deprecates the gadget.

David Donoho - The Bridge from Mathematical to Digital, and Back
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Mystery of diffusion guidance

e appears to sample from e contrasts w/ Bayes
1+w
pXOpc|X0 PXo|c X PXoPc| Xo

e actually, even more complicated than pXOpiT;(”O (Bradley et al.’24)
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Recent progress

Some recent progress for special distributions

e boosts classification confidence, diminishes diversity in Gaussian
mixtures (Wu, Chen, Li, Wang, Wei'24)
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Recent progress

Some recent progress for special distributions

e boosts classification confidence, diminishes diversity in Gaussian
mixtures (Wu, Chen, Li, Wang, Wei'24)

e samples more heavily from boundary of support of cond. dist
(Chidambaram, Gatmiry, Chen, Lee, Lu'24)
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Recent progress

Some recent progress for special distributions

e boosts classification confidence, diminishes diversity in Gaussian
mixtures (Wu, Chen, Li, Wang, Wei'24)

e samples more heavily from boundary of support of cond. dist
(Chidambaram, Gatmiry, Chen, Lee, Lu'24)

Can we clarify benefits of guidance for general distributions? )
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Our results: effectiveness of diffusion guidance

Theorem 9 (Jiao, Chen, Li’25)
Guided diffusion w/ strength w yields

1
e
DPe | Xo (C ’ Youtput) Pe | Xo (C ’ Youtput)

unguided SDE guided SDE w/ strength w
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Theorem 9 (Jiao, Chen, Li’25)
Guided diffusion w/ strength w yields

1
e
DPe | Xo (C ’ Youtput) Pe | Xo (C ’ Youtput)

unguided SDE guided SDE w/ strength w

e guidance improves avg. reciprocal of classifier probability

related to Inception Score Ellog p..| x,, (¢ | Youtput)]
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Our results: effectiveness of diffusion guidance

Theorem 9 (Jiao, Chen, Li’25)

For any 6 € (0,1), guided diffusion w/ strength w yields
———

early stopping

1 1
el 2 e
pc|X5(C|Y176) pc\X(;(C‘Ylui(S)
unguided SDE guided SDE w/ strength w

e guidance improves avg. reciprocal of classifier probability

related to Inception Score E[log p.| x, (¢ | Youtput)]
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Our results: effectiveness of diffusion guidance

Theorem 9 (Jiao, Chen, Li’25)

For any 6 € (0,1) and init y, guided diffusion w/ strength w yields
———

early stopping

1 1
. T J M
pc\X(g(c|Y175) pc|X5(c|Y1ui§)
unguided SDE guided SDE w/ strength w

e guidance improves avg. reciprocal of classifier probability
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Our results: effectiveness of diffusion guidance

Theorem 9 (Jiao, Chen, Li’25)

For any 6 € (0,1) and init y, guided diffusion w/ strength w yields
———

early stopping

1 1
. T J M
pc\X(g(c|Y175) pc|X5(c|Y1ui§)
unguided SDE guided SDE w/ strength w

e guidance improves avg. reciprocal of classifier probability

related to Inception Score E[log p,. | X (¢ Youtput)]
e clarifies (rigorously) which metric guidance can improve

e holds for most distributions

71/ 124



Experiments

~Elpex, (1Y1") ']

-1.2

-1.4

-1.6

-1.8

-2

-2.2

Gaussian Mixture Models

10

-150

ImageNet

10
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More generally: reward-guided diffusion

improve reward E[r(Y52™P'¢)] by fine-tuning diffusion model D
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More generally: reward-guided diffusion

improve reward E[r(Y52™P'¢)] by fine-tuning diffusion model D

1

—dB
i t

1 dt
dy” = <§th +Vliogpx, ,(Y)+w- guidance)7 +

e guidance term: Vlogpxrw(Y}") — Vlogpx,_,(¥;")

reward-reweighted score
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More generally: reward-guided diffusion

improve reward E[r(Y52™P'¢)] by fine-tuning diffusion model D

1

—dB
i t

1 dt
dy” = <§th +Vliogpx, ,(Y)+w- guidance)7 +

e guidance term: Vlogpxrw(Y}") — Vlogpx,_,(¥;")

reward-reweighted score

e supported by theory; easy to train

73/ 124



Experiments

2.5}

w =10 - w =1
i P
DDPM -~ DDPM '“"'.'I .
reward-directed 10 +__ reward-directed *.? 3_&
TR b
5 3 .@3' 3 Sy
£ : &
0 siv e
3 ~.
%,
5 - 5%
ﬁ-“.f,-, 'f.}
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Part 5: diffusion models for inverse problems

i Q] %
b, =

Yuchen Jiao Na Li Changxiao Cai Yuxin Chen Gen Li
CUHK ZJU UMich UPenn CUHK




Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.

x A() y = Alz)
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Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.

x A() y = Alz)

&erse pEM

Inverse problem: recover the signal of interest « from y.

76/ 124



Ubiquitous, but often ill-posed

microscopy

hyperspectral

Radio astronomy seismic imaging

Can we exploit flexible / expressive data priors prescribed by
diffusion models? J
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Diffusion model for inverse problems

likelihood

= v~

Score-based generative prior

T S

b 5 U

si(-) = Vlogpx, ()

Posterior sampling: sample from

p(-ly) < p(-)p(y|x) = p(-) exp (L(-;y))
loMod

{

prior

@)
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Diffusion model for inverse problems

likelihood

= y~p(|z)

\ inverse problem/

Posterior sampling: sample from

Score-based generative prior

P WY

P eoe

S S

si(-) = Vlogpx, ()

p(ly) < p(-)p(y|z) = p(-) exp (L(-;y))
N~~~ N——
prior log-likelihood
Score-based implicit prior: the data prior p(-) is accessed through

its score functions s.(-) = Vlogpx,(+).
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Recall: Tweedie’'s formula

X0 ~ Pdata; Xt:\/thO‘F\/l—at./\/(O,Id), 1<t<T

Tweedie's formula (Hyvarinen'05; Vincent'11):

1 — —
\/ﬁE[W ‘ \/OTtXO"i‘\/l—CVtW—x}y

where the expectation is taken over W ~ N(0, 1), Xo ~ Pdata-

si(x) =
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Recall: Tweedie’'s formula

X0 ~ Pdata; Xt:\/thO‘F\/l—at./\/(O,Id), 1<t<T

Tweedie's formula (Hyvarinen'05; Vincent'11):

sf(x):ﬁE[W | @X0+HW:$}7

where the expectation is taken over W ~ N(0, 1), Xo ~ Pdata-

Data predictor (considered in inverse problems):
u(z) :=E {Xo | VX +V1I—aW = :r}
7@ — (1 —a1)si())

ﬂ
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Recall: DDIM-type Sampler

denoise denoise denoise

— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole '20
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Recall: DDIM-type Sampler
........... Yl ‘A }/2 € @ @ @ Lo <A YT
denioise

denoise denoise
— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole '20

T R O =T

)?tfl X
ortme Tt 1—
Ot—1 ot \/
(X)) +/n(l—e2-1)N(0,Is), 0<n<1

® 01 = M\—1 — A\t where \; :=log(ay/o¢) denotes signal-to-noise

ratio
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Recall: DDIM-type Sampler
........... Yl ‘A }/2 € @ @ @ Lo <A YT
denioise

denoise denoise
— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole '20

T R O =T

)?tfl X
ortme Tt 1—
Ot—1 ot \/
(X)) +/n(l—e2-1)N(0,Is), 0<n<1

® 01 = M\—1 — A\t where \; :=log(ay/o¢) denotes signal-to-noise

ratio
e Common choices with 7 € [0, 1]
o 1 = 1: stochastic sampler (DDPM, Ho, Jain, Abbeel '20)
80/ 124

o 1 = 0: deterministic sampler (probability flow ODE, Song, Meng,

Ermon '20)



Denoising with linear observations

Setting: linear inverse problem:
y=Ar+e,  e~N(0,0%)

Goal: sample from posterior px,|y—y,
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Denoising with linear observations

Setting: linear inverse problem:

y= Az +e¢, e ~ N(0,0°T)
Goal: sample from posterior px,|y—y,
Basic idea: replace y; with 1, in a DDIM-type sampler

pey(z) =E[Xo | Xy =z, AXo+ e =y

immediate trial: min ||p — u(2)|)5 4+ ||y — Apl/3.
m
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Prior algorithms

Diffusion Posterior Sampling (DPS, Chung et al'22)
Denoising Diffusion Restoration Models (DDRM, Kawar et al'22)

Regularization by Denoising Diffusion Process (RED-diff, Mardani
et a|'23)

Denoising Diffusion Null-space Model (DDNM/DDNM-+, Wang et
al’22)

Projected Diffusion (ProjDiff, Zhang et al’24)
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Prior algorithms

e Diffusion Posterior Sampling (DPS, Chung et al'22)
e Denoising Diffusion Restoration Models (DDRM, Kawar et al'22)

e Regularization by Denoising Diffusion Process (RED-diff, Mardani
et a|'23)

e Denoising Diffusion Null-space Model (DDNM/DDNM+, Wang et
al’22)

e Projected Diffusion (ProjDiff, Zhang et al'24)

Limitations
e implementation-complicated
e lacks theoretical guarantees

e unsatisfactory performance
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Observation: two sources of uncertainty

1. Measurement uncertainty: Apply SVD to A =UXV " € RF*:

0.2

y=Ar+¢e — Es_slusTy:USTxo—l-N(O,zJQ), Yes >0
88

2. Diffusion uncertainty

v X = apv! Xo + o N(0,1)
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Observation: two sources of uncertainty

1. Measurement uncertainty: Apply SVD to A =UXV " € RF*:

0.2

y:A.’I]—i-ff <~ Z;juzyzvzxo +N(0,22>, 299>0
ss

2. Diffusion uncertainty

v X = apv! Xo + o N(0,1)

Key insight: divide based on SNR

Direction sets:
Si:={s: a0 <3501} (observation-dominated at time t)
S =8\S (prior-dominated at time t)
S¢:=[k]\S (no observations)

Define critical time 75 s.t. ar, /o, = Xgs/0. ;
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Our sampler

To T
Xi— X
Us Ai-1 b\/l — (1 — e=2e-1) 4 M (1 e \/1 —n(l— 6725t*1))

Ot—1
v e Xt +vn e=25-1) v N(0, Iy)

e Observation-dominated (s € S;): apply DDIM-type update
with n = 0 to the modified forward process

i = arbos /02 — o252 N(0,1), &o =2 uly

e Prior-dominated directions (s € Sf): apply DDIM-type update
with 7 = 1 (corresponding to DDPM)

e Unobserved directions (s € S§¢): apply DDIM-type update with
sufficiently large n = nge.
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Theoretical guarantee

Theorem 10 (Jiao, Na, Cai, Chen, Li’26)

Assume Xy has bounded support. Let 6 = max d;. /fngc52 — 0 and
n%.6/log + — oo, then

law(X;) — law(Xo | Y =5) as )\ — oo.
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e provably solving inverse problems
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Theoretical guarantee

Theorem 10 (Jiao, Na, Cai, Chen, Li’26)

Assume Xy has bounded support. Let 6 = max d;. /fngc52 — 0 and
n%.6/log + — oo, then

law(X;) — law(Xo | Y =5) as )\ — oo.

e provably solving inverse problems

e providing guidance for parameter choices 7
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Experiments: Choices of n

Inpainting task

CelebA ImageNet
sy | s PSNRt SSIM?t LPIPS] FIDJ | PSNRT SSIM1 LPIPS] FIDJ
0 | 2722 0.79 27.11 61.46| 21.24 054 46.72 89.56
1 | 3132 088 1697 30.24| 26.13 0.78 26.17 37.76
2 | 3255 090 1544 26.62| 28.76 0.86 16.74 18.60
0| 43316 091 1507 2542| 30.72 0.89 1445 15.74
8 | 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15386
16 | 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15.85
32| 33.23 091 15.06 25.33| 31.06 0.89 14.31 15.85
0 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15385
0.5 16 33.03 090 1566 26.60| 30.86 0.88 15.33 17.89
1 3284 090 16.36 28.42| 30.67 0.88 16.61 20.85
2 3251 089 17.89 33.21| 30.26 0.86 19.52 28.71
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e Larger nsc improves performance, aligning with our theory
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Experiments: Choices of n

Inpainting task

CelebA ImageNet
sy | s PSNRt SSIM?t LPIPS] FIDJ | PSNRT SSIM1 LPIPS] FIDJ
0 | 2722 0.79 27.11 61.46| 21.24 054 46.72 89.56
1 | 3132 088 1697 30.24| 26.13 0.78 26.17 37.76
2 | 3255 090 1544 26.62| 28.76 0.86 16.74 18.60
0| 43316 091 1507 2542| 30.72 0.89 1445 15.74
8 | 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15386
16 | 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15.85
32| 33.23 091 15.06 25.33| 31.06 0.89 14.31 15.85
0 33.23 0.91 15.06 25.33| 31.06 0.89 14.31 15385
0.5 16 33.03 090 1566 26.60| 30.86 0.88 15.33 17.89
1 3284 090 16.36 28.42| 30.67 0.88 16.61 20.85
2 3251 089 17.89 33.21| 30.26 0.86 19.52 28.71

e Larger nsc improves performance, aligning with our theory
e ns¢ = 0 achieves the best performance
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Experiments: Comparison with references

Super-resolution task

Method CelebA ImageNet
PSNRt SSIMt LPIPS| FID| |PSNRt SSIMt LPIPS| FIDJ]
ATy 23.64 049 6872 147.89| 21.85 045 65.34 183.32
DPS 2798 0.78 23.10 39.91 | 2444 0.67 31.81 36.17
DDRM | 29.20 0.82 21.92 40.14 | 25.66 0.72 3488 55.71
Single-sample RED-diff | 24.98 055 50.59 73.80 | 22.74 0.49 53.24 96.26
DDNM-+| 29.20 0.82 2191 39.96 | 25.62 0.72 34.39 53.78
ProjDiff | 29.49 0.83 20.89 36.61 | 25.73 0.72 33.03 49.70
Ours 29.84 0.84 22.02 34.16 | 2590 0.73 32.84 49.99
DDNM-+| 30.22 0.85 21.97 4354 | 26.11 0.73 34.38 54.27
Posterior mean | ProjDiff | 30.31 0.85 2255 38.34 | 26.10 0.74 33.13 50.27
Ours 30.35 0.85 2255 4062 | 26.13 0.74 3335 52091
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Single-sample RED-diff | 24.98 055 50.59 73.80 | 22.74 0.49 53.24 96.26
DDNM-+| 29.20 0.82 2191 39.96 | 25.62 0.72 34.39 53.78
ProjDiff | 29.49 0.83 20.89 36.61 | 25.73 0.72 33.03 49.70
Ours 29.84 0.84 22.02 34.16 | 2590 0.73 32.84 49.99
DDNM-+| 30.22 0.85 21.97 4354 | 26.11 0.73 34.38 54.27
Posterior mean | ProjDiff | 30.31 0.85 2255 38.34 | 26.10 0.74 33.13 50.27
Ours 30.35 0.85 2255 4062 | 26.13 0.74 3335 52091

e Ours: best on three metrics

e Others: best on at most one or two metrics
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Accelerated diffusion-based inverse algorithms

Inspired by accelerated diffusion sampler

0 a
|

. COEREED

%o s - X Lit1

H N\ 5]
@ \‘\ hxo ___________________ L£(-, ) __________________j — Original data flow
\
N ) — LLE data flow

The proposed canonical form of diffusion-based inverse algorithms
and the workflow of our Learnable Linear Extrapolation (LLE) method

—
Degradation

\
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Numerical experiments

Deblur (aniso) (oy =0) Inpainting (oy = 0.05)
RED-diff ReSample
— Y

0.32 30 05 :

030 55 04 g
035

0.28

20 02
4 6 8 10 12 14
Steps Steps
4% SR (0, =0.05) €S 50% (o =0)
DAPS DDRM
Qo4

0.5
0505

035 ~
045 L

030 0403

! 035
4 6 8 10 12 14 4 6 8 10 12 14
Steps Steps

—8— Original PSNR —®— LLEPSNR  —— Original LPIPS —x—= LLE LPIPS

LLE achieves improvements across multiple tasks consistently J
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Part 6: discrete diffusion (diffusion language models)

Gen Li Changxiao Cai Daniil Dmitriev Zhihan Huang Yuting Wei
CUHK UMich UPenn UPenn UPenn




Language generative models

training data

How to Handle the “Terrible Twos”

ﬂ_ Or Becky Kennedy, Cinical Psychologist

The key to managing and understanding the two-year-old stage
out-of-control behavior - and then, based on that understanding

change.

EheNew ork Times

When a Darling Grandbaby

Becomes a Devilish Terrible Two
“The time comes. n the initial infatuation

dampens a bit.

Generative
modeling

=

new samples

How to deal with terrible twos?

Drink a coffee before engaging
Lower your expectations
Always carry snacks

Pick your battles

Master distraction

Accept that logic is useless
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Language generative models

training data new samples

How to Handle the “Terrible Twos”

B oroccenmeay, cincat peyenoigis How to deal with terrible twos?

Drink a coffee before engaging
:> o Lower your expectations

The key to managing and understanding the two-year-old stage
out-of-control behavior - and then, based on that understanding

Generative

change .
Ehe NewllorkEimes modelmg * Always carry snacks
F—— * Pick your battles
When a Darling Grandbaby ¢ Master distraction
Becomes a Devilish Terrible Two « Accept that logic is useless

e initil infatuation

e Given training data X" ~ py.i, (1 <i < N)in [S]?
| ————

from a discrete distribution
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Language generative models

training data new samples

How to Handle the “Terrible Twos”

B oroccenmeay, cincat peyenoigis How to deal with terrible twos?

« Drink a coffee before engaging

|:> o Lower your expectations

* Always carry snacks

The key to managing and understanding the two-year-old stage

out-of-control behavior - and then, based on that understanding I:>
i

Generative
modeling

Ehe New York Times.
[R— * Pick your battles
When a Darling Grandbaby ¢ Master distraction
Becomes a Devilish Terrible Two .

Accept that logic is useless
Th
do

hen the initial infatuation

e Given training data X" ~ py.i, (1 <i < N)in [S]?
—_— ——
from a discrete distribution

e Generate new samples Y ~ pgata
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Challenges in discrete probabilistic modeling

e

Discrete distribution: p(xz) >0, and >,y p(x) = 1.

92/ 124



Challenges in discrete probabilistic modeling

] [t
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Challenges in discrete probabilistic modeling

] [t

Discrete distribution: p(xz) >0, and >,y p(x) = 1.

e large sample space S?, exponentially grow with d

e no gradient V,p(z)
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Challenges in discrete probabilistic modeling

Proper text: We thank the reviewer for the insightful comments

R Lt L- R

Discrete distribution: p(x) >0, and >y p(z) = 1.

e large sample space S¢, exponentially grow with d
e no gradient Vp(z)

e real texts are highly structured
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A successful paradigm: Autoregressive modeling

X ={1,...,8}¢ z = All animals are equal, but some are more equal
pdata(w) = pdata(wla ce 7-77d)
= Pdata(T1)Pdata (T2 | Z1) - - - Pdata(Ta | T1, T2, ..., Ta—1)

!

po(z; | previous words)
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A successful paradigm: Autoregressive modeling

X ={1,...,8}¢ z = All animals are equal, but some are more equal
pdata(w) = pdata(wla ce 7-77d)
= Pdata(T1)Pdata (T2 | Z1) - - - Pdata(Ta | T1, T2, ..., Ta—1)

!

po(z; | previous words)

advantages:
e only requires modeling py(x; | previous words) on [S]

e approximate any probability distribution
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A successful paradigm: Autoregressive modeling

X ={1,...,8}¢ z = All animals are equal, but some are more equal
pdata(x) = pdata(wla s 7$d)
= Pdata(T1)Pdata (T2 | Z1) - - - Pdata(Ta | T1, T2, ..., Ta—1)

po(z; | previous words)
disavantages:
e a rigid left-to-right order — hard to control
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A successful paradigm: Autoregressive modeling

X =1{1,...,8}9 x = All animals are equal, but some are more equal
pdata(w) = pdata(wla ce 7-77d)
= Pdata(%1)Pdata (%2 | 21) - .- Pdata(¥a | ¥1, 22, -, Ta—1)

|
po(z; | previous words)
disavantages:
e a rigid left-to-right order — hard to control
e slow sampling speed

e errors accumulate

"autoregressive transformers are "doomed”, as generation "drifts” from the data

distribution and diverges during sampling.” — Yann LeCun
03/ 124



An alternative: modeling score function

e write discrete distribution (parameterized by 6):

efo(x)
Zy

po(z) =

where Zy = " -y po(z) is a normalizing const. depending on 6

04/ 124



An alternative: modeling score function

e write discrete distribution (parameterized by 6):

efo(x)
Zy

po(z) =
where Zy = " -y po(z) is a normalizing const. depending on 6

e concrete score function:

SG(yv«T) - pe(fE) - efe(x)

— analogous to V logpg(z) = V. fo(x) in cont. case
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An alternative: modeling score function

e .
i T

\

\
XXX NV T
MANNN Ny
w Tl VeVl 40" ot WS SR e |

v v )
H-N-

Left (continous space): score function V logp(z) points to higher density regime

Right (discrete space): concrete score % generalizes for discrete spaces

Vo s s a o a e ama
P N DU VA 5 10 (9 S0 5 L) 0

T S S S N N N
A4 by XN X XX
\
\

— fig credit: Aaron Lou
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Towards a solid foundation for discrete diffusion models

Austin, Johnson, Ho, Tarlow, van den Berg '21

Lou, Meng, Ermon '24

Sahoo, Arriola, Schiff, Gokaslan, Marroquin, Chiu, Rush, Kuleshov '24
Ou, Nie, Xue, Zhu, Sun, Li, Li’'24

Campbell, Benton, De Bortoli, Rainforth, Deligiannidis, Doucet '22
Chen, Ying '25

Liang, Liang, Lai, Shroff '25

Li, Cai’'25

Bach, Saremi '25



Progress of discrete diffusions

wdt (1) PG-DDM

_——
—\

F@, Muddit @ LongLLaDA
.
e MMaDA Duo @ DifuCoder

& Gemini Difiusion
IliT ooPo () LLaDA1S T 4\ - Lumina-DIMOO
<2 EDLM {)  LLaDA-MoE
) DiffulLaMA 2025 BIE= h‘ LaViDa-O
GENIE .~ SDTT TCSM s TIDAR
DiffuSeq MGDM FUDOKI
Diffusion-LM ) seop (X) DFM LLaDA-V

DiffusionBERT ! RDM )
LaViDa

Dimple

SSD-LM

© coco —\ /2023\
Continuous

DiffuSeq
G oem £] seapifuseq EH AR-Difusion | Multimodal

ADLM

Discrete

— the theoretical understanding remains highly inadequate...
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A brief introduction to discrete diffusion under

continuous-time Markov chain formulation
CTMC




A CTMC formulation for discrete case

Xt ~ easy dist. (X |[masked]

X~ q

Xo ~ Pdata

Xo

All

All

All

[masked] |[masked] |[masked] |[masked] (Yg

v
°
°
°
[masked]| | families | [masked] | alike Y,
v
[masked] | families are alike Y1
v
happy | |families are alike Yo
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A CTMC formulation for discrete case

X1 ~easy dist. (X |[masked]| ([masked]| [masked] |[masked] |[masked] (Y7
A

: v

° °

Xt~ q : :
X All [masked]| | families | [masked] | alike Y,

A ]

: v
X, All [masked] |families are alike Y1

A :

: v
Xo ~ Pdata Xo All happy | |families are alike Yo

The transition probabilities satisfy, as At — 0T:
Pr(zear =y |2 =) = I{z = y} + Qi y) At + o(At)

rate matrix: Qi(z,y) > 0,y # v, Qu(z,2) = - Qi(z,)
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A CTMC formulation for discrete case

X1 ~easy dist. (X7 |[masked]| ([masked]| [masked] |[masked] |[masked] (Y7

A

; v
° °
X~ qt [ ] °
° °
X5 All [masked] |families | |[masked] | alike Y,
A :
: v
X, All [masked] |families are alike Y1
A :
: v
Xo ~ Pdata Xo All happy | |families are alike Yo

The transition probabilities satisfy, as At — 0T:

d
Kolmogorov equation: % =Qi'q, for0<t<T
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Two prevalent examples

| We am happy to... |

I was happy to...

I am happy to...

I am happy that... She am happy to...

e Uniform noising process — Unif(X")
Qi(xz,y) =1/S, =~ y: differ at one coordinate
e Masking noising process — dpmask
Q¢(z,y) =1, for some i, x; # MASK, y; = MASK| rl=y "
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Score is all you need
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Score is all you need

d
How to learn a reverse process s.t. Y; ~ X, fort =T, --- ,17?

It is feasible as long as one knows score s;(y, z) := p(y)/pe(z)
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Score is all you need

d
How to learn a reverse process s.t. Y; ~ X, fort =T, --- ,17?

It is feasible as long as one knows score s;(y, z) := p(y)/pe(z)

.= . —
CTMC: rate matrix ),, marginal ¢,

..............
------
,,,,,,
. LN
o .
o

“" — ."’o
) Qi(@,y) = Qr—t(y,x)s7—1(y, v)
data dist ~ Xo 70 = ar—s X7 =~ noise dist
R

.
.
.
. .
---------
................

CTMC: rate matrix )¢, marginal g,
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Score estimation

Score entropy loss Lou et al’24:

N s(y, ) 5(y, )
L3e(t,5,8) = Eang, | > Qely, 2)s(y, @) = 1—log (55
; <s(y,x) s(y, x) )

X
Bregman divergence D(s,s) with ¢(xz)=—logx
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Score estimation

Score entropy loss Lou et al’24:

[’SE(t’é\’ s) = Eang, Z Q:(y, z)s(y, ) (3(1/ z) —1—log (/s\('y, ) ))

s(y,z) s(y, )
y#T
Bregman divergence D(/s\,s) with ¢(z)=—logx
Key observations:
o if p(x) =Y p(x | zo)po(xo), S(y,x) := % can be replaced by
zo
p(y|zo)
p(z|zo)
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Score estimation

Score entropy loss Lou et al’24:

Lsi(t,5,8) = Eyng, ZQt(y’ 2)s(y, ) <§(UL) 1 log (/s\('y,m)>)

s(y,z) s(y, )
y#T
Bregman divergence D(/s\,s) with ¢(z)=—logx
Key observations:
o if p(x) =Y p(x | zo)po(xo), S(y,x) := % can be replaced by
zQ
p(ylzo)
p(z|zo)

e instead of evaluating s(y, x) for every y # x, only requires © ~ y
— See, Lou et al’24, Benton et al.’24, Ou et al.’25
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Score-based sampling: 7-leaping

— Campbell, et al.’22

__________
........
_______
......
....
____
. .

tk, o LE+1
o’ 4 Y
x_ . K]
i-th coordinate = . \\‘\_._-,1::-—",./
iy 7 —
Jj+ Z (y—13) % POiS((tk+1 —tg) - ka.(mzw%tk. i y)) l ‘
yE[s] T T
xtk jump size number of jumps in this direction xtk—i—l

Given 5y, (y, 7) at points 0 <t < t1 < ... < tx < T, T-leaping is equivalent to a
CTMC with

@i(a,b) = @tk(xtk,xtk @; (b—a)), foriel[d],

with Qi (z,) = Qr—i(y, 2)57—:(y, 7).
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Prior theory

To obtain samples that are e-close in KL to pgata, it takes
~ d*S ~ rdS
O— d O—

(=) emd O(7)

for uniform and mask noising processes, respectively (Liang et al.’25)

Estimating the number of unseen species: How
many words did Shakespeare know?
BRADLEY EFRON, RONALD THISTED

Biometrika, Volume 63, Issue 3, December 1976, Pages 435-447,

Abstract
SUMMARY

(Shakespeare wrote 31534 different words,Jof which 14376 appear only once,
7343 twice, etc. The question considered is how many words he knew but did
not use. A parametric empirical Bayes model due to Fisher and a
nonparametric model due to Good & Toulmin are examined. The latter

theory is augmented using linear programming methods. We conclude that
the models i to ing that knew at least
35000 more words.
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Can we develop sharp dependences on d and S'?



Assumptions: score estimates {s;(-)}

e For discretization points: 0 <ty <t; <... <ty <T, assume

2

(trt1 — ti) LSE(T — th, ST—t,, ST—1),) < Escore
0

x>
Il

— cont. case: 722 1XE [H(st(X)fsT(X)Hﬂ <e2 .

X boundedness assump, e.g. 5, (z,y) € [1/M, M]

X regularity assump, e.g. continuity of the score function
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Uniform discrete diffusion

Theorem 11 (Upper bound for uniform noising process)

ForO=tha<t1 <...<tny=T, let A == maxk{tkﬂ — tk} = 0(1)
The T-leaping algorithm achieves

_ S
KL(pdata || Poutput) S Escore + €~ dlog S + Adlog <Z)‘
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Uniform discrete diffusion

Theorem 11 (Upper bound for uniform noising process)

ForO=tha<t1 <...<tny=T, let A == maxk{tkﬂ — tk} = 0(1)
The T-leaping algorithm achieves

_ S
KL(pdata || Poutput) S Escore + €~ dlog S + Adlog <Z)‘

Under constant step size schedule, t;.1 — tx = T/N,

dlog S
5

N=0 < ) discretization steps

are enOUgh to guarantee KL(pdataHpoutput) < Escore T €-
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Uniform discrete diffusion

Theorem 11 (Upper bound for uniform noising process)

ForO=tha<t1 <...<tny=T, let A == maxk{tkﬂ — tk} = 0(1)
The T-leaping algorithm achieves

_ S
KL(pdata || Poutput) S Escore + €~ dlog S + Adlog <Z)‘

Under constant step size schedule, t;.1 — tx = T/N,

dlog S
5

N=0 < ) discretization steps
are enough to guarantee KL(pdata||Poutput) < Escore + €-

— matching lower bound for dist. far from uniform.
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Comparisons with prior work

Paper Score Est. No Ea.rly Iteratio!n
Assump. Stopping Complexity
Ren et al.,'24 Bounded X d?S52/e
Liang et al.,'25a Bounded X d?S/e
This work None v dlog S/e

No early stopping and extra constraints are needed on the score
estimator!
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Proof sketch: Step 1

-
qo = Pdata Qt, qt, qt; = A7y, Aty =417
XO ........... > th ............. > th ___________ > 00 @ e L > XtN
Yth ........... YtN s YtN e 000 Gt L PR Yb
Pty Pty Ptn_» Pty = Po
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Proof sketch: Step 1

-
qo = Pdata qt, Qo qt; = A7y, Aty =417
XO ........... > th ............. > Xt2 ___________ > 00 @ e L > XtN
Yth ........... YtN ’ ............ thN ? .......... 00 @ it D I YO
Ptn Pty Ptn_» Pty = Po

KL(qo || pr) < KL(qT—t()v-"vT_tN I pt0,<»<7tN)

P

N-1
=Kl(gr [po)+ Y B, o KUy 120 | Popsin ¢ o)
k
k=0

NZL o ptig — —~ “«—
<k Y [, S Qe D (@) Qo) a
k=0 “* yE

k

D(a,b):=¢—1—log(%)
Girsanov's change-of-measure Theorem (e.g. Liang et al., 2025):
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Proof sketch: Step 2

For 7-leaping sampler, consider t € [ti,tx+1) and write £ = ty.

> Qulan)D (@l y). Qulany))

u#xt
=3 Z Z st—t(xt Di ¢, xt) D (Sr—0(T0 Bi €, T0), ST—t (Tt D €, T1))
16[d ce[Ss
= g Z ST_g(y[,iEé)D(/S\T—Z(yeyxi)aST—Z(yév‘rf))
Ye~Ty

controlled by small score entropy loss

1 ~
+3 Z Z (sr—e(@e @i c,w0) — sr—i(e Bi ¢, 20)) log e (w0 Bi ¢, m0)

i€[d] c€[S]

expectation controlled by martingale property = 0

Z —log sr—i(yt,z1)) *% Z (—logsr—e(ye,z0)).

yt ~Tt Ye~Te
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Proof sketch: Step 3

It remains to control (T —t) — (T — t) with

1
@(t) = gEszQt Z Z - 10g st(l't ®b; c, :L't)
i€[d] c€[S]
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Proof sketch: Step 3

It remains to control (T —t) — (T — t) with

1
p(t) = gEqut Z Z —log s¢ (¢ @; c, xt)]

i€ld] ce[S]

Key observation: ((¢) is (i) non-increasing and (ii) bounded
0 < ¢(t) < d(log S + max{logt~1,0}). J
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Proof sketch: Step 3

It remains to control (T —t) — (T — t) with

1
(p(t) = gEJEtNQt Z Z — log St(l't ®b; c, ="L't)‘|

i€ld] ce[S]

Key observation: ((¢) is (i) non-increasing and (ii) bounded
0 < ¢(t) < d(log S + max{logt~1,0}). ’

As a result, using (i), (ii), and the telescoping summation, one arrives
at

N-1 tk’+1 S
S [T -0~ ol )t S Adlog -
_0 Ytk

key quantity for discretization error
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Sharp dependence but not yet adaptive...
What about masking diffusion?

— &g, for Pdata — %50 + %61 Or Ddata = Unlf(X)



Fundamental information-theoretic quantities

Let P be a distribution over [S]? and X = (X1,...,X4) ~ P.
Define

total correlation Z H(X:) —H(X1,...,Xa)

entropy

d
dual total correlation B(P) = H(X1,...,Xa) — ZH(Xi | X_5)
i=1
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Fundamental information-theoretic quantities

Let P be a distribution over [S]? and X = (X1,...,X4) ~ P.
Define

total correlation C(P) = Z H(X;) —H(Xq, ..., Xa)

entropy

d
dual total correlation B(P) = H(X1,...,Xa) — ZH(Xi | X_5)
i=1

e C(P)= [T (e" = 1)Z(t)dt and B(P foc t)dt for

0

= (4, J))

I(z}; 2 | @, for P = go = pdata and x: ~ gt

i#j€[d] conditional mutual information
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Fundamental information-theoretic quantities

Let P be a distribution over [S]? and X = (X1,...,X4) ~ P.
Define

total correlation C(P) = Z H(X;) —H(Xq, ..., Xa)

entropy

d
dual total correlation B(P) = H(X1,...,Xq) — Z’H(Xi | X_5)
i=1

v,

e C(P)= [T (e" = 1)Z(t)dt and B(P foc t)dt for

Z(t) = I(:ct,m, | x; ~G, ])) for P = qo = pdata and z: ~ qz.

i#j€[d] conditional mutual information

e define effective total correlation
D(P) = / min(1,t) - Z(¢)dt < min{C(P),B(P)}.
0
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Modified T-leaping

Consider the following modification of 7-leaping (for ¢ € [ty, tx+1)):

el =t —1_

@i(a, b) = eT—ti_lsT_tk (.’L’tk ®; b, xtk) . I{(Z = .’L'zk = MASK}

at most one transition at xz
at the interval [ty tr4+1)

Key observation: for any t > 0, b € [S], z € ([S] U {MASK})?, and
i such that z* = MASK,

st(z @ b,x) = - 50(z ©; b, x)

et —1
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Masking discrete diffusion

Theorem 12 (Upper bound for uniform noising process)
ForO0=tyg <ty <...<ty =T, modified T-leaping satisties
N-1 T—ty

KL(pdataHpoutput) 5 5score+€_Td log S+ Z (tk—i-l_tk:) / I(t)dt-
k=0 T—tita

Under exponential-then-constant schedule, t;+1 —tx < kmin(1,7 — tx41),

~ /D(pg.
N=0 <(pddta)> discretization steps
€

are enOUgh to guarantee KL(pdata || poutput) § Escore + €.

— it satisfies D(P) < min{C(P),B(P)} < dlog S
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Comparisons with prior work

Score Est. No Early Iteration .
Paper . Sampler . Adaptation
Assump. Stopping Complexity
Liang et al., 25b Bounded X T-leaping dS/e X
Conforti et al., 25 S~ sy X DMPM ds/e X
Modified
This work None v od! |'e DJe v
T-leaping

No early stopping and no extra constraints on the score estimator!
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Distributions of small D(pgas.)

Completely independent of d
e product distributions on [S]%: D(pgata) = 0 (N = 2 suffices)

e mixture of two Dirac measures, %5/1€1 + %6k2: D(pdata) = log 2

Sublinear dependence in d
e hidden Markov models
e cont. dist. with intrinsic dimension k, plus quantization

e sparse random regular graphs & stochastic block models

— sublinear convergence rates for masking discrete diffusion!
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Example: Latent parity model

Let d = 2k and consider the following distribution:
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e sample b ~ Bern(1/2) & set xy,..., x5, =0
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Example: Latent parity model

Let d = 2k and consider the following distribution:

e sample b ~ Bern(1/2) & set xy,..., x5, =0
e sample xp11,...,To% 1 i Bern(1/2)

o set xor = (b+ Z?i;j_l x;) mod 2
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Example: Latent parity model

Let d = 2k and consider the following distribution:
e sample b ~ Bern(1/2) & set xy,..., x5, =0

e sample xp11,...,To% 1 i Bern(1/2)

o set xor = (b+ Z?ﬁ;}_l x;) mod 2

X5 Xo oo Xk X1 Iy Xok

Highly structured,
all equal to b ~ Bern(1/2) Weakly correlated,
all but one are i.i.d. Bern(1/2)

In this example, D(qo) = O(1) < O(d) = min(B(qo),C(qo))
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Proof sketch: Step 1

Similarly to the uniform case, writing x+ := (z+ ®; ¢, x¢), and
x4, = (x1, Oj ¢, T4, ), we decompose

> Q(@e,y)D (@t(wt,y)yat(l’t:yo

Y#Tt

eT=t —1 .
= Z ST—t(wt) -D ﬁST—tk (mtk)75T—t(xt)

i€m(xy),c€(S]

— Z sT—¢(x¢, ) D (gT—tk (Tey), sT—t), (Tey))

i€m(xy),c€(S]

controlled by small score entropy loss

/S\Tft ,(«'Et )
. ) y_ - log 2L =tk "tk )
(s7—t(xe),) — s7—t(4)) log 72, (T1,)

expectation controlled by martingale property = 0

+s7—t(x) D(sT—t (21, ), sT—1(T1)).
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Proof sketch: Step 2

Using martingale property and changing measure under expectation:
s7—i(ze @i ¢, xe) D(sT—¢ (e, Oi C, ey ), ST—t(Tt @i €, x¢))
Tty Ttp ~ 4 ¢t
C log 20Dy, ©: MASK)
vevn~ 9 qo(ye ©r MASK)qo(ye, ©i yt)
=E < (filyn,) = fi(ye))

YtoYty ™~ bty

=E

where we define

q0(y ©: yi)
i =log ———-"——
fiw) d0(y ©: MASK)

Connection to the conditional mutual information (via Dynkin’s formula)

(63)q
]Eyf»?!fk’vqtt (fl(ytl‘ fz yt Z/ yvvy'v | y )

J#i
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Summary

e nonasymptotic convergence theory for diffusion models

e adaptation to unknown low dimensionality

demystifying diffusion guidance

provable training-free acceleration

diffusion language models
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Summary

e nonasymptotic convergence theory for diffusion models

e adaptation to unknown low dimensionality

demystifying diffusion guidance

provable training-free acceleration

diffusion language models

Future directions:
e end-to-end theory that accounts for score learning + sampling?
e adaptive improvement under stylized statistical models

e design of high-order stochastic samplers
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