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Evolution of AI models

<latexit sha1_base64="ODj58tpcQj6yr2/VL3HJAlR91R0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0lyaJtbwYvHCrYV2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46atoKIPBh7vzTAzL0o508Z1P5zSxubW9k55t7K3f3B4VD0+6ekkU4R2ScITdRdhTTmTtGuY4fQuVRSLiNN+NLsq/P49VZol8tbMUxoKPJEsZgSbQvKCoDmq1ty6a9FooIJ4LdezJAhavh8gb2m5bg3W6Iyq78NxQjJBpSEcaz3w3NSEOVaGEU4XlWGmaYrJDE/owFKJBdVhvrx1gS6sMkZxomxJg5bq94kcC63nIrKdApup/u0V4l/eIDNxK8yZTDNDJVktijOOTIKKx9GYKUoMn1uCiWL2VkSmWGFibDwVG8LXp+h/0vPrXqPeuPFr7WAdRxnO4BwuwYMmtOEaOtAFAlN4gCd4doTz6Lw4r6vWkrOeOYUfcN4+AUJRjbk=</latexit>

1997
<latexit sha1_base64="+dTvo6sT3N/nS7QTRaIjdp95EGI=">AAAB63icdVBNS8NAEJ34WetX1aOXxSJ4KpuAsbkVvHisYD+gDWWz3bRLd5OwuxFK6V/w4kERr/4hb/4bN20FFX0w8Hhvhpl5USa4Nhh/OGvrG5tb26Wd8u7e/sFh5ei4rdNcUdaiqUhVNyKaCZ6wluFGsG6mGJGRYJ1ocl34nXumNE+TOzPNWCjJKOExp8QUkoe9y0GlimvYwvdRQdw6di0JgrrnBchdWBhXYYXmoPLeH6Y0lywxVBCtey7OTDgjynAq2LzczzXLCJ2QEetZmhDJdDhb3DpH51YZojhVthKDFur3iRmRWk9lZDslMWP92yvEv7xebuJ6OONJlhuW0OWiOBfIpKh4HA25YtSIqSWEKm5vRXRMFKHGxlO2IXx9iv4nba/m+jX/1qs2glUcJTiFM7gAF66gATfQhBZQGMMDPMGzI51H58V5XbauOauZE/gB5+0TKHeNqA==</latexit>

2025
<latexit sha1_base64="9yjm/fF7vQMi187nA33KjBRBlSs=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU9nkEJtbwYvHCvYD2lA22227dDcJuxuhhP4FLx4U8eof8ua/cdNWUNEHA4/3ZpiZF6WCa4Pxh1Pa2Nza3invVvb2Dw6PqscnHZ1kirI2TUSiehHRTPCYtQ03gvVSxYiMBOtGs+vC794zpXkS35l5ykJJJjEfc0pMIXnY9YfVGq5jC99HBXEb2LUkCBqeFyB3aWFcgzVaw+r7YJTQTLLYUEG07rs4NWFOlOFUsEVlkGmWEjojE9a3NCaS6TBf3rpAF1YZoXGibMUGLdXvEzmRWs9lZDslMVP92yvEv7x+ZsaNMOdxmhkW09WicSaQSVDxOBpxxagRc0sIVdzeiuiUKEKNjadiQ/j6FP1POl7d9ev+rVdrBus4ynAG53AJLlxBE26gBW2gMIUHeIJnRzqPzovzumotOeuZU/gB5+0TKHaNqA==</latexit>

2016

<latexit sha1_base64="pHr4k32pyusSmWS3kFh4fdikIfs=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGZySDwG9eAxglkgGUJPpyZp0rPQXSMJw/yKFw+KePVHvPk3dpaDJj4oeLxXRVU9L5ZCo21/W7mt7Z3dvfx+4eDw6PikeFpq6yhRHFo8kpHqekyDFCG0UKCEbqyABZ6Ejje5nfudJ1BaROEjzmJwAzYKhS84QyMNiqU+whS1n94BxPRGJpANimW7Yi9AN4mzImWyQnNQ/OoPI54EECKXTOueY8fopkyh4BKyQj/REDM+YSPoGRqyALSbLm7P6KVRhtSPlKkQ6UL9PZGyQOtZ4JnOgOFYr3tz8T+vl6B/7aYijBOEkC8X+YmkGNF5EHQoFHCUM0MYV8LcSvmYKcbRxFUwITjrL2+SdrXi1Cq1h2q5UV/FkSfn5IJcEYfUSYPckyZpEU6m5Jm8kjcrs16sd+tj2ZqzVjNn5A+szx8a7ZR1</latexit>

Deep Blue

<latexit sha1_base64="ykN5zCYNlBpHybIxdEO4umW9iNk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQ9tB4LXrwIFe0HNKFstpt26WYTdidiCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpAIrtFxvq3CxubW9k5xt7S3f3B4VD4+6eg4VZS1aSxi1QuIZoJL1kaOgvUSxUgUCNYNJtdzv/vIlOaxfMBpwvyIjCQPOSVoJM9D9oQ6zO47t7NBueJUnQXsdeLmpAI5WoPylzeMaRoxiVQQrfuuk6CfEYWcCjYrealmCaETMmJ9QyWJmPazxc0z+8IoQzuMlSmJ9kL9PZGRSOtpFJjOiOBYr3pz8T+vn2J45WdcJikySZeLwlTYGNvzAOwhV4yimBpCqOLmVpuOiSIUTUwlE4K7+vI66dSqbr1av6tVmo08jiKcwTlcggsNaMINtKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/AFHgkdg=</latexit>

SVM
<latexit sha1_base64="ErLovuzI9H/aFxO9PywLg1l5oy0=">AAAB/3icbVDJSgNBEO1xN25RwYuXxiB4CjMeEo8BQTyqmAWSIfT01GhjT/fQXSOGMQd/xYsHRbz6G978GzvLwe1BweO9KqrqRZkUFn3/05uZnZtfWFxaLq2srq1vlDe3WlbnhkOTa6lNJ2IWpFDQRIESOpkBlkYS2tHN8chv34KxQqtLHGQQpuxKiURwhk7ql3d6CHdok+KCqVin9EQbsDjslyt+1R+D/iXBlFTIFGf98kcv1jxPQSGXzNpu4GcYFsyg4BKGpV5uIWP8hl1B11HFUrBhMb5/SPedEtNEG1cK6Vj9PlGw1NpBGrnOlOG1/e2NxP+8bo7JUVgIleUIik8WJbmkqOkoDBoLAxzlwBHGjXC3Un7NDOPoIiu5EILfL/8lrcNqUKvWzg8rjfo0jiWyS/bIAQlInTTIKTkjTcLJPXkkz+TFe/CevFfvbdI6401ntskPeO9fjEOWaw==</latexit>

Random Forest
<latexit sha1_base64="o+ibFDZP7AOwgbm2pok09XawXLI=">AAAB+XicbVDLTgJBEJzFF+Jr1aOXicTEE9nlAB4xXjwZTOSRACGzQy9MmH1kppdANvyJFw8a49U/8ebfOMAeFKykk0pVd7q7vFgKjY7zbeW2tnd29/L7hYPDo+MT+/SsqaNEcWjwSEaq7TENUoTQQIES2rECFngSWt74buG3JqC0iMInnMXQC9gwFL7gDI3Ut+0uwhS1n95KmD4Azvt20Sk5S9BN4makSDLU+/ZXdxDxJIAQuWRad1wnxl7KFAouYV7oJhpixsdsCB1DQxaA7qXLy+f0yigD6kfKVIh0qf6eSFmg9SzwTGfAcKTXvYX4n9dJ0L/ppSKME4SQrxb5iaQY0UUMdCAUcJQzQxhXwtxK+YgpxtGEVTAhuOsvb5JmueRWSpXHcrFWzeLIkwtySa6JS6qkRu5JnTQIJxPyTF7Jm5VaL9a79bFqzVnZzDn5A+vzBxOCk+w=</latexit>

AlexNet
<latexit sha1_base64="Pnbi8V3PxLUbz+BoojmYwbdXjfY=">AAAB+HicbVBNT8JAEN3iF+IHVY9eGomJJ9JyAI8kXjwZNPKRACHbZQobtttmd2rEhl/ixYPGePWnePPfuEAPCr5kkpf3ZjIzz48F1+i631ZuY3Nreye/W9jbPzgs2kfHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPuTq7nffgCleSTvcRpDP6QjyQPOKBppYBd7CI+og/QO9A3gbGCX3LK7gLNOvIyUSIbGwP7qDSOWhCCRCap113Nj7KdUIWcCZoVeoiGmbEJH0DVU0hB0P10cPnPOjTJ0gkiZkugs1N8TKQ21noa+6QwpjvWqNxf/87oJBpf9lMs4QZBsuShIhIORM0/BGXIFDMXUEMoUN7c6bEwVZWiyKpgQvNWX10mrUvaq5eptpVSvZXHkySk5IxfEIzVSJ9ekQZqEkYQ8k1fyZj1ZL9a79bFszVnZzAn5A+vzB1bok4I=</latexit>

ResNet

<latexit sha1_base64="1GsI1vIcs0GfumhhTWwB4NKG/0c=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmIzGxIncUYImx0MpgImACF7K3zMGGvQ9354jkwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XiyFRtv+tnJr6xubW/ntws7u3v5B8fCopaNEcWjySEbqwWMapAihiQIlPMQKWOBJaHujq5nfHoPSIgrvcRKDG7BBKHzBGRrJ7SI8ofbT68tbPe0VS3bZnoOuEicjJZKh0St+dfsRTwIIkUumdcexY3RTplBwCdNCN9EQMz5iA+gYGrIAtJvOj57SM6P0qR8pUyHSufp7ImWB1pPAM50Bw6Fe9mbif14nQf/CTUUYJwghXyzyE0kxorMEaF8o4CgnhjCuhLmV8iFTjKPJqWBCcJZfXiWtStmplqt3lVK9lsWRJyfklJwTh9RIndyQBmkSTh7JM3klb9bYerHerY9Fa87KZo7JH1ifP/kXkjU=</latexit>

GANs

<latexit sha1_base64="J+XIjG8CDYMM+O3EpBvvW1wBrSc=">AAAB+XicbVA9TwJBEN3DL8SvU0ubjcTEitxRgCXGQktMBEzgQvaWPdiwt3vZnSOSC//ExkJjbP0ndv4bF7hCwZdM8vLeTGbmhYngBjzv2ylsbG5t7xR3S3v7B4dH7vFJ26hUU9aiSij9GBLDBJesBRwEe0w0I3EoWCcc38z9zoRpw5V8gGnCgpgMJY84JWClvuv2gD2BibJrkYzIrZr13bJX8RbA68TPSRnlaPbdr95A0TRmEqggxnR9L4EgIxo4FWxW6qWGJYSOyZB1LZUkZibIFpfP8IVVBjhS2pYEvFB/T2QkNmYah7YzJjAyq95c/M/rphBdBRmXSQpM0uWiKBUYFJ7HgAdcMwpiagmhmttbMR0RTSjYsEo2BH/15XXSrlb8WqV2Xy036nkcRXSGztEl8lEdNdAdaqIWomiCntErenMy58V5dz6WrQUnnzlFf+B8/gDzjpPX</latexit>

AlphaGo

<latexit sha1_base64="weLTmY+QTw76WDEJRE0/CyymK/E=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV0O4JHoxSMm8khgQ2aHXpgwO7vO9BLJhu/w4kFjvPox3vwbh8dBwUo6qVR1p7srSKQw6Lrfzsbm1vbObm4vv39weHRcODltmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztJLfRXhCE2Y3oHHaKxTdkjsHXSfekhTJEvVe4avbj3kagUIumTEdz03Qz5hGwSVM893UQML4iA2gY6liERg/mx89pZdW6dMw1rYU0rn6eyJjkTGTKLCdEcOhWfVm4n9eJ8Xw2s+ESlIExReLwlRSjOksAdoXGjjKiSWMa2FvpXzINONoc8rbELzVl9dJs1zyKqXKfblYqy7jyJFzckGuiEeqpEbuSJ00CCeP5Jm8kjdn7Lw4787HonXDWc6ckT9wPn8AYNeSeQ==</latexit>

Bert

<latexit sha1_base64="xPrwcbHeB6dnDjdNyqsxmDkzPng=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNS7AInkrSQ+ux4MVjhX5BW8pmO2mXbjZhdyLWUPwrXjwo4tX/4c1/47bNQVsfDDzem2Fmnh8LrtF1v63cxubW9k5+t7C3f3B4ZB+ftHSUKAZNFolIdXyqQXAJTeQooBMroKEvoO1PbuZ++x6U5pFs4DSGfkhHkgecUTTSwD7rITygDtKGolIHkQpBzQZ20S25CzjrxMtIkWSoD+yv3jBiSQgSmaBadz03xn5KFXImYFboJRpiyiZ0BF1DJQ1B99PF9TPn0ihDx6w2JdFZqL8nUhpqPQ190xlSHOtVby7+53UTDK77KZdxgiDZclGQCAcjZx6FM+QKGIqpIZQpbm512JgqytAEVjAheKsvr5NWueRVSpW7crFWzeLIk3NyQa6IR6qkRm5JnTQJI4/kmbySN+vJerHerY9la87KZk7JH1ifP6EzlfY=</latexit>

Transformer

<latexit sha1_base64="Bgd0SrmMxMlGTwD8BHlAUc6b6Q8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQ9tB4LPeixQr+gDWWz3bRLN5uwOymW0H/ixYMiXv0n3vw3bj8O2vpg4PHeDDPzgkRwja77beV2dvf2D/KHhaPjk9Mz+/yireNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCeY1Bd+Z8qU5rFs4ixhfkRGkoecEjTSwLb7yJ5Qh1l9TPC+0ZwP7KJbcpdwtom3JkVYozGwv/rDmKYRk0gF0brnuQn6GVHIqWDzQj/VLCF0QkasZ6gkEdN+trx87twYZeiEsTIl0VmqvycyEmk9iwLTGREc601vIf7n9VIM7/yMyyRFJulqUZgKB2NnEYMz5IpRFDNDCFXc3OrQMVGEogmrYELwNl/eJu1yyauUKo/lYq26jiMPV3ANt+BBFWrwAA1oAYUpPMMrvFmZ9WK9Wx+r1py1nrmEP7A+fwCozpOm</latexit>

ChatGPT
<latexit sha1_base64="ORyIT/wl2g5TUQ0GJVyCkAagLNk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCF8NuhMRjRAUPOUQwD0iWMDuZTYbMPpjpVcOaT/HiQRGvfok3/8ZJsgdNLGgoqrrp7nIjwRVY1reRWVldW9/Ibua2tnd298z8flOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3Q59Vv3TCoeBncwjpjjk0HAPU4JaKln5rvAHkF5ydVFrXZ6jc8mPbNgFa0Z8DKxU1JAKeo986vbD2nsswCoIEp1bCsCJyESOBVskuvGikWEjsiAdTQNiM+Uk8xOn+BjrfSxF0pdAeCZ+nsiIb5SY9/VnT6BoVr0puJ/XicG79xJeBDFwAI6X+TFAkOIpzngPpeMghhrQqjk+lZMh0QSCjqtnA7BXnx5mTRLRbtcLN+WCtVKGkcWHaIjdIJsVEFVdIPqqIEoekDP6BW9GU/Gi/FufMxbM0Y6c4D+wPj8AQEekyc=</latexit>

DALL-E 3

<latexit sha1_base64="S+UyjmgIfGIiIPDTm8g1T5Ay5L4=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSQ9tB4LHvRYwX5AG8pmO2mXbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBYngGl3329rY3Nre2S3sFfcPDo9K9vFJW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsHkeu53HkBpHst7nCbgR3QkecgZRSMN7FIf4RF1mN1AxCWfDeyyW3EXcNaJl5MyydEc2F/9YczSCCQyQbXueW6CfkYVciZgVuynGhLKJnQEPUMljUD72eLwmXNhlKETxsqURGeh/p7IaKT1NApMZ0RxrFe9ufif10sxvPIzLpMUQbLlojAVDsbOPAVnyBUwFFNDKFPc3OqwMVWUocmqaELwVl9eJ+1qxatVanfVcqOex1EgZ+ScXBKP1EmD3JImaRFGUvJMXsmb9WS9WO/Wx7J1w8pnTskfWJ8/YwaTig==</latexit>

Gemini

<latexit sha1_base64="m7nn90utnqxdxn2buvH9Q8I6Aa4=">AAAB9XicbVA9TwJBEN3zE/ELtbS5SEysyB0FWJLYWFhgIh8JINlb5mDD3u5ld04lF/6HjYXG2Ppf7Pw3LnCFgi+Z5OW9md2ZF8SCG/S8b2dtfWNzazu3k9/d2z84LBwdN41KNIMGU0LpdkANCC6hgRwFtGMNNAoEtILx1cxvPYA2XMk7nMTQi+hQ8pAzila67yI8oQnTG2qMmvYLRa/kzeGuEj8jRZKh3i98dQeKJRFIZMI+0fG9GHsp1ciZgGm+mxiIKRvTIXQslTQC00vnW0/dc6sM3FBpWxLdufp7IqWRMZMosJ0RxZFZ9mbif14nwfCyl3IZJwiSLT4KE+GicmcRuAOugaGYWEKZ5nZXl42opgxtUHkbgr988ipplkt+pVS5LRdr1SyOHDklZ+SC+KRKauSa1EmDMKLJM3klb86j8+K8Ox+L1jUnmzkhf+B8/gA8ypL4</latexit>

Lasso

<latexit sha1_base64="XjlLLLrYLARHhLLOcsR2Ib0o0QI=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU9nkUJtbwYvHCvYD2lA22027dDcJuxuhhP4FLx4U8eof8ua/cdNWUNEHA4/3ZpiZF6aCa4Pxh1Pa2Nza3invVvb2Dw6PqscnXZ1kirIOTUSi+iHRTPCYdQw3gvVTxYgMBeuFs+vC790zpXkS35l5ygJJJjGPOCWmkDzseaNqDdexRaOBCuI2sWuJ7zc9z0fu0sK4Bmu0R9X34TihmWSxoYJoPXBxaoKcKMOpYIvKMNMsJXRGJmxgaUwk00G+vHWBLqwyRlGibMUGLdXvEzmRWs9laDslMVP92yvEv7xBZqJmkPM4zQyL6WpRlAlkElQ8jsZcMWrE3BJCFbe3IjolilBj46nYEL4+Rf+Trld3G/XGrVdr+es4ynAG53AJLlxBC26gDR2gMIUHeIJnRzqPzovzumotOeuZU/gB5+0TI+uNpQ==</latexit>
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Evolution of AI models

<latexit sha1_base64="ykN5zCYNlBpHybIxdEO4umW9iNk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQ9tB4LXrwIFe0HNKFstpt26WYTdidiCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpAIrtFxvq3CxubW9k5xt7S3f3B4VD4+6eg4VZS1aSxi1QuIZoJL1kaOgvUSxUgUCNYNJtdzv/vIlOaxfMBpwvyIjCQPOSVoJM9D9oQ6zO47t7NBueJUnQXsdeLmpAI5WoPylzeMaRoxiVQQrfuuk6CfEYWcCjYrealmCaETMmJ9QyWJmPazxc0z+8IoQzuMlSmJ9kL9PZGRSOtpFJjOiOBYr3pz8T+vn2J45WdcJikySZeLwlTYGNvzAOwhV4yimBpCqOLmVpuOiSIUTUwlE4K7+vI66dSqbr1av6tVmo08jiKcwTlcggsNaMINtKANFBJ4hld4s1LrxXq3PpatBSufOYU/sD5/AFHgkdg=</latexit>

SVM
<latexit sha1_base64="ErLovuzI9H/aFxO9PywLg1l5oy0=">AAAB/3icbVDJSgNBEO1xN25RwYuXxiB4CjMeEo8BQTyqmAWSIfT01GhjT/fQXSOGMQd/xYsHRbz6G978GzvLwe1BweO9KqrqRZkUFn3/05uZnZtfWFxaLq2srq1vlDe3WlbnhkOTa6lNJ2IWpFDQRIESOpkBlkYS2tHN8chv34KxQqtLHGQQpuxKiURwhk7ql3d6CHdok+KCqVin9EQbsDjslyt+1R+D/iXBlFTIFGf98kcv1jxPQSGXzNpu4GcYFsyg4BKGpV5uIWP8hl1B11HFUrBhMb5/SPedEtNEG1cK6Vj9PlGw1NpBGrnOlOG1/e2NxP+8bo7JUVgIleUIik8WJbmkqOkoDBoLAxzlwBHGjXC3Un7NDOPoIiu5EILfL/8lrcNqUKvWzg8rjfo0jiWyS/bIAQlInTTIKTkjTcLJPXkkz+TFe/CevFfvbdI6401ntskPeO9fjEOWaw==</latexit>

Random Forest
<latexit sha1_base64="o+ibFDZP7AOwgbm2pok09XawXLI=">AAAB+XicbVDLTgJBEJzFF+Jr1aOXicTEE9nlAB4xXjwZTOSRACGzQy9MmH1kppdANvyJFw8a49U/8ebfOMAeFKykk0pVd7q7vFgKjY7zbeW2tnd29/L7hYPDo+MT+/SsqaNEcWjwSEaq7TENUoTQQIES2rECFngSWt74buG3JqC0iMInnMXQC9gwFL7gDI3Ut+0uwhS1n95KmD4Azvt20Sk5S9BN4makSDLU+/ZXdxDxJIAQuWRad1wnxl7KFAouYV7oJhpixsdsCB1DQxaA7qXLy+f0yigD6kfKVIh0qf6eSFmg9SzwTGfAcKTXvYX4n9dJ0L/ppSKME4SQrxb5iaQY0UUMdCAUcJQzQxhXwtxK+YgpxtGEVTAhuOsvb5JmueRWSpXHcrFWzeLIkwtySa6JS6qkRu5JnTQIJxPyTF7Jm5VaL9a79bFqzVnZzDn5A+vzBxOCk+w=</latexit>

AlexNet
<latexit sha1_base64="Pnbi8V3PxLUbz+BoojmYwbdXjfY=">AAAB+HicbVBNT8JAEN3iF+IHVY9eGomJJ9JyAI8kXjwZNPKRACHbZQobtttmd2rEhl/ixYPGePWnePPfuEAPCr5kkpf3ZjIzz48F1+i631ZuY3Nreye/W9jbPzgs2kfHLR0likGTRSJSHZ9qEFxCEzkK6MQKaOgLaPuTq7nffgCleSTvcRpDP6QjyQPOKBppYBd7CI+og/QO9A3gbGCX3LK7gLNOvIyUSIbGwP7qDSOWhCCRCap113Nj7KdUIWcCZoVeoiGmbEJH0DVU0hB0P10cPnPOjTJ0gkiZkugs1N8TKQ21noa+6QwpjvWqNxf/87oJBpf9lMs4QZBsuShIhIORM0/BGXIFDMXUEMoUN7c6bEwVZWiyKpgQvNWX10mrUvaq5eptpVSvZXHkySk5IxfEIzVSJ9ekQZqEkYQ8k1fyZj1ZL9a79bFszVnZzAn5A+vzB1bok4I=</latexit>

ResNet

<latexit sha1_base64="1GsI1vIcs0GfumhhTWwB4NKG/0c=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmIzGxIncUYImx0MpgImACF7K3zMGGvQ9354jkwu+wsdAYW3+Mnf/GBa5Q8CWTvLw3k5l5XiyFRtv+tnJr6xubW/ntws7u3v5B8fCopaNEcWjySEbqwWMapAihiQIlPMQKWOBJaHujq5nfHoPSIgrvcRKDG7BBKHzBGRrJ7SI8ofbT68tbPe0VS3bZnoOuEicjJZKh0St+dfsRTwIIkUumdcexY3RTplBwCdNCN9EQMz5iA+gYGrIAtJvOj57SM6P0qR8pUyHSufp7ImWB1pPAM50Bw6Fe9mbif14nQf/CTUUYJwghXyzyE0kxorMEaF8o4CgnhjCuhLmV8iFTjKPJqWBCcJZfXiWtStmplqt3lVK9lsWRJyfklJwTh9RIndyQBmkSTh7JM3klb9bYerHerY9Fa87KZo7JH1ifP/kXkjU=</latexit>

GANs

<latexit sha1_base64="J+XIjG8CDYMM+O3EpBvvW1wBrSc=">AAAB+XicbVA9TwJBEN3DL8SvU0ubjcTEitxRgCXGQktMBEzgQvaWPdiwt3vZnSOSC//ExkJjbP0ndv4bF7hCwZdM8vLeTGbmhYngBjzv2ylsbG5t7xR3S3v7B4dH7vFJ26hUU9aiSij9GBLDBJesBRwEe0w0I3EoWCcc38z9zoRpw5V8gGnCgpgMJY84JWClvuv2gD2BibJrkYzIrZr13bJX8RbA68TPSRnlaPbdr95A0TRmEqggxnR9L4EgIxo4FWxW6qWGJYSOyZB1LZUkZibIFpfP8IVVBjhS2pYEvFB/T2QkNmYah7YzJjAyq95c/M/rphBdBRmXSQpM0uWiKBUYFJ7HgAdcMwpiagmhmttbMR0RTSjYsEo2BH/15XXSrlb8WqV2Xy036nkcRXSGztEl8lEdNdAdaqIWomiCntErenMy58V5dz6WrQUnnzlFf+B8/gDzjpPX</latexit>

AlphaGo

<latexit sha1_base64="weLTmY+QTw76WDEJRE0/CyymK/E=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV0O4JHoxSMm8khgQ2aHXpgwO7vO9BLJhu/w4kFjvPox3vwbh8dBwUo6qVR1p7srSKQw6Lrfzsbm1vbObm4vv39weHRcODltmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztJLfRXhCE2Y3oHHaKxTdkjsHXSfekhTJEvVe4avbj3kagUIumTEdz03Qz5hGwSVM893UQML4iA2gY6liERg/mx89pZdW6dMw1rYU0rn6eyJjkTGTKLCdEcOhWfVm4n9eJ8Xw2s+ESlIExReLwlRSjOksAdoXGjjKiSWMa2FvpXzINONoc8rbELzVl9dJs1zyKqXKfblYqy7jyJFzckGuiEeqpEbuSJ00CCeP5Jm8kjdn7Lw4787HonXDWc6ckT9wPn8AYNeSeQ==</latexit>

Bert

<latexit sha1_base64="xPrwcbHeB6dnDjdNyqsxmDkzPng=">AAAB/XicbVBNS8NAEN3Ur1q/4sfNS7AInkrSQ+ux4MVjhX5BW8pmO2mXbjZhdyLWUPwrXjwo4tX/4c1/47bNQVsfDDzem2Fmnh8LrtF1v63cxubW9k5+t7C3f3B4ZB+ftHSUKAZNFolIdXyqQXAJTeQooBMroKEvoO1PbuZ++x6U5pFs4DSGfkhHkgecUTTSwD7rITygDtKGolIHkQpBzQZ20S25CzjrxMtIkWSoD+yv3jBiSQgSmaBadz03xn5KFXImYFboJRpiyiZ0BF1DJQ1B99PF9TPn0ihDx6w2JdFZqL8nUhpqPQ190xlSHOtVby7+53UTDK77KZdxgiDZclGQCAcjZx6FM+QKGIqpIZQpbm512JgqytAEVjAheKsvr5NWueRVSpW7crFWzeLIk3NyQa6IR6qkRm5JnTQJI4/kmbySN+vJerHerY9la87KZk7JH1ifP6EzlfY=</latexit>

Transformer

<latexit sha1_base64="Bgd0SrmMxMlGTwD8BHlAUc6b6Q8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69BIvgqSQ9tB4LPeixQr+gDWWz3bRLN5uwOymW0H/ixYMiXv0n3vw3bj8O2vpg4PHeDDPzgkRwja77beV2dvf2D/KHhaPjk9Mz+/yireNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCeY1Bd+Z8qU5rFs4ixhfkRGkoecEjTSwLb7yJ5Qh1l9TPC+0ZwP7KJbcpdwtom3JkVYozGwv/rDmKYRk0gF0brnuQn6GVHIqWDzQj/VLCF0QkasZ6gkEdN+trx87twYZeiEsTIl0VmqvycyEmk9iwLTGREc601vIf7n9VIM7/yMyyRFJulqUZgKB2NnEYMz5IpRFDNDCFXc3OrQMVGEogmrYELwNl/eJu1yyauUKo/lYq26jiMPV3ANt+BBFWrwAA1oAYUpPMMrvFmZ9WK9Wx+r1py1nrmEP7A+fwCozpOm</latexit>

ChatGPT
<latexit sha1_base64="ORyIT/wl2g5TUQ0GJVyCkAagLNk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCF8NuhMRjRAUPOUQwD0iWMDuZTYbMPpjpVcOaT/HiQRGvfok3/8ZJsgdNLGgoqrrp7nIjwRVY1reRWVldW9/Ibua2tnd298z8flOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3Q59Vv3TCoeBncwjpjjk0HAPU4JaKln5rvAHkF5ydVFrXZ6jc8mPbNgFa0Z8DKxU1JAKeo986vbD2nsswCoIEp1bCsCJyESOBVskuvGikWEjsiAdTQNiM+Uk8xOn+BjrfSxF0pdAeCZ+nsiIb5SY9/VnT6BoVr0puJ/XicG79xJeBDFwAI6X+TFAkOIpzngPpeMghhrQqjk+lZMh0QSCjqtnA7BXnx5mTRLRbtcLN+WCtVKGkcWHaIjdIJsVEFVdIPqqIEoekDP6BW9GU/Gi/FufMxbM0Y6c4D+wPj8AQEekyc=</latexit>

DALL-E 3

<latexit sha1_base64="S+UyjmgIfGIiIPDTm8g1T5Ay5L4=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSQ9tB4LHvRYwX5AG8pmO2mXbjZhdyLW0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBYngGl3329rY3Nre2S3sFfcPDo9K9vFJW8epYtBisYhVN6AaBJfQQo4CuokCGgUCOsHkeu53HkBpHst7nCbgR3QkecgZRSMN7FIf4RF1mN1AxCWfDeyyW3EXcNaJl5MyydEc2F/9YczSCCQyQbXueW6CfkYVciZgVuynGhLKJnQEPUMljUD72eLwmXNhlKETxsqURGeh/p7IaKT1NApMZ0RxrFe9ufif10sxvPIzLpMUQbLlojAVDsbOPAVnyBUwFFNDKFPc3OqwMVWUocmqaELwVl9eJ+1qxatVanfVcqOex1EgZ+ScXBKP1EmD3JImaRFGUvJMXsmb9WS9WO/Wx7J1w8pnTskfWJ8/YwaTig==</latexit>

Gemini

<latexit sha1_base64="pHr4k32pyusSmWS3kFh4fdikIfs=">AAAB+3icbVDJSgNBEO2JW4xbjEcvjUHwFGZySDwG9eAxglkgGUJPpyZp0rPQXSMJw/yKFw+KePVHvPk3dpaDJj4oeLxXRVU9L5ZCo21/W7mt7Z3dvfx+4eDw6PikeFpq6yhRHFo8kpHqekyDFCG0UKCEbqyABZ6Ejje5nfudJ1BaROEjzmJwAzYKhS84QyMNiqU+whS1n94BxPRGJpANimW7Yi9AN4mzImWyQnNQ/OoPI54EECKXTOueY8fopkyh4BKyQj/REDM+YSPoGRqyALSbLm7P6KVRhtSPlKkQ6UL9PZGyQOtZ4JnOgOFYr3tz8T+vl6B/7aYijBOEkC8X+YmkGNF5EHQoFHCUM0MYV8LcSvmYKcbRxFUwITjrL2+SdrXi1Cq1h2q5UV/FkSfn5IJcEYfUSYPckyZpEU6m5Jm8kjcrs16sd+tj2ZqzVjNn5A+szx8a7ZR1</latexit>

Deep Blue
<latexit sha1_base64="m7nn90utnqxdxn2buvH9Q8I6Aa4=">AAAB9XicbVA9TwJBEN3zE/ELtbS5SEysyB0FWJLYWFhgIh8JINlb5mDD3u5ld04lF/6HjYXG2Ppf7Pw3LnCFgi+Z5OW9md2ZF8SCG/S8b2dtfWNzazu3k9/d2z84LBwdN41KNIMGU0LpdkANCC6hgRwFtGMNNAoEtILx1cxvPYA2XMk7nMTQi+hQ8pAzila67yI8oQnTG2qMmvYLRa/kzeGuEj8jRZKh3i98dQeKJRFIZMI+0fG9GHsp1ciZgGm+mxiIKRvTIXQslTQC00vnW0/dc6sM3FBpWxLdufp7IqWRMZMosJ0RxZFZ9mbif14nwfCyl3IZJwiSLT4KE+GicmcRuAOugaGYWEKZ5nZXl42opgxtUHkbgr988ipplkt+pVS5LRdr1SyOHDklZ+SC+KRKauSa1EmDMKLJM3klb86j8+K8Ox+L1jUnmzkhf+B8/gA8ypL4</latexit>

Lasso

<latexit sha1_base64="GTdl+EUqazHSobgdFGm8F3UmIq4=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhWYdfCRyeIYGER0TwgCWF2cjcZMju7zNwVw5Laxl+xsVDE1i+w82+cPApNPHDhcM69M/eeIJHCoOd9O3PzC4tLy7mV/Ora+samu7VdMXGqOZR5LGNdC5gBKRSUUaCEWqKBRYGEatC7GPrVe9BGxOoO+wk0I9ZRIhScoZVa7l4D4QFNmN2iVQxaQ9JrYFoJ1aGXmg1absEreiPQWeJPSIFMUGq5X412zNMIFHLJjKn7XoLNjGn7uIRBvpEaSBjvsQ7ULVUsAtPMRqcM6IFV2jSMtS2FdKT+nshYZEw/CmxnxLBrpr2h+J9XTzE8bWZCJSmC4uOPwlRSjOkwF9oWGjjKviWMa2F3pbzLNONo08vbEPzpk2dJ5ajoHxePb44K52eTOHJkl+yTQ+KTE3JOrkiJlAknj+SZvJI358l5cd6dj3HrnDOZ2SF/4Hz+ANV2mvQ=</latexit>

Statistical Learning Era
<latexit sha1_base64="TdwSGpqBwijXsHfIOci3+w5athc=">AAACCnicbVC7TsMwFHV4lvIqMLIYKiSmKmHgsVWCgYGhIPqQ2qpy3Jti4TiRfYOoos4s/AoLAwix8gVs/A1OmwEKR7J0dM65ur7Hj6Uw6Lpfzszs3PzCYmGpuLyyurZe2thsmCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0789zfzmHWgjInWNwxi6IRsoEQjO0Eq90k4H4R5NkJ4BxPQCmFZCDegV3EUyySKjXqnsVtwx6F/i5aRMctR6pc9OP+JJCAq5ZMa0PTfGbso0Ci5hVOwkBmLGb9kA2pYqFoLppuNTRnTPKn0aRNo+hXSs/pxIWWjMMPRtMmR4Y6a9TPzPaycYHHdToeIEQfHJoiCRFCOa9UL7QgNHObSEcS3sXym/YZpxtO0VbQne9Ml/SeOg4h1WDi8PytWTvI4C2Sa7ZJ945IhUyTmpkTrh5IE8kRfy6jw6z86b8z6Jzjj5zBb5BefjG/ISmww=</latexit>

Deep Learning Revolution

<latexit sha1_base64="qMB8ldTeGaMoHraMb8V0sEv/hYI=">AAACCXicbVA9SwNBEN3z2/gVtbRZDIJVvLOI2gmCWCSgYFRIQtjbm0uW7O0eu3NiONLa+FdsLBSx9R/Y+W/cxBRqfDDweG+GmXlhKoVF3//0pqZnZufmFxYLS8srq2vF9Y0rqzPDoc611OYmZBakUFBHgRJuUgMsCSVch72ToX99C8YKrS6xn0IrYR0lYsEZOqldpE2EO7RxXq3W9k51pqKRwSSt6QikHbSLJb/sj0AnSTAmJTLGebv40Yw0zxJQyCWzthH4KbZyZlBwCYNCM7OQMt5jHWg4qlgCtpWPPhnQHadENNbGlUI6Un9O5Cyxtp+ErjNh2LV/vaH4n9fIMD5s5UKlGYLi34viTFLUdBgLjYQBjrLvCONGuFsp7zLDOLrwCi6E4O/Lk+RqvxxUypWL/dLx0TiOBbJFtskuCcgBOSZn5JzUCSf35JE8kxfvwXvyXr2379YpbzyzSX7Be/8CviKaWQ==</latexit>

LLM/Foundational Models

<latexit sha1_base64="ODj58tpcQj6yr2/VL3HJAlR91R0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0lyaJtbwYvHCrYV2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46atoKIPBh7vzTAzL0o508Z1P5zSxubW9k55t7K3f3B4VD0+6ekkU4R2ScITdRdhTTmTtGuY4fQuVRSLiNN+NLsq/P49VZol8tbMUxoKPJEsZgSbQvKCoDmq1ty6a9FooIJ4LdezJAhavh8gb2m5bg3W6Iyq78NxQjJBpSEcaz3w3NSEOVaGEU4XlWGmaYrJDE/owFKJBdVhvrx1gS6sMkZxomxJg5bq94kcC63nIrKdApup/u0V4l/eIDNxK8yZTDNDJVktijOOTIKKx9GYKUoMn1uCiWL2VkSmWGFibDwVG8LXp+h/0vPrXqPeuPFr7WAdRxnO4BwuwYMmtOEaOtAFAlN4gCd4doTz6Lw4r6vWkrOeOYUfcN4+AUJRjbk=</latexit>

1997
<latexit sha1_base64="+dTvo6sT3N/nS7QTRaIjdp95EGI=">AAAB63icdVBNS8NAEJ34WetX1aOXxSJ4KpuAsbkVvHisYD+gDWWz3bRLd5OwuxFK6V/w4kERr/4hb/4bN20FFX0w8Hhvhpl5USa4Nhh/OGvrG5tb26Wd8u7e/sFh5ei4rdNcUdaiqUhVNyKaCZ6wluFGsG6mGJGRYJ1ocl34nXumNE+TOzPNWCjJKOExp8QUkoe9y0GlimvYwvdRQdw6di0JgrrnBchdWBhXYYXmoPLeH6Y0lywxVBCtey7OTDgjynAq2LzczzXLCJ2QEetZmhDJdDhb3DpH51YZojhVthKDFur3iRmRWk9lZDslMWP92yvEv7xebuJ6OONJlhuW0OWiOBfIpKh4HA25YtSIqSWEKm5vRXRMFKHGxlO2IXx9iv4nba/m+jX/1qs2glUcJTiFM7gAF66gATfQhBZQGMMDPMGzI51H58V5XbauOauZE/gB5+0TKHeNqA==</latexit>

2025
<latexit sha1_base64="9yjm/fF7vQMi187nA33KjBRBlSs=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU9nkEJtbwYvHCvYD2lA22227dDcJuxuhhP4FLx4U8eof8ua/cdNWUNEHA4/3ZpiZF6WCa4Pxh1Pa2Nza3invVvb2Dw6PqscnHZ1kirI2TUSiehHRTPCYtQ03gvVSxYiMBOtGs+vC794zpXkS35l5ykJJJjEfc0pMIXnY9YfVGq5jC99HBXEb2LUkCBqeFyB3aWFcgzVaw+r7YJTQTLLYUEG07rs4NWFOlOFUsEVlkGmWEjojE9a3NCaS6TBf3rpAF1YZoXGibMUGLdXvEzmRWs9lZDslMVP92yvEv7x+ZsaNMOdxmhkW09WicSaQSVDxOBpxxagRc0sIVdzeiuiUKEKNjadiQ/j6FP1POl7d9ev+rVdrBus4ynAG53AJLlxBE26gBW2gMIUHeIJnRzqPzovzumotOeuZU/gB5+0TKHaNqA==</latexit>

2016
<latexit sha1_base64="XjlLLLrYLARHhLLOcsR2Ib0o0QI=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU9nkUJtbwYvHCvYD2lA22027dDcJuxuhhP4FLx4U8eof8ua/cdNWUNEHA4/3ZpiZF6aCa4Pxh1Pa2Nza3invVvb2Dw6PqscnXZ1kirIOTUSi+iHRTPCYdQw3gvVTxYgMBeuFs+vC790zpXkS35l5ygJJJjGPOCWmkDzseaNqDdexRaOBCuI2sWuJ7zc9z0fu0sK4Bmu0R9X34TihmWSxoYJoPXBxaoKcKMOpYIvKMNMsJXRGJmxgaUwk00G+vHWBLqwyRlGibMUGLdXvEzmRWs9laDslMVP92yvEv7xBZqJmkPM4zQyL6WpRlAlkElQ8jsZcMWrE3BJCFbe3IjolilBj46nYEL4+Rf+Trld3G/XGrVdr+es4ynAG53AJLlxBC26gDR2gMIUHeIJnRzqPzovzumotOeuZU/gB5+0TI+uNpQ==</latexit>
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Evolution of AI models

<latexit sha1_base64="j+GCQrHJEOV7NgEsA1BTqF1aNtQ=">AAAB/3icbVDJSgNBEO1xjXEbFbx4aQyCpzDjIXqSiAf1FsEskAyhp1OjjT09Q3dNMIw5+CtePCji1d/w5t/YWQ5uDwoe71VRVS9MpTDoeZ/OzOzc/MJiYam4vLK6tu5ubDZMkmkOdZ7IRLdCZkAKBXUUKKGVamBxKKEZ3p6O/GYftBGJusJBCkHMrpWIBGdopa673UG4QxPlZ6BAW7EP9ORi2HVLXtkbg/4l/pSUyBS1rvvR6SU8i0Ehl8yYtu+lGORMo+AShsVOZiBl/JZdQ9tSxWIwQT6+f0j3rNKjUaJtKaRj9ftEzmJjBnFoO2OGN+a3NxL/89oZRkdBLlSaISg+WRRlkmJCR2HQntDAUQ4sYVwLeyvlN0wzjjayog3B//3yX9I4KPuVcuXyoFQ9nsZRIDtkl+wTnxySKjknNVInnNyTR/JMXpwH58l5dd4mrTPOdGaL/IDz/gUuc5Yy</latexit>

Generative AI
<latexit sha1_base64="LuKjC35/YSiOSg97UAUQqC9u/L8=">AAACA3icbVA9SwNBEN3z2/gVtdNmMQhW4S5FtJKIFtopGA0kIext5pIle3vH7lwwHAEb/4qNhSK2/gk7/42b5ApNfDDweG+GmXl+LIVB1/125uYXFpeWV1Zza+sbm1v57Z07EyWaQ5VHMtI1nxmQQkEVBUqoxRpY6Eu493vnI/++D9qISN3iIIZmyDpKBIIztFIrv9dAeEATpBfCcC1CoazRB3p2NWzlC27RHYPOEi8jBZLhupX/arQjnoSgkEtmTN1zY2ymTKPgEoa5RmIgZrzHOlC3VLEQTDMd/zCkh1Zp0yDSthTSsfp7ImWhMYPQt50hw66Z9kbif149weCkmQoVJwiKTxYFiaQY0VEgtC00cJQDS5hNwN5KeZdpxtHGlrMheNMvz5K7UtErF8s3pULlNItjheyTA3JEPHJMKuSSXJMq4eSRPJNX8uY8OS/Ou/MxaZ1zspld8gfO5w97C5gL</latexit>

Discriminative AI

<latexit sha1_base64="ODj58tpcQj6yr2/VL3HJAlR91R0=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU0lyaJtbwYvHCrYV2lA22027dHcTdjdCCf0LXjwo4tU/5M1/46atoKIPBh7vzTAzL0o508Z1P5zSxubW9k55t7K3f3B4VD0+6ekkU4R2ScITdRdhTTmTtGuY4fQuVRSLiNN+NLsq/P49VZol8tbMUxoKPJEsZgSbQvKCoDmq1ty6a9FooIJ4LdezJAhavh8gb2m5bg3W6Iyq78NxQjJBpSEcaz3w3NSEOVaGEU4XlWGmaYrJDE/owFKJBdVhvrx1gS6sMkZxomxJg5bq94kcC63nIrKdApup/u0V4l/eIDNxK8yZTDNDJVktijOOTIKKx9GYKUoMn1uCiWL2VkSmWGFibDwVG8LXp+h/0vPrXqPeuPFr7WAdRxnO4BwuwYMmtOEaOtAFAlN4gCd4doTz6Lw4r6vWkrOeOYUfcN4+AUJRjbk=</latexit>

1997
<latexit sha1_base64="+dTvo6sT3N/nS7QTRaIjdp95EGI=">AAAB63icdVBNS8NAEJ34WetX1aOXxSJ4KpuAsbkVvHisYD+gDWWz3bRLd5OwuxFK6V/w4kERr/4hb/4bN20FFX0w8Hhvhpl5USa4Nhh/OGvrG5tb26Wd8u7e/sFh5ei4rdNcUdaiqUhVNyKaCZ6wluFGsG6mGJGRYJ1ocl34nXumNE+TOzPNWCjJKOExp8QUkoe9y0GlimvYwvdRQdw6di0JgrrnBchdWBhXYYXmoPLeH6Y0lywxVBCtey7OTDgjynAq2LzczzXLCJ2QEetZmhDJdDhb3DpH51YZojhVthKDFur3iRmRWk9lZDslMWP92yvEv7xebuJ6OONJlhuW0OWiOBfIpKh4HA25YtSIqSWEKm5vRXRMFKHGxlO2IXx9iv4nba/m+jX/1qs2glUcJTiFM7gAF66gATfQhBZQGMMDPMGzI51H58V5XbauOauZE/gB5+0TKHeNqA==</latexit>

2025
<latexit sha1_base64="9yjm/fF7vQMi187nA33KjBRBlSs=">AAAB63icdVBNS8NAEJ3Ur1q/qh69LBbBU9nkEJtbwYvHCvYD2lA22227dDcJuxuhhP4FLx4U8eof8ua/cdNWUNEHA4/3ZpiZF6WCa4Pxh1Pa2Nza3invVvb2Dw6PqscnHZ1kirI2TUSiehHRTPCYtQ03gvVSxYiMBOtGs+vC794zpXkS35l5ykJJJjEfc0pMIXnY9YfVGq5jC99HBXEb2LUkCBqeFyB3aWFcgzVaw+r7YJTQTLLYUEG07rs4NWFOlOFUsEVlkGmWEjojE9a3NCaS6TBf3rpAF1YZoXGibMUGLdXvEzmRWs9lZDslMVP92yvEv7x+ZsaNMOdxmhkW09WicSaQSVDxOBpxxagRc0sIVdzeiuiUKEKNjadiQ/j6FP1POl7d9ev+rVdrBus4ynAG53AJLlxBE26gBW2gMIUHeIJnRzqPzovzumotOeuZU/gB5+0TKHaNqA==</latexit>
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Generative modeling

Generative models

• Given training data Xtrain,i ≥ pdata (1 Æ i Æ N)
• Generate new sample Y ≥ pdata 4/ 22

• Given training data Xtrain,i ∼ pdata︸ ︷︷ ︸
from a general distribution

(1 ≤ i ≤ N) in Rd

• Generate new samples Y ∼ pdata
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marginal dist
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A natural approach: density estimation

• learn the distribution directly (parameterized by θ):

p(x | θ) = e−fθ(x)

Zθ
,

where Zθ is a normalizing constant depending on θ

• Use maximum likelihood (or posterior) to estimate θ:

max
θ

N∑

i=1
log p(Xi | θ)

−→ Intractable!
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Another approach: score function

The (Stein) score function of a distribution p(x) is defined as

Score function of Gaussian mixtures

s(x) := ∇x log pX(x).

Note that

∇ log p(x | θ) = ∇x log e
−fθ(x)

Zθ
= −∇xfθ(x)

getting rid of the annoying Zθ!

The score function points towards regions of higher probability.
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• forward process: diffuse data into noise

• reverse process: convert pure noise into data-like distributions

Goal: Yt
d≈ Xt, t = T, · · · , 1
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Score is all you need

How to learn a reverse process s.t. Yt
d≈ Xt, for t = T, · · · , 1?

It is feasible as long as one knows the score function ∇ log pXt(x)︸ ︷︷ ︸
w.r.t. X

—Anderson’82; Haussmann and Pardoux’86; Song et el.’20...
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Towards mathematical theory for diffusion models

• hard to develop full-fledged end-to-end theory

• “divide-and-conquer”: score learning
✄ decouple
← ✗→ sampling
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A divide-and-conquer approach
— Li, Lu, Tan ’22

— Chen, Chewi, Li, Li, Salim, Zhang ’22
— Benton, De Bortoli, Doucet, Deligiannidis ’23
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denosing network

1. score learning/matching: learn estimates st(·) for Ò log pXt(·)
2. data generation: sampling w/ the aid of score estimates {st(·)}
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— Li, Lu, Tan ’22

— Chen, Chewi, Li, Li, Salim, Zhang ’22
— Benton, De Bortoli, Doucet, Deligiannidis ’23
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Score matching via denoising

X0 ∼ pdata, Xt =
√
αtX0 +

√
1− αtN (0, Id), 1 ≤ t ≤ T

Tweedie’s formula (Hyvarinen’05; Vincent’11):

s⋆(x) = 1√
1− αt E

[
W |

√
αtX0 +

√
1− αtW = x

]
,

where the expectation is taken over W ∼ N (0, Id), X0 ∼ pdata.

• nonparametric methods Wibisono et al.’24; Zhang et al.’24; Dou et al.’24

• AMP Wu & Montanari’23

• neural networks Cole and Lu’24, Mei and Wu’23, Oko et al.’23
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Agenda:

1. non-asymptotic convergence theory

2. adaptation to (unknown) low dimensionality

3. acceleration via higher-order approximation

4. provable benefits of diffusion guidance

5. diffusion models for inverse problems

6. discrete diffusion (or diffusion language models)



Part 1: nonasymptotic convergence theory

Gen Li
CUHK

Yuling Yan
DE Shaw

Yuchen Jiao
CUHK

Yuchen Zhou
UIUC

Yuxin Chen
UPenn

Yuejie Chi
Yale

Yuting Wei
UPenn



Two mainstream approaches
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DDPM vs. DDIM
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1

forward process: X0 ∼ pdata (target distribution)
Xt = √αtXt−1 +

√
1− αtN (0, Id) t ≥ 1

• βt := 1− αt controls variance of injected noise
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DDPM vs. DDIM
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1

denoise denoise denoise

• forward process: di�use data into noise
• reverse process: convert pure noise into data-like distributions

Goal: Yt
d¥ Xt, t = T, · · · , 1

5/ 12

— Ho, Jain, Abbeel ’20

1. A stochastic sampler: denoising diffusion probabilistic models︸ ︷︷ ︸
DDPM

YT ∼ N (0, Id)

Yt−1 =

1√
αt

(
Yt + ηddpm

t st(Yt)︸ ︷︷ ︸
deterministic

+ σddpm
t N (0, Id)︸ ︷︷ ︸

stochastic

)
, t = T, · · · , 1

— Song, Meng, Ermon ’20
— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole ’20

2. A deterministic sampler: denoising diffusion implicit models︸ ︷︷ ︸
DDIM; or probability flow ODE

YT ∼ N (0, Id)

Yt−1 = 1√
αt

(
Yt + ηddim

t st(Yt)︸ ︷︷ ︸
deterministic

)
, t = T, · · · , 1
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Interpretations from lens of SDE/ODE

(marginal: qt := pXt)

marginal dist

discrete-time diffusion process continuous-time limits (SDE, ODE)
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discrete-time diffusion process

continuous-time limits via SDE toolbox (e.g., Girsanov theorem)

control discretization error
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Goal: Yt
d¥ Xt, t = T, · · · , 1
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X0 ⇠ pdata,

Xt =
p

1 � �tXt�1 +
p
�tWt, Wt

i.i.d.⇠ N (0, Id), 1  t  T

dXt = �1

2
�(t)Xtdt +

p
�(t)dWt
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1p
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DDPM-type stochastic sampler
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2
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=) dYt =
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��(t)Yt �
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�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)

(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

1

• ∃ reverse-time SDE w/ same path distribution (Anderson ’82)

dYt =
(
Yt + 2s⋆T−t(Yt)

)
β(T − t)dt+

√
2β(T − t) dWt

time discretization−→ DDPM

• ∃ reverse-time ODE w/ same marginal dist (Song et al. ’20)

dYt =
(
Yt + s⋆T−t(Yt)

)
β(T − t)dttime discretization−→ DDIM
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• reverse process: convert pure noise into data-like distributions

Goal: Yt
d¥ Xt, t = T, · · · , 1

5/ 12
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deterministic sampler (probability flow ODE)

(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

1

• ∃ reverse-time SDE w/ same path distribution (Anderson ’82)

dYt =
(
Yt + 2s⋆T−t(Yt)

)
β(T − t)dt+

√
2β(T − t) dWt

time discretization−→ DDPM

• ∃ reverse-time ODE w/ same marginal dist (Song et al. ’20)

dYt =
(
Yt + s⋆T−t(Yt)

)
β(T − t)dt

time discretization−→ DDIM
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Key takeaway: in continuous-time limits, sampling is feasible once
exact score functions are available

— almost no restriction on target data distributions

Questions:
• what happens in discrete time? — effect of discretization error
• what if we only have imperfect scores? — effect of score error



Key takeaway: in continuous-time limits, sampling is feasible once
exact score functions are available

— almost no restriction on target data distributions

Questions:
• what happens in discrete time? — effect of discretization error
• what if we only have imperfect scores? — effect of score error



An incomplete list of prior theory

• Lee, Lu, Tan ’22
• Chen, Chewi, Li, Li, Salim, Zhang ’22
• Chen, Lee, Lu ’22
• Lee, Lu, Tan ’23
• Chen, Daras, Dimakis ’23
• Chen, Chewi, Lee, Li, Lu, Salim ’23
• Benton, De Bortoli, Doucet,

Deligiannidis ’23
• Li, Wei, Chen, Chi ’23
• Benton, Deligiannidis, Doucet ’23
• Cheng, Lu, Tan, Xie ’23
• Tang ’23
• Li, Wei, Chi, Chen ’24
• Li, Yan ’24a, ’24b
• Azangulov, Deligiannidis, Rousseau ’24
• Potaptchik, Azangulov,

Deligiannidis ’24

• Huang, Wei, Chen ’24
• Gao, Zhu ’24
• Huang, Huang, Lin ’24
• Li, Jiao ’24
• Li, Di, Gu ’24
• Liang, Ju, Liang, Shroff ’24
• Tang, Zhao ’24
• Liang, Huang, Chen ’25
• Li, Cai, Wei ’25
• Tang, Yan ’25
• Yu, Yu ’25
• Gentiloni-Silveri, Ocello ’25
• Li, Zhou, Wei, Chen ’25
• Jain, Zhang ’25
• Jiao, Zhou, Li ’25
• . . .
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Typical assumptions

• log-concavity of target distribution pdata

• smoothness of score function s⋆t = ∇ log pt(x)
• ℓ∞ / ℓ2 loss of the score estimate
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Our assumptions: target distribution pdata

P(∥X0∥2 ≤ T cR) = 1 for arbitrarily large const cR > 0

• support size can be very large
• very general: no need of log-concavity, smoothness, etc

• can also be replaced by E[∥X0∥2] ≤ T cM for large const cM
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Our assumptions: score estimates {st(·)}

• ℓ2 score estimation error: s⋆t (X) := ∇ log pXt(X),

1
T

T∑

t=1
E

X∼pXt

[
∥st(X)− s⋆t (X)∥22

]
≤ ε2

score

◦ much weaker than pointwise score error assumption
◦ suffices for DDPM but not DDIM (counterexample in Li et al. ’24)

• Jacobian estimation error (for DDIM only):

1
T

T∑

t=1
E

X∼pXt

[∥∥∥∥
∂st
∂x

(X)− ∂s⋆t
∂x

(X)
∥∥∥∥
]
≤ εJacobi
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Assumptions: learning rates

X0 ∼ pdata, Xt = √αtXt−1 +
√

1− αtN (0, Id)

• learning rates: for some consts c0, c1 > 0,

1− α1 = 1
T c0

1− αt = c1 log T
T

min
{

(1− α1)
(

1 + c1 log T
T

)t
, 1
}

︸ ︷︷ ︸
2 phases: exp growth → flat
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A glimpse of convergence theory (up to log factor)

DDPM: KL
(
pX1 ∥ pY1

)
≲ d2/T 2 + ε2

score (Jiao, Zhou, Li ’25)
TV
(
pX1 , pY1

)
≲ d/T + εscore (Li, Yan ’24)

DDIM: TV
(
pX1 , pY1

)
≲ d/T +

√
d εscore + dεJacobi (Li et al. ’24)

• iteration complexity:︸ ︷︷ ︸
to yield KL ≤ ε2

d/ε (assuming accurate scores)

• iteration complexity:︸ ︷︷ ︸
to yield TV ≤ ε

d/ε (assuming accurate scores)

◦ Pinsker inequality (TV ≤
√

1
2 KL) is loose when bounding TV

• stability: degrades gracefully as εscore ↑

and εJacobi ↑

• general data distribution: no need of smoothness, log-concavity
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Analysis strategy # 1 (for DDPM)
— Chen, Chewi, Li, Li, Salim, Zhang ’22, Chen, Lee, Lu ’22, Tang, Zhao ’24

— Benton, De Bortoli, Doucet, Deligiannidis ’23, Huang, Wei, Chen ’24

(marginal: qt := pXt)

marginal dist

discrete-time diffusion process continuous-time limits (SDE, ODE)

2

(marginal: qt := pXt)

marginal dist

discrete-time diffusion process continuous-time limits (SDE, ODE)

control discretization error

2

(marginal: qt := pXt)

marginal dist

discrete-time diffusion process

continuous-time limits via SDE toolbox (e.g., Girsanov theorem)

control discretization error

2

Analogy: (stochastic) gradient descent vs. gradient flow, TD learning via ODE

2 key steps:

• apply change of measure (e.g. Girsanov thm) to show

KL
(
P true ∥P ddpm) ≤

∫
w(t)E

[∥∥drifttrue(t)− driftddpm(t)
∥∥
]2

︸ ︷︷ ︸
score error + discretization error

dt+ small-term

• leverage stochastic localization to chacracterize

discretization error link←→ E
[
Cov

(
X0 |Xt

)]
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Analysis strategy # 2 (for DDIM & DDPM)
— Li, Wei, Chen, Chi ’24, Li, Wei, Chi, Chen ’24

— Li, Yan ’24, Liang, Huang, Chen ’25, Jiao, Zhou, Li ’25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

yields state-of-the-art theory for DDIM & DDPM!
TV
(
pXt , pYt

)
≈ 0

⇐= pYt(yt)
pXt(yt)

≈ 1 ∀yt ∈ Et (some “typical” set)

DDPM-type stochastic sampler

Yt�1 =
1p

1 � �t

✓
Yt +

�t

2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)

(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginals

discrete-time diffusion process

continuous-time limits via SDE/ODE toolbox (e.g., Girsanov thm)

control discretization error

Generative adversarial networks (GAN) Diffusion models

Generative modeling

st(·) = r log pXt
(·)

Xt =
p

1 � �tXt�1+
p
�tN (0, Id), Yt�1 =

1p
1 � �t
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�t

2
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◆
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— Li, Yan ’24, Liang, Huang, Chen ’25, Jiao, Zhou, Li ’25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

yields state-of-the-art theory for DDIM & DDPM!
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Analysis strategy # 2 (for DDIM & DDPM)
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— Li, Yan ’24, Liang, Huang, Chen ’25, Jiao, Zhou, Li ’25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

yields state-of-the-art theory for DDIM & DDPM!
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Analysis strategy # 2 (for DDIM & DDPM)
— Li, Wei, Chen, Chi ’24, Li, Wei, Chi, Chen ’24

— Li, Yan ’24, Liang, Huang, Chen ’25, Jiao, Zhou, Li ’25
Tackle discrete-time process directly & track changes of, e.g., TV
distance

yields state-of-the-art theory for DDIM & DDPM!
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Part 2: adaptation to (unknown) low dimensionality

Gen Li
CUHK

Yuling Yan
DE Shaw

Changxiao Cai
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Jiadong Liang
UPenn
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Yuxin Chen
UPenn

Yuting Wei
UPenn



Recap: theory for mainstream diffusion models

Theorem 1 (Li, Wei, Chi, Chen ’24, Li, Yan ’24)
With perfect scores, both DDIM & DDPM yield TV(pX1 , pY1) ≤ ε in

Õ
(
d/ε

)
iterations

• d: ambient dimension
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d/ε iterations are too slow . . .

ImageNet: d = 150, 528 pixels per image

(so d
ε > 106 for moderate ε)

k = 43 intrinsic dimension (Pope et al. ’21)

In practice, DDIM/DDPM yield good samples in hundreds (or tens)
of iterations . . .
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Can diffusion models adapt to intrinsic low dimensionality?



Intrinsic dimension
The target distribution pdata is said to have intrinsic dimension k if

log N cover(support(pdata), ∥ · ∥2, ε0)︸ ︷︷ ︸
covering number of support of pdata

≲ k log 1
ε0

• k-dimensional linear subspaces
• k-dimensional manifolds
• union of the above
• ...

<latexit sha1_base64="hG5I+ar0bUtER//S4G8PcxgRnPw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8cK9gPaUDbbSbt0sxt3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOFMG8/7dgobm1vbO8Xd0t7+weFR+fikpWWqKDap5FJ1QqKRM4FNwwzHTqKQxCHHdji+m/vtCSrNpHg00wSDmAwFixglxkpBb0IUJppxKfpev1zxqt4C7jrxc1KBHI1++as3kDSNURjKidZd30tMkBFlGOU4K/VSjQmhYzLErqWCxKiDbHH0zL2wysCNpLIljLtQf09kJNZ6Goe2MyZmpFe9ufif101NdBtkTCSpQUGXi6KUu0a68wTcAVNIDZ9aQqhi9laXjogi1NicSjYEf/XlddK6qvq1au3hulK/zuMowhmcwyX4cAN1uIcGNIHCEzzDK7w5E+fFeXc+lq0FJ585hT9wPn8A5YWSJw==</latexit>"0

— see Li, Yan ’24, Huang, Wei, Chen ’24
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Assumptions

• minimal data assumptions:

P
(∥X0∥2 ≤ T cR︸︷︷︸

polynomially large diameter

)
= 1

for arbitrarily large constant cR > 0

• perfect score estimates: st(·) = ∇ log pXt(·)
−→ not needed; only to simplify presentation
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Convergence theory in KL divergence

Theorem 2 (Li and Yan ’24; Huang, Wei, Chen ’24)

DDPM sampler (its original form) yields KL(pX1 ∥ pY1) ≤ ε in

Õ(k/ε) iterations

— related work Azangulov et al. ’24, Potaptchik et al.’24

• optimal scaling in k
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Convergence theory in total variation

Theorem 3 (Liang, Huang, Chen ’25; Li, Yan ’25; Tang, Yan ’25)

Both DDPM & DDIM (their original form) yield TV(pX1 , pY1) ≤ ε in

Õ(k/ε) iterations

DDIM: Yt−1 = 1√
αt

(
Yt + ηddim

t st(Yt)
)

DDPM: Yt−1 = 1√
αt

(
Yt + ηddpm

t st(Yt) + σddpm
t N (0, Id)

)

DDIM: Yt−1 = 1√
αt

(
Yt + 1− αt

1 +
√

αt−αt
1−αt

st(Yt)
)

DDPM: Yt−1 = 1√
αt

(
Yt + (1− αt)st(Yt) +

√
(1− αt)(αt − αt)

1− αt
N (0, Id)

)

where αt =
∏t

i=1 αi

• originally derived to optimize variational lower bounds!
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Interpretation from lens of SDE/ODE

reverse-time SDE (same distribution as Xt):

dYt =
(
Yt + 2s⋆T−t(Yt)

)
dt+

√
2 dBt

Tweedie’s formula
ww�

dYt =
(
c1,tYt︸ ︷︷ ︸

linear drift

+ c2,tE[X0 | XT−t = Yt]︸ ︷︷ ︸
cond. mean of X0

)
dt+

√
2 dBt

time-discretize
ww�

DDIM or DDPM

• key enabler: E[X0 | Xt] is “projection” onto low-dimensional structure
• discretization scheme matters: time-discretize carefully to retain

low-dimensional adaptation
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√
2 dBt

time-discretize
ww�

DDIM or DDPM

• key enabler: E[X0 | Xt] is “projection” onto low-dimensional structure
• discretization scheme matters: time-discretize carefully to retain

low-dimensional adaptation
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Can diffusion models adapt to other structures,
e.g. Gaussian mixture models?

figure credit: Dall-E 3 from OpenAI
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An incomplete list of prior art

Gaussian mixture models (Pearson’94)

X0 ∼
K∑

k=1

πkN (µk,Σ),
K∑

i=1

πi = 1.

• Dasgupta’99
• Vempala & Wang’04
• Arora & Kannan’05
• Kalai et al.’10
• Moitra & Valiant’10
• Hsu & Kakade’13
• Diakonikolas et al.’18
• Hopkins & Li’18

• Ghosal & Van Der Vaart’01
• Dwivedi, Wainwright, et al.’20
• Chen’95
• Heinrich & Kahn’18
• Wu & Yang’20
• Doss et al.’23
• Saha & Guntuboyina’20
• Ashtiani et al.’18

• Shah et al.’23
• Liang et al.’24
• Wu et al.’24
• Chidambaram et al.’24
• Chen et al.’24
• Gatmiry et al.’24
• Wang et al.’24
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Dimension-free convergence of DDPM for GMMs

Gaussian mixture models (Pearson’94)

X0 ∼
K∑

k=1

πkN (µk,Σ),
K∑

i=1

πi = 1

Theorem 4 (Li, Cai, Wei ’25)
For spherical Gaussian mixture with Σ = σ2Id, DDPM yields

TV(X0, Y0) ≲ log2(KT ) log2 T

T
+ εscore

√
log T

• to yield ε-accuracy, it requires Õ(1/ε)︸ ︷︷ ︸
dimension-free

iterations

• stable vis-a-vis score errors

Even in ultra-high-dimension, diffusion models are highly effective in
sampling GMMs!
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Comparison w/ prior theory of GMMs

(our theory) TV(X0, Y0) ≲ log2(KT ) log2 T

T
+ εscore

√
log T .

• Liang, Shi, Song, Zhou’24: provides Õ(d/ε2) complexity bound︸ ︷︷ ︸
show no adaptation phenomenon

• Chen et al.’24; Gatmiry et al.’24: focus on score estimation using
piecewise polynomial regression + existing DDPM convergence
theory

40/ 124



Comparison w/ prior theory of GMMs

(our theory) TV(X0, Y0) ≲ log2(KT ) log2 T

T
+ εscore

√
log T .

• Liang, Shi, Song, Zhou’24: provides Õ(d/ε2) complexity bound︸ ︷︷ ︸
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Part 3: acceleration via higher-order approximation

Gen Li
CUHK

Yuchen Zhou
UIUC

Yu Huang
UPenn
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Yuxin Chen
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Yuejie Chi
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DDPM and DDIM are still slow . . .

50K 32×32 images: DDPM (20h) vs. single-step GANs (< 1min)

— Song, Meng, Ermon ’20
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training-free

training-based
dis

til
lat
ion

pretrained diffusion model (pretrained scores) distilled sampling

1

pretrained diffusion model (pretrained scores) distilled sampling

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples model optimal value function

1

pretrained diffusion model (pretrained scores) distilled sampling

1

pretrained diffusion model (pretrained scores) distilled sampling

1

• training-based: distill pre-trained diffusion model︸ ︷︷ ︸
requires additional training

into another

model that can be executed rapidly
◦ e.g., progressive distillation, consistency model

• training-free: directly invoke pre-trained score estimates for
sampling w/o additional training
◦ e.g., DPM-Solver/++ (Lu et al. ’22), UniPC (Zhao et al. ’23), . . .

43/ 124



training-free

training-based
dis

til
lat
ion

pretrained diffusion model (pretrained scores) distilled sampling

1

pretrained diffusion model (pretrained scores) distilled sampling

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action a0 which action a to take?

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

V ⇡(s0) Q⇡(s0, a0)
"
⇡b(·|s0) ⇡b(·|s1) ⇡b(·|s2) ⇡b(·|s3) ⇡b(·|s4) ⇡b(·|s5)
⇡?(·|s0) ⇡?(·|s1) ⇡?(·|s2) ⇡?(·|s3) ⇡?(·|s4) ⇡?(·|s5)

samples model optimal value function

1

pretrained diffusion model (pretrained scores) distilled sampling

1

pretrained diffusion model (pretrained scores) distilled sampling

1

• training-based: distill pre-trained diffusion model︸ ︷︷ ︸
requires additional training

into another

model that can be executed rapidly
◦ e.g., progressive distillation, consistency model

• training-free: directly invoke pre-trained score estimates for
sampling w/o additional training
◦ e.g., DPM-Solver/++ (Lu et al. ’22), UniPC (Zhao et al. ’23), . . .

43/ 124



Can we design a training-free sampler that is
provably faster than DDIM/DDPM?



Discretization ←→ approximation

A starting point: equiv solution to probability flow ODE

Y ode
αt−1︸ ︷︷ ︸

represent Yt−1

= 1√
αt

Y ode
αt︸ ︷︷ ︸

represent Yt

+
∫ αt−1

αt

1√
γ3 s

⋆
γ

(
Y ode
γ

)
dγ

︸ ︷︷ ︸

infinitely many score evaluations!

where s⋆γ(x) := ∇ log p√
γX0+

√
1−γN (0,Id)(x)

• can we approximate the integral by a few score evals?
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Y ode
αt−1 = 1√

αt
Y ode
αt +

∫ αt−1

αt

1√
γ3

s⋆γ
(
Y ode
γ

)
︸ ︷︷ ︸

approximate by?

dγ

1st order approx: s⋆γ
(
Y ode
γ

)
≈ s⋆αt

(
Y ode
αt

)
≈ st(Yt)

=⇒ Yt−1 ≈
1√
αt

(
Yt + 1− αt

2 st(Yt)
)

original DDIMd

ε
iterations; 1 score eval per iteration (DDIM)

refined approximation?

s⋆γ
(
Y ode
γ

)
≈ st(Yt) + γ − αt

αt − αt+1

(
st(Yt)− st+1(Yt+1)

)
2nd order approx: (Li, Huang, Efimov, Wei, Chi, Chen ’24)

√
αtYt−1 ≈ Yt + 1 − αt

2
st(Yt) + (1 − αt)2

4(1 − αt+1)
(
st(Yt) − √

αt+1st+1(Yt+1)
)

— similar in spirit to DPM-Solver-2 (Lu et al ’22)

poly(d)√
ε

iterations; 2 score evals per iteration

even higher-order approximation?

for order K:

1
γ3/2 s

⋆
γ(Y ode

γ ) ≈
∑

0≤i<K
ψi(γ)

sγt,i(Y ode
γt,i )

(γt,i)3/2

• K anchor points: γt,0, . . . , γt,K−1

• Lagrange basis polynomial: ψi(γ) :=
∏

i′:i′ ̸=i(γ−γt,i′ )∏
i′:i′ ̸=i(γt,i−γt,i′ )
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Proposed K-th order sampler (Li et al. ’25)
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)
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control discretization error
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)

K score evals per iteration; Õ(1) rounds of refinements
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Y ode
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︸ ︷︷ ︸

approx by deg-(K−1) Lagrange polynomials
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• successively, alternately refine Y ode
γt,i and sγt,i
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)

K score evals per iteration; Õ(1) rounds of refinements
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Convergence theory for our accelerated sampler

Theorem 5 (Li, Zhou, Wei, Chen ’25)
Consider any K = O(1). With perfect scores, our accelerated
deterministic sampler yields TV(pX1 , pY1) ≤ ε in

Õ
(
d1+2/K/ε1/K) iterations

• # score function evaluations: d1+o(1)

ε1/K

• outperforms vanilla DDIM (d/ε)
◦ substantially improved ε-dependency
◦ almost no loss in d-dependency;

• minimal assumptions on data distributions
◦ see also Huang et al. ’24, ’25 (Runge-Kutta; stronger assumptions)
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Can we design algorithms to improve the dependency on
dimension d?



Non-uniform Lipschitz property

Non-uniform Lipschitz constant L ≥ 1: for every γ ∈ (0, 1),

P
(
(1− γ)∥∇s⋆γ(Xγ)∥2 ≤ L

)
≥ 1− 1

d4 .

• much weaker than the global ∥∇s⋆γ(x)∥2 ≤ L̃ for all x ∈ Rd and τ

• Examples that L is small but L̃ is large
◦ X0 ∼ N(µ,Σ)⇒ L = 1, L̃ =∞ for singular Σ
◦ X0 ∼

∑H
h=1 πhN (µh, σ2

hId)⇒ L ≲ log(d) log(H), L̃ can be
Ω(∥µ∥2

2) ≈ E[∥X0∥2
2] even when σ2

h = 1
◦ X0 has indep. entries with E[|X0,i|] ≤ dcR ⇒ L ≲ log d, L̃ can

be infinite
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Convergence theory for DDPM

Theorem 6 (Jiao, Zhou, Li ’25)
DDPM yields TV(pX1 , pY1) ≤ ε and KL(pX1∥pY1) ≤ ε2 in

min{L
√
d, d}

ε
iterations

• When L = Õ(1), iteration complexity:
√
d/ε

• When L = O(
√
d), sublinear dependency on d

• When L = Õ(1), the lower bound is Ω̃(
√
d/ε)
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Sampler based on randomized midpoint

For integral
∫ 1

0 f(x)dx, interval width δ:
• Fixed endpoints: error ∝ ∥f ′∥δ
• Randomized midpoints: error ∝ ∥f ′∥δ3/2

— Gupta et al ’24, Shen and Lee ’19

For ODE in diffusion models:

Y ode
αt−1 = 1√

αt
Y ode
αt +

∫ αt−1

αt

1√
γ3 s⋆γ

(
Y ode
γ

)
︸ ︷︷ ︸

approximate by?

dγ

≈ 1√
αt
Y ode
αt + αt−1 − αt√

γ3
t

s⋆γt
(
Y ode
γt

)
, γt ∼ Unif([αt, αt−1])
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Convergence theory for our accelerated sampler

Theorem 7 (Jiao & Li ’25)
Our accelerated sampler yields TV(pX1 , pY1) ≤ ε in

Õ
(min{d, d2/3L1/3, d1/3L}

ε2/3

)
iterations

• To achieve sublinear dependency on d, our accelerated sampler
requires L = O(d) vs. DDPM requires L = O(

√
d)

• When L = Õ(1), O(d1/3) dependency vs. O(d1/2) dependency
of DDPM
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Benton et al. (2023), 

Li and Yan (2024)

Li and Cai (2024)

Iteration 

complexity

achieve improvements over a fulll range of L
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Forward-value discretization of diffusion ODE

Reverse ODE

Forward ODE

Discretized forward ODE

X(αt−1) =
√

1− αt−1
1− αt

X(αt) +
√

1− αt−1

∫ λ(αt)

λ(αt−1)
eλ µ

(
X(α(λ)), α(λ)

)
︸ ︷︷ ︸

data predictor

dλ

λ = 1
2 log α

1− α, µ(x, α) = x+ (1− α)sα(x)√
α
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1− αt

X(αt) +
√

1− αt−1

∫ λ(αt)

λ(αt−1)
eλ µ

(
X(α(λ)), α(λ)

)
︸ ︷︷ ︸

data predictor

dλ

Reverse-value discretization of diffusion ODE:

Approx. integrand µ
(
X(α(λ)), α(λ)

)
with reverse value at αt

Yt−1 =
√

1− αt−1
1− αt

Yt +
(
√
αt−1 −

√
(1− αt−1)αt

1− αt

)
µ
(
Yt, αt

)
,

t = T, · · · , 2.

55/ 124



Forward-value discretization of diffusion ODE

Forward ODE

Discretized forward ODE

Forward-value discretization of diffusion ODE:

Approx. integrand µ
(
X(α(λ)), α(λ)

)
with forward value at αt−1

Y fw
t =

√
1− αt

1− αt−1
Y fw
t−1 −

(
√
αt −

√
(1− αt)αt−1

1− αt−1

)
µ
(
Y fw
t−1, αt−1

)
,

t = T, · · · , 2.
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Motivation: diffusion ODE

Discretized forward ODE

Y fw
t−1 =

√
1− αt−1
1− αt

Y fw
t +

(
√
αt−1 −

√
(1− αt−1)αt

1− αt

)
µ
(
Y fw
t−1, αt−1

)
,

t = T, · · · , 2.

Valid in two extreme cases:

• T = 2: Y fw
1 ≈ µ

(
Y fw

1 , α1
)
≈ X1 (α1 ≈ 1, α2 ≈ 0)

• T →∞: µ
(
Y fw, α

)
≈ µ

(
Y fw
t−1, αt−1

)
⇒ solve the ODE
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≈ X1 (α1 ≈ 1, α2 ≈ 0)

• T →∞: µ
(
Y fw, α

)
≈ µ

(
Y fw
t−1, αt−1

)
⇒ solve the ODE

Conjecture: forward-value discretized ODE Y fw
1

d≈ X(α1) for any T ≥ 2
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Order of our sampler

Recall forward-value discretization of diffusion ODE: for t = T, . . . , 2,

Y fw
t−1 =

√
1− αt−1
1− αt

Y fw
t +

(
√
αt−1 −

√
(1− αt−1)αt

1− αt

)
µ
(
Y fw
t−1, αt−1

)
.

Theorem 8 (Jiao, Li, Cai, Li. ’25)
The forward-value discretization of diffusion ODE satisfies

∥Y fw
1 −X(α1) + Y ddim

1 −X(α1)∥2 = Õ(1/T 2).

Our proposed sampler is first-order
( DDIM error ∥Y ddim

1 −X(α1)∥2 = Õ(1/T ) )

59/ 124



Order of our sampler

Recall forward-value discretization of diffusion ODE: for t = T, . . . , 2,

Y fw
t−1 =

√
1− αt−1
1− αt

Y fw
t +

(
√
αt−1 −

√
(1− αt−1)αt

1− αt

)
µ
(
Y fw
t−1, αt−1

)
.

Theorem 8 (Jiao, Li, Cai, Li. ’25)
The forward-value discretization of diffusion ODE satisfies

∥Y fw
1 −X(α1) + Y ddim

1 −X(α1)∥2 = Õ(1/T 2).
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Experiments: quantitative comparisons

FIDs↓ on ImageNet64 dataset (EDM2-S):

NFE First-order Algorithms High-order Algorithms
Ours DDIM DPMSolver-2 DPMSolver-3 UniPC-3

4 22.35 43.86 29.91 23.66 50.00
5 11.98 31.41 18.16 12.57 26.93
6 7.20 23.22 11.89 7.63 15.26
8 3.64 14.20 6.40 3.92 5.78
10 2.51 9.85 4.26 2.70 2.71

• Better than first- and second-order algorithms
• Comparable with third-order algorithms
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Experiments: quantitative comparisons

FIDs↓ on ImageNet512 dataset (EDM2-XXL):

NFE First-order Algorithms High-order Algorithms
Ours DDIM DPMSolver-2 DPMSolver-3 UniPC-3

4 50.96 87.78 66.21 59.34 217.22
5 22.69 61.62 38.02 28.05 94.36
6 14.33 53.88 28.23 16.11 30.65
8 6.18 31.16 12.18 7.01 8.51
10 4.57 20.97 7.44 4.93 4.90

• Better than first- and second-order algorithms
• Comparable with third-order algorithms
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Experiments: qualitative comparisons
Stable diffusion: a desk and chair in an office cubicle

DPM

Solver-2

DPM

Solver-3

UniPC-3

DDIM

F-DDIM

F-DPM

Solver-2

A desk and chair in an office cubicle Four tennis players with rackets on a court

Only our sampler can generate chair
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Experiments: qualitative comparisons
Stable diffusion: four tennis players with rackets on a court

DPM

Solver-2

DPM

Solver-3

UniPC-3

DDIM

F-DDIM

F-DPM

Solver-2

Four tennis players with rackets on a court

Only our sampler can generate four players 63/ 124
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Guided/controlled data generation
external conditions / specific instructions (via, e.g., prompts)

−→ steer generation toward specific prompts
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<latexit sha1_base64="tX7OYIgKzOKtKnxM9Qz2aYih0vU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6qJ6k4MVjBfshbSibzaZdursJuxuhhP4KLx4U8erP8ea/cdPmoK0PBh7vzTAzL0g408Z1v53SxubW9k55t7K3f3B4VD0+6eo4VYR2SMxj1Q+wppxJ2jHMcNpPFMUi4LQXTG9zv/dElWaxfDCzhPoCjyWLGMHGSo8hi6I0N0fVmlt3F0DrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ8tDp6jC6uEKIqVLWnQQv09kWGh9UwEtlNgM9GrXi7+5w1SE137GZNJaqgky0VRypGJUf49CpmixPCZJZgoZm9FZIIVJsZmVLEheKsvr5Nuo+416837Rq11U8RRhjM4h0vw4ApacAdt6AABAc/wCm+Ocl6cd+dj2VpyiplT+APn8wciQ5Cg</latexit>

di↵usion
<latexit sha1_base64="6amBq0UgZ5KKEY9gH5X+Rk851yg=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKezmED1JwIvHCOYByRJmZ3uTMfNYZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcqZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ26hMU2hRxZXuRsQAZxJallkO3VQDERGHTjS+nfudJ9CGKflgJymEggwlSxgl1kltoWLgZlCu+FV/AbxOgpxUUI7moPzVjxXNBEhLOTGmF/ipDadEW0Y5zEr9zEBK6JgMoeeoJAJMOF1cO8MXTolxorQrafFC/T0xJcKYiYhcpyB2ZFa9ufif18tsch1OmUwzC5IuFyUZx1bh+es4Zhqo5RNHCNXM3YrpiGhCrQuo5EIIVl9eJ+1aNahX6/e1SuMmj6OIztA5ukQBukINdIeaqIUoekTP6BW9ecp78d69j2VrwctnTtEfeJ8/wSqPPw==</latexit>

models

<latexit sha1_base64="4DIOwwnvUoo8WuxQWDsZEcMvjUM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRCsJ2FhGMB+QHGFvs5cs2ds7d+eEcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnCacD+iIyVCwShaqYuaCiXUaFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3hm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzJ8nQ6E5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXql69Wr+vVRo3eRxFOINzuAQPrqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QNYMpAr</latexit>

training
<latexit sha1_base64="P+s7MOqSjBPz9JMVvIxtjtH2q3U=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRCsJ2FhGMImQHGFvM0mW7N4tu3tCOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1fY2Nza3inulvb2Dw6PyscnbZOkmmGLJSLRjxE1KHiMLcutwEelkcpIYCea3M79zhNqw5P4wU4VhpKOYj7kjFondQyVSqDplyt+1V+ArJMgJxXI0eyXv3qDhKUSY8sENaYb+MqGGdWWM4GzUi81qCib0BF2HY2pRBNmi3Nn5MIpAzJMtKvYkoX6eyKj0pipjFynpHZsVr25+J/XTe3wOsx4rFKLMVsuGqaC2ITMfycDrpFZMXWEMs3drYSNqabMuoRKLoRg9eV10q5Vg3q1fl+rNG7yOIpwBudwCQFcQQPuoAktYDCBZ3iFN095L96797FsLXj5zCn8gff5A5QEj7o=</latexit>

samples

<latexit sha1_base64="kGrF+U4C4taIxy0PtAelAg8c2Cc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe5SREkVSGNhEcF8QHKEvc0kWbK3d+zuCeHI37CxUMTWP2Pnv3GTXKGJDwYe780wMy+IBdfGdb+d3Nb2zu5efr9wcHh0fFI8PWvrKFEMWywSkeoGVKPgEluGG4HdWCENA4GdYNpY+J0nVJpH8tHMYvRDOpZ8xBk1Vurf0wBFjTQiNeaDYsktu0uQTeJlpAQZmoPiV38YsSREaZigWvc8NzZ+SpXhTOC80E80xpRN6Rh7lkoaovbT5c1zcmWVIRlFypY0ZKn+nkhpqPUsDGxnSM1Er3sL8T+vl5jRrZ9yGScGJVstGiWCmIgsAiBDrpAZMbOEMsXtrYRNqKLM2JgKNgRv/eVN0q6UvWq5+lAp1WtZHHm4gEu4Bg9uoA530IQWMIjhGV7hzUmcF+fd+Vi15pxs5hz+wPn8ATOJkSE=</latexit>

Label: Corgi

<latexit sha1_base64="32qt5KvoENbJZA5CRnkyJ7qcW7E=">AAAB8nicbVA9T8MwFHTKVylfBUYWiwqJqUo6FAaGSiyMRaItUhpVjuO0Vh07sl+Qqqg/g4UBhFj5NWz8G5w2A7ScZOl0956e78JUcAOu++1UNja3tnequ7W9/YPDo/rxSd+oTFPWo0oo/RgSwwSXrAccBHtMNSNJKNggnN4W/uCJacOVfIBZyoKEjCWPOSVgJZ8qGfGCETGqN9ymuwBeJ15JGqhEd1T/GkaKZgmTQAUxxvfcFIKcaOBUsHltmBmWEjolY+ZbKknCTJAvvjzHF1aJcKy0fRLwQv29kZPEmFkS2smEwMSseoX4n+dnEF8HOZdpBkzS5aE4ExgULvLjiGtGQcwsIVTb7BTTCdGEgm2pZkvwViOvk36r6bWb7ftWo3NT1lFFZ+gcXSIPXaEOukNd1EMUKfSMXtGbA86L8+58LEcrTrlziv7A+fwBqmCRfw==</latexit>

conditional

<latexit sha1_base64="bugrLEfTz04U+mrO83VobNf2Csw=">AAACA3icdZDLSgMxFIYz9VbrbdSdboJFcCHDdFrbuit047KCvUBbSiY9bUMzmSHJCKUU3Pgqblwo4taXcOfbmGkrqOgPgZ/vnJPk/H7EmdKu+2GlVlbX1jfSm5mt7Z3dPXv/oKHCWFKo05CHsuUTBZwJqGumObQiCSTwOTT9cTWpN29BKhaKGz2JoBuQoWADRok2qGcfgTN0cJUTpQwFiYcx6xNB4Rz37KzrXJaL3oWHXcd1S16+mBivVPDyOGdIoixaqtaz3zv9kMYBCE2TC9s5N9LdKZGaUQ6zTCdWEBE6JkNoGytIAKo7ne8ww6eG9PEglOYIjef0+8SUBEpNAt90BkSP1O9aAv+qtWM9KHenTESxBkEXDw1ijnWIk0Bwn0mgmk+MIVQy81dMR0QSqk1sGRPC16b4f9PwnFzRKV572UphGUcaHaMTdIZyqIQq6ArVUB1RdIce0BN6tu6tR+vFel20pqzlzCH6IevtE7Epluc=</latexit>

e.g. Classifier guidance,
<latexit sha1_base64="fo6djhAdwhRfhogNPRlfiw8kr2M=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYBDeW6bS2dVfoxmUFe4G2lEx6pg3NZIYkI5RSN76KGxeKuPUt3Pk2ZtoKKvpD4Oc75yQ5vxdxprTjfFipldW19Y30ZmZre2d3z94/aKowlhQaNOShbHtEAWcCGpppDu1IAgk8Di1vXEvqrVuQioXiRk8i6AVkKJjPKNEG9e2jGidKGQDy3JcAeBizAREU+nbWyV1WSu6Fi52c45TdQikxbrnoFnDekERZtFS9b793ByGNAxCaJnd28k6ke1MiNaMcZplurCAidEyG0DFWkABUbzrfYIZPDRlgP5TmCI3n9PvElARKTQLPdAZEj9TvWgL/qnVi7Vd6UyaiWIOgi4f8mGMd4iQOPGASqOYTYwiVzPwV0xGRhGoTWsaE8LUp/t803Vy+lCtdu9lqcRlHGh2jE3SG8qiMqugK1VEDUXSHHtATerburUfrxXpdtKas5cwh+iHr7RO6yJcO</latexit>

Classifier-free guidance

<latexit sha1_base64="Xjyb6lVvyuqHmxnhd89UWfBmTkw="></latexit>

dY⌧ = Y⌧ + 2rpT�⌧ (Y⌧ | c)dt +
p

2dB⌧

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c
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Guided/controlled data generation
external conditions / specific instructions (via, e.g., prompts)

−→ steer generation toward specific prompts

<latexit sha1_base64="tX7OYIgKzOKtKnxM9Qz2aYih0vU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6qJ6k4MVjBfshbSibzaZdursJuxuhhP4KLx4U8erP8ea/cdPmoK0PBh7vzTAzL0g408Z1v53SxubW9k55t7K3f3B4VD0+6eo4VYR2SMxj1Q+wppxJ2jHMcNpPFMUi4LQXTG9zv/dElWaxfDCzhPoCjyWLGMHGSo8hi6I0N0fVmlt3F0DrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ8tDp6jC6uEKIqVLWnQQv09kWGh9UwEtlNgM9GrXi7+5w1SE137GZNJaqgky0VRypGJUf49CpmixPCZJZgoZm9FZIIVJsZmVLEheKsvr5Nuo+416837Rq11U8RRhjM4h0vw4ApacAdt6AABAc/wCm+Ocl6cd+dj2VpyiplT+APn8wciQ5Cg</latexit>

di↵usion
<latexit sha1_base64="6amBq0UgZ5KKEY9gH5X+Rk851yg=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKezmED1JwIvHCOYByRJmZ3uTMfNYZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcqZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ26hMU2hRxZXuRsQAZxJallkO3VQDERGHTjS+nfudJ9CGKflgJymEggwlSxgl1kltoWLgZlCu+FV/AbxOgpxUUI7moPzVjxXNBEhLOTGmF/ipDadEW0Y5zEr9zEBK6JgMoeeoJAJMOF1cO8MXTolxorQrafFC/T0xJcKYiYhcpyB2ZFa9ufif18tsch1OmUwzC5IuFyUZx1bh+es4Zhqo5RNHCNXM3YrpiGhCrQuo5EIIVl9eJ+1aNahX6/e1SuMmj6OIztA5ukQBukINdIeaqIUoekTP6BW9ecp78d69j2VrwctnTtEfeJ8/wSqPPw==</latexit>

models

<latexit sha1_base64="tX7OYIgKzOKtKnxM9Qz2aYih0vU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0l6qJ6k4MVjBfshbSibzaZdursJuxuhhP4KLx4U8erP8ea/cdPmoK0PBh7vzTAzL0g408Z1v53SxubW9k55t7K3f3B4VD0+6eo4VYR2SMxj1Q+wppxJ2jHMcNpPFMUi4LQXTG9zv/dElWaxfDCzhPoCjyWLGMHGSo8hi6I0N0fVmlt3F0DrxCtIDQq0R9WvYRiTVFBpCMdaDzw3MX6GlWGE03llmGqaYDLFYzqwVGJBtZ8tDp6jC6uEKIqVLWnQQv09kWGh9UwEtlNgM9GrXi7+5w1SE137GZNJaqgky0VRypGJUf49CpmixPCZJZgoZm9FZIIVJsZmVLEheKsvr5Nuo+416837Rq11U8RRhjM4h0vw4ApacAdt6AABAc/wCm+Ocl6cd+dj2VpyiplT+APn8wciQ5Cg</latexit>

di↵usion
<latexit sha1_base64="6amBq0UgZ5KKEY9gH5X+Rk851yg=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKezmED1JwIvHCOYByRJmZ3uTMfNYZmaFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcqZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ26hMU2hRxZXuRsQAZxJallkO3VQDERGHTjS+nfudJ9CGKflgJymEggwlSxgl1kltoWLgZlCu+FV/AbxOgpxUUI7moPzVjxXNBEhLOTGmF/ipDadEW0Y5zEr9zEBK6JgMoeeoJAJMOF1cO8MXTolxorQrafFC/T0xJcKYiYhcpyB2ZFa9ufif18tsch1OmUwzC5IuFyUZx1bh+es4Zhqo5RNHCNXM3YrpiGhCrQuo5EIIVl9eJ+1aNahX6/e1SuMmj6OIztA5ukQBukINdIeaqIUoekTP6BW9ecp78d69j2VrwctnTtEfeJ8/wSqPPw==</latexit>

models

<latexit sha1_base64="4DIOwwnvUoo8WuxQWDsZEcMvjUM=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRCsJ2FhGMB+QHGFvs5cs2ds7d+eEcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnCacD+iIyVCwShaqYuaCiXUaFCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni3hm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzJ8nQ6E5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXql69Wr+vVRo3eRxFOINzuAQPrqABd9CEFjCQ8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QNYMpAr</latexit>

training
<latexit sha1_base64="P+s7MOqSjBPz9JMVvIxtjtH2q3U=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5SRCsJ2FhGMImQHGFvM0mW7N4tu3tCOPIjbCwUsfX32Plv3CRXaOKDgcd7M8zMi5Tgxvr+t1fY2Nza3inulvb2Dw6PyscnbZOkmmGLJSLRjxE1KHiMLcutwEelkcpIYCea3M79zhNqw5P4wU4VhpKOYj7kjFondQyVSqDplyt+1V+ArJMgJxXI0eyXv3qDhKUSY8sENaYb+MqGGdWWM4GzUi81qCib0BF2HY2pRBNmi3Nn5MIpAzJMtKvYkoX6eyKj0pipjFynpHZsVr25+J/XTe3wOsx4rFKLMVsuGqaC2ITMfycDrpFZMXWEMs3drYSNqabMuoRKLoRg9eV10q5Vg3q1fl+rNG7yOIpwBudwCQFcQQPuoAktYDCBZ3iFN095L96797FsLXj5zCn8gff5A5QEj7o=</latexit>

samples

<latexit sha1_base64="kGrF+U4C4taIxy0PtAelAg8c2Cc=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFoNgFe5SREkVSGNhEcF8QHKEvc0kWbK3d+zuCeHI37CxUMTWP2Pnv3GTXKGJDwYe780wMy+IBdfGdb+d3Nb2zu5efr9wcHh0fFI8PWvrKFEMWywSkeoGVKPgEluGG4HdWCENA4GdYNpY+J0nVJpH8tHMYvRDOpZ8xBk1Vurf0wBFjTQiNeaDYsktu0uQTeJlpAQZmoPiV38YsSREaZigWvc8NzZ+SpXhTOC80E80xpRN6Rh7lkoaovbT5c1zcmWVIRlFypY0ZKn+nkhpqPUsDGxnSM1Er3sL8T+vl5jRrZ9yGScGJVstGiWCmIgsAiBDrpAZMbOEMsXtrYRNqKLM2JgKNgRv/eVN0q6UvWq5+lAp1WtZHHm4gEu4Bg9uoA530IQWMIjhGV7hzUmcF+fd+Vi15pxs5hz+wPn8ATOJkSE=</latexit>

Label: Corgi

<latexit sha1_base64="32qt5KvoENbJZA5CRnkyJ7qcW7E=">AAAB8nicbVA9T8MwFHTKVylfBUYWiwqJqUo6FAaGSiyMRaItUhpVjuO0Vh07sl+Qqqg/g4UBhFj5NWz8G5w2A7ScZOl0956e78JUcAOu++1UNja3tnequ7W9/YPDo/rxSd+oTFPWo0oo/RgSwwSXrAccBHtMNSNJKNggnN4W/uCJacOVfIBZyoKEjCWPOSVgJZ8qGfGCETGqN9ymuwBeJ15JGqhEd1T/GkaKZgmTQAUxxvfcFIKcaOBUsHltmBmWEjolY+ZbKknCTJAvvjzHF1aJcKy0fRLwQv29kZPEmFkS2smEwMSseoX4n+dnEF8HOZdpBkzS5aE4ExgULvLjiGtGQcwsIVTb7BTTCdGEgm2pZkvwViOvk36r6bWb7ftWo3NT1lFFZ+gcXSIPXaEOukNd1EMUKfSMXtGbA86L8+58LEcrTrlziv7A+fwBqmCRfw==</latexit>

conditional

<latexit sha1_base64="bugrLEfTz04U+mrO83VobNf2Csw=">AAACA3icdZDLSgMxFIYz9VbrbdSdboJFcCHDdFrbuit047KCvUBbSiY9bUMzmSHJCKUU3Pgqblwo4taXcOfbmGkrqOgPgZ/vnJPk/H7EmdKu+2GlVlbX1jfSm5mt7Z3dPXv/oKHCWFKo05CHsuUTBZwJqGumObQiCSTwOTT9cTWpN29BKhaKGz2JoBuQoWADRok2qGcfgTN0cJUTpQwFiYcx6xNB4Rz37KzrXJaL3oWHXcd1S16+mBivVPDyOGdIoixaqtaz3zv9kMYBCE2TC9s5N9LdKZGaUQ6zTCdWEBE6JkNoGytIAKo7ne8ww6eG9PEglOYIjef0+8SUBEpNAt90BkSP1O9aAv+qtWM9KHenTESxBkEXDw1ijnWIk0Bwn0mgmk+MIVQy81dMR0QSqk1sGRPC16b4f9PwnFzRKV572UphGUcaHaMTdIZyqIQq6ArVUB1RdIce0BN6tu6tR+vFel20pqzlzCH6IevtE7Epluc=</latexit>

e.g. Classifier guidance,
<latexit sha1_base64="fo6djhAdwhRfhogNPRlfiw8kr2M=">AAACAXicdZDLSgMxFIYz9VbrbdSN4CZYBDeW6bS2dVfoxmUFe4G2lEx6pg3NZIYkI5RSN76KGxeKuPUt3Pk2ZtoKKvpD4Oc75yQ5vxdxprTjfFipldW19Y30ZmZre2d3z94/aKowlhQaNOShbHtEAWcCGpppDu1IAgk8Di1vXEvqrVuQioXiRk8i6AVkKJjPKNEG9e2jGidKGQDy3JcAeBizAREU+nbWyV1WSu6Fi52c45TdQikxbrnoFnDekERZtFS9b793ByGNAxCaJnd28k6ke1MiNaMcZplurCAidEyG0DFWkABUbzrfYIZPDRlgP5TmCI3n9PvElARKTQLPdAZEj9TvWgL/qnVi7Vd6UyaiWIOgi4f8mGMd4iQOPGASqOYTYwiVzPwV0xGRhGoTWsaE8LUp/t803Vy+lCtdu9lqcRlHGh2jE3SG8qiMqugK1VEDUXSHHtATerburUfrxXpdtKas5cwh+iHr7RO6yJcO</latexit>

Classifier-free guidance

<latexit sha1_base64="Xjyb6lVvyuqHmxnhd89UWfBmTkw="></latexit>

dY⌧ = Y⌧ + 2rpT�⌧ (Y⌧ | c)dt +
p

2dB⌧

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c

a natural conditioning approach: replace scores w/ cond. scores

(unguided) dYt =
(1

2Yt +∇ log pX1−t(Yt)
)dt
t

+ 1√
t
dBt

• mathematically sound
• unsatisfactory perceptual quality . . .
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c

a natural conditioning approach: replace scores w/ cond. scores

(unguided) dYt =
(1

2Yt +∇ log pX1−t(Yt)
)dt
t

+ 1√
t
dBt

• mathematically sound
• unsatisfactory perceptual quality . . .
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c

a natural conditioning approach: replace scores w/ cond. scores

(guided) dYt =
(1

2Yt +∇ log pX1−t | c(Yt | c)
)dt
t

+ 1√
t
dBt

• mathematically sound
• unsatisfactory perceptual quality . . .
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c

a natural conditioning approach: replace scores w/ cond. scores

(guided) dYt =
(1

2Yt +∇ log pX1−t | c(Yt | c)
)dt
t

+ 1√
t
dBt

• mathematically sound

• unsatisfactory perceptual quality . . .
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Conditional diffusion models?

class-conditional sampling: generate samples for a specified class c︸ ︷︷ ︸
sample from pdata|c

a natural conditioning approach: replace scores w/ cond. scores

(guided) dYt =
(1

2Yt +∇ log pX1−t | c(Yt | c)
)dt
t

+ 1√
t
dBt

• mathematically sound
• unsatisfactory perceptual quality . . .
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Practically more appealing: diffusion guidance

Add classifier probability to the drift to amplify guidance

dY wt =
(1

2Y
w
t +∇ log pX1−t | c(Y wt | c)

)dt
t

+ 1√
t
dBt

Practically more appealing: di�usion guidance

Add classifier probability to the drift to guide the di�usion process

dY w
t =

11
2Y

w
t + Ò log pX1≠t | c(Y w

t | c)
2dt
t

+ 1Ô
t
dBt

• classifier guidance
• classifier-free guidance

33/ 48
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Practically more appealing: diffusion guidance

Add classifier probability to the drift to amplify guidance

dY wt =
(1

2Y
w
t +∇ log pX1−t | c(Y wt | c) + w∇ log pc |X1−t(c |Y wt )
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Mystery of diffusion guidance

dY wt =
(1

2Y
w
t +∇ log pX1−t | c(Y wt | c) + w∇ log pc |X1−t(c |Y wt )

︸ ︷︷ ︸
guidance

)dt
t

+ 1√
t
dBt

• Bayes’ rule ∇ log pX1−t | c+w∇ log pc |X1−t = ∇ log
(
pX1−t ·p1+w

c |X1−t

)

• appears to sample from

pX0p
1+w
c |X0
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Mystery of diffusion guidance

• appears to sample from
pX0p

1+w
c |X0

• contrasts w/ Bayes
pX0 | c ∝ pX0pc |X0

• actually, even more complicated than pX0p
1+w
c |X0

(Bradley et al. ’24)
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Recent progress

Some recent progress for special distributions

• boosts classification confidence, diminishes diversity in Gaussian
mixtures (Wu, Chen, Li, Wang, Wei ’24)

• samples more heavily from boundary of support of cond. dist
(Chidambaram, Gatmiry, Chen, Lee, Lu ’24)

Can we clarify benefits of guidance for general distributions?
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Our results: effectiveness of diffusion guidance

Theorem 9 (Jiao, Chen, Li ’25)

Guided diffusion w/ strength w yields

E
[ 1
pc |X0(c |Youtput)

]

︸ ︷︷ ︸
unguided SDE

≥ E
[ 1
pc |X0(c |Y w

output)

]

︸ ︷︷ ︸
guided SDE w/ strength w

• guidance improves avg. reciprocal of classifier probability︸ ︷︷ ︸
related to Inception Score E[log pc |X0 (c |Youtput)]

• clarifies (rigorously) which metric guidance can improve
• holds for most distributions
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Experiments
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More generally: reward-guided diffusion

improve reward E
[
r(Y sample)

]
by fine-tuning diffusion model D

dY w
t =

(1
2Y

w
t +∇ log pX1−t(Y w

t ) + w · guidance
)dt
t

+ 1√
t
dBt

• guidance term: ∇ log pXr-wt
1−t

(Y w
t )

︸ ︷︷ ︸
reward-reweighted score

−∇ log pX1−t(Y w
t )

• supported by theory; easy to train
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Experiments

r(x) = −(x− 2)2 r(x) = 101(x1 ∈ [−5, 6])
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Part 5: diffusion models for inverse problems
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Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.

A(·)
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y = A(x)

Inverse problem: recover the signal of interest x from y.
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Ubiquitous, but often ill-posed

Radio&astronomy

healthcare

hyperspectral

Internet&traffic

seismic&imaging

microscopy

Can we exploit flexible / expressive data priors prescribed by
diffusion models?
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Diffusion model for inverse problems

Score-based generative prior

DDPM-type stochastic sampler

Yt�1 =
1p

1 � �t

✓
Yt +

�t

2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)

(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginals

discrete-time diffusion process

continuous-time limits via SDE toolbox (e.g., Girsanov thm)

control discretization error

Generative adversarial networks (GAN) Diffusion models

Generative modeling

st(·) = r log pXt
(·)

2

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1
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x ⇠ PX0
(·)

inverse problem
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y ⇠ p(· | x)

likelihood

Posterior sampling: sample from

p(·|y) ∝ p(·) p(y |x) = p(·)︸︷︷︸
prior

exp (L(· ; y))︸ ︷︷ ︸
log-likelihood

Score-based implicit prior: the data prior p(·) is accessed through
its score functions st(·) = ∇ log pXt(·).
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Recall: Tweedie’s formula

X0 ∼ pdata, Xt =
√
αtX0 +

√
1− αtN (0, Id), 1 ≤ t ≤ T

Tweedie’s formula (Hyvarinen’05; Vincent’11):

s⋆t (x) = 1√
1− αt E

[
W |

√
αtX0 +

√
1− αtW = x

]
,

where the expectation is taken over W ∼ N (0, Id), X0 ∼ pdata.

Data predictor (considered in inverse problems):

µt(x) := E
[
X0 |

√
αtX0 +

√
1− αtW = x

]

= 1√
αt

(
x− (1− αt)s⋆t (x)

)
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Recall: DDIM-type Sampler
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denoise denoise denoise

• forward process: di�use data into noise
• reverse process: convert pure noise into data-like distributions

Goal: Yt
d¥ Xt, t = T, · · · , 1

5/ 12

— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole ’20

X̂t−1

σt−1
= X̂t

σt

√
1− η (1− e−2δt−1 ) + eλt−1

(
1− e−δt−1

√
1− η (1− e−2δt−1 )

)

· µt(X̂t) +
√
η (1− e−2δt−1 )N (0, Id), 0 ≤ η ≤ 1

• δt−1 := λt−1 − λt where λt := log(αt/σt) denotes signal-to-noise
ratio
• Common choices with η ∈ [0, 1]

◦ η = 1: stochastic sampler (DDPM, Ho, Jain, Abbeel ’20)
◦ η = 0: deterministic sampler (probability flow ODE, Song, Meng,

Ermon ’20)
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Denoising with linear observations

Setting: linear inverse problem:

y = Ax+ ε, ε ∼ N (0, σ2I)

Goal: sample from posterior pX0|Y=y

Basic idea: replace µt with µt,y in a DDIM-type sampler

µt,y(x) := E[X0 | Xt = x, AX0 + ε = y]

immediate trial: min
µ
∥µ− µt(x)∥22 + γ∥y −Aµ∥22.
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Prior algorithms

• Diffusion Posterior Sampling (DPS, Chung et al’22)
• Denoising Diffusion Restoration Models (DDRM, Kawar et al’22)
• Regularization by Denoising Diffusion Process (RED-diff, Mardani

et al’23)
• Denoising Diffusion Null-space Model (DDNM/DDNM+, Wang et

al’22)
• Projected Diffusion (ProjDiff, Zhang et al’24)

Limitations
• implementation-complicated
• lacks theoretical guarantees
• unsatisfactory performance
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Observation: two sources of uncertainty
1. Measurement uncertainty: Apply SVD to A = UΣV ⊤ ∈ Rk×d:

y = Ax+ ε ⇐⇒ Σ−1
ss u

⊤
s y = v⊤

s x0 +N
(

0, σ
2

Σ2
ss

)
, Σss > 0

2. Diffusion uncertainty

v⊤
s Xt = αtv

⊤
s X0 + σtN (0, 1)

Key insight: divide based on SNR
Direction sets:

St := { s : αtσ < Σssσt } (observation-dominated at time t)
Sct := S \ St (prior-dominated at time t)
Sc := [k] \ S (no observations)

Define critical time τs s.t. ατs/στs = Σss/σ.
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Our sampler

v⊤s X̂t−1

σt−1
= v⊤s X̂t

σt

√
1− η(1− e−2δt−1 ) + eλt−1

(
1− e−δt−1

√
1− η(1− e−2δt−1 )

)

· v⊤s µt(X̂t) +
√
η(1− e−2δt−1 ) v⊤s N (0, Id)

• Observation-dominated (s ∈ St): apply DDIM-type update
with η = 0 to the modified forward process

ξt,s := αtξ0,s +
√
σ2
t − α2

tσ
2Σ−2

ss N (0, 1), ξ0,s := Σ−1
ss u

⊤
s y

• Prior-dominated directions (s ∈ Sct ): apply DDIM-type update
with η = 1 (corresponding to DDPM)
• Unobserved directions (s ∈ Sc): apply DDIM-type update with

sufficiently large η = ηSc .
84/ 124



Theoretical guarantee

Theorem 10 (Jiao, Na, Cai, Chen, Li ’26)
Assume X0 has bounded support. Let δ = max δt. If η3

Scδ2 → 0 and
η2

Scδ/log 1
δ →∞, then

law(X̂t)→ law(X0 | Y = y) as λt →∞.

• provably solving inverse problems
• providing guidance for parameter choices η
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Experiments: Choices of η

Inpainting task

ηSc
t
ηSc

CelebA ImageNet
PSNR↑ SSIM↑ LPIPS↓ FID↓ PSNR↑ SSIM↑ LPIPS↓ FID↓

0 27.22 0.79 27.11 61.46 21.24 0.54 46.72 89.56
1 31.32 0.88 16.97 30.24 26.13 0.78 26.17 37.76
2 32.55 0.90 15.44 26.62 28.76 0.86 16.74 18.60
4 33.16 0.91 15.07 25.42 30.72 0.89 14.45 15.74
8 33.23 0.91 15.06 25.33 31.06 0.89 14.31 15.86
16 33.23 0.91 15.06 25.33 31.06 0.89 14.31 15.85

0

32 33.23 0.91 15.06 25.33 31.06 0.89 14.31 15.85
0 33.23 0.91 15.06 25.33 31.06 0.89 14.31 15.85

0.5 33.03 0.90 15.66 26.60 30.86 0.88 15.33 17.89
1 32.84 0.90 16.36 28.42 30.67 0.88 16.61 20.85
2

16

32.51 0.89 17.89 33.21 30.26 0.86 19.52 28.71

• Larger ηSc improves performance, aligning with our theory
• ηSc

t
= 0 achieves the best performance
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Experiments: Comparison with references

Super-resolution task

Method CelebA ImageNet
PSNR↑ SSIM↑ LPIPS↓ FID↓ PSNR↑ SSIM↑ LPIPS↓ FID↓

Single-sample

A†y 23.64 0.49 68.72 147.89 21.85 0.45 65.34 183.32
DPS 27.98 0.78 23.10 39.91 24.44 0.67 31.81 36.17

DDRM 29.20 0.82 21.92 40.14 25.66 0.72 34.88 55.71
RED-diff 24.98 0.55 50.59 73.89 22.74 0.49 53.24 96.26
DDNM+ 29.20 0.82 21.91 39.96 25.62 0.72 34.39 53.78
ProjDiff 29.49 0.83 20.89 36.61 25.73 0.72 33.03 49.70

Ours 29.84 0.84 22.02 34.16 25.90 0.73 32.84 49.99

Posterior mean
DDNM+ 30.22 0.85 21.97 43.54 26.11 0.73 34.38 54.27
ProjDiff 30.31 0.85 22.55 38.34 26.10 0.74 33.13 50.27

Ours 30.35 0.85 22.55 40.62 26.13 0.74 33.35 52.91

• Ours: best on three metrics
• Others: best on at most one or two metrics
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Accelerated diffusion-based inverse algorithms

Inspired by accelerated diffusion sampler

The proposed canonical form of diffusion-based inverse algorithms
and the workflow of our Learnable Linear Extrapolation (LLE) method
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Numerical experiments
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LLE achieves improvements across multiple tasks consistently
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Part 6: discrete diffusion (diffusion language models)
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Language generative models

DDPM-type stochastic sampler

Yt�1 =
1p

1 � �t

✓
Yt +

�t

2
r log qt(Yt)

◆

=) dYt =

✓
��(t)Yt �

1

2
�(t)r log qt(Yt)

◆
dt (reversed)

deterministic sampler (probability flow ODE)

(time-reversed SDE, Anderson ’82)

(marginal: qt := pXt
)

marginal dist

discrete-time diffusion process

continuous-time limits via SDE toolbox (e.g., Girsanov thm)

control discretization error

Generative adversarial networks (GAN) Diffusion models

Generative modeling

2
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<latexit sha1_base64="7JKYyaNFsLCunmzHMth0vGgVkXg=">AAACEHicbVA9T8MwEHX4pnwVGFksKgRTlSAETAiJhREkCkhtVV2cS7FwnMi+IKooP4GFv8LCAEKsjGz8G9zQga8nWX567+58fmGmpCXf//DGxicmp6ZnZmtz8wuLS/XllXOb5kZgS6QqNZchWFRSY4skKbzMDEISKrwIr4+G/sUNGitTfUaDDLsJ9LWMpQByUq++2SG8JRsX1V3NKwxGZUEGpJa6zyMgKMteveE3/Qr8LwlGpMFGOOnV3ztRKvIENQkF1rYDP6NuAYakUFjWOrnFDMQ19LHtqIYEbbeoFij5hlMiHqfGHU28Ur93FJBYO0hCV5kAXdnf3lD8z2vnFO93C6mznFCLr4fiXHFK+TAdHkmDgtTAERBGul25uAIDglyGNRdC8PvLf8n5djPYbe6e7jQOD0ZxzLA1ts62WMD22CE7ZiesxQS7Yw/siT17996j9+K9fpWOeaOeVfYD3tsnWOieqw==</latexit>

training data
<latexit sha1_base64="yaobEE0P0Su+Ujp/RG10/jpKego=">AAACDnicbVC7TsMwFHV4U14FRhaLCompShAqTAiJhbFI9CG1UeU4N2DhOJF9A1RRvoCFX2FhACFWZjb+BjftAJQjWT465z7sE6RSGHTdL2dmdm5+YXFpubKyura+Ud3capsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQie4ORv5nVvQRiTqEocp+DG7UiISnKGVBtW9PsI9migv73JeriEscgV31LA4lWCKYlCtuXW3BJ0m3oTUyATNQfWzHyY8i0Ehl8yYnuem6OdMo+ASiko/M5AyfsOuoGepYjEYPy/XF3TPKiGNEm2PQlqqPztyFhszjANbGTO8Nn+9kfif18swOvZzodIMQfHxoiiTFBM6yoaGQgNHObSEcS3sWym/ZppxtAlWbAje3y9Pk/ZB3WvUGxeHtdOTSRxLZIfskn3ikSNySs5Jk7QIJw/kibyQV+fReXbenPdx6Ywz6dkmv+B8fAPYUp3g</latexit>

new samples

• Given training data Xtrain,i ∼ pdata︸ ︷︷ ︸
from a discrete distribution

(1 ≤ i ≤ N) in [S]d

• Generate new samples Y ∼ pdata
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<latexit sha1_base64="7JKYyaNFsLCunmzHMth0vGgVkXg=">AAACEHicbVA9T8MwEHX4pnwVGFksKgRTlSAETAiJhREkCkhtVV2cS7FwnMi+IKooP4GFv8LCAEKsjGz8G9zQga8nWX567+58fmGmpCXf//DGxicmp6ZnZmtz8wuLS/XllXOb5kZgS6QqNZchWFRSY4skKbzMDEISKrwIr4+G/sUNGitTfUaDDLsJ9LWMpQByUq++2SG8JRsX1V3NKwxGZUEGpJa6zyMgKMteveE3/Qr8LwlGpMFGOOnV3ztRKvIENQkF1rYDP6NuAYakUFjWOrnFDMQ19LHtqIYEbbeoFij5hlMiHqfGHU28Ur93FJBYO0hCV5kAXdnf3lD8z2vnFO93C6mznFCLr4fiXHFK+TAdHkmDgtTAERBGul25uAIDglyGNRdC8PvLf8n5djPYbe6e7jQOD0ZxzLA1ts62WMD22CE7ZiesxQS7Yw/siT17996j9+K9fpWOeaOeVfYD3tsnWOieqw==</latexit>

training data
<latexit sha1_base64="yaobEE0P0Su+Ujp/RG10/jpKego=">AAACDnicbVC7TsMwFHV4U14FRhaLCompShAqTAiJhbFI9CG1UeU4N2DhOJF9A1RRvoCFX2FhACFWZjb+BjftAJQjWT465z7sE6RSGHTdL2dmdm5+YXFpubKyura+Ud3capsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQie4ORv5nVvQRiTqEocp+DG7UiISnKGVBtW9PsI9migv73JeriEscgV31LA4lWCKYlCtuXW3BJ0m3oTUyATNQfWzHyY8i0Ehl8yYnuem6OdMo+ASiko/M5AyfsOuoGepYjEYPy/XF3TPKiGNEm2PQlqqPztyFhszjANbGTO8Nn+9kfif18swOvZzodIMQfHxoiiTFBM6yoaGQgNHObSEcS3sWym/ZppxtAlWbAje3y9Pk/ZB3WvUGxeHtdOTSRxLZIfskn3ikSNySs5Jk7QIJw/kibyQV+fReXbenPdx6Ywz6dkmv+B8fAPYUp3g</latexit>

new samples
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from a discrete distribution

(1 ≤ i ≤ N) in [S]d

• Generate new samples Y ∼ pdata
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<latexit sha1_base64="7JKYyaNFsLCunmzHMth0vGgVkXg=">AAACEHicbVA9T8MwEHX4pnwVGFksKgRTlSAETAiJhREkCkhtVV2cS7FwnMi+IKooP4GFv8LCAEKsjGz8G9zQga8nWX567+58fmGmpCXf//DGxicmp6ZnZmtz8wuLS/XllXOb5kZgS6QqNZchWFRSY4skKbzMDEISKrwIr4+G/sUNGitTfUaDDLsJ9LWMpQByUq++2SG8JRsX1V3NKwxGZUEGpJa6zyMgKMteveE3/Qr8LwlGpMFGOOnV3ztRKvIENQkF1rYDP6NuAYakUFjWOrnFDMQ19LHtqIYEbbeoFij5hlMiHqfGHU28Ur93FJBYO0hCV5kAXdnf3lD8z2vnFO93C6mznFCLr4fiXHFK+TAdHkmDgtTAERBGul25uAIDglyGNRdC8PvLf8n5djPYbe6e7jQOD0ZxzLA1ts62WMD22CE7ZiesxQS7Yw/siT17996j9+K9fpWOeaOeVfYD3tsnWOieqw==</latexit>

training data
<latexit sha1_base64="yaobEE0P0Su+Ujp/RG10/jpKego=">AAACDnicbVC7TsMwFHV4U14FRhaLCompShAqTAiJhbFI9CG1UeU4N2DhOJF9A1RRvoCFX2FhACFWZjb+BjftAJQjWT465z7sE6RSGHTdL2dmdm5+YXFpubKyura+Ud3capsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQie4ORv5nVvQRiTqEocp+DG7UiISnKGVBtW9PsI9migv73JeriEscgV31LA4lWCKYlCtuXW3BJ0m3oTUyATNQfWzHyY8i0Ehl8yYnuem6OdMo+ASiko/M5AyfsOuoGepYjEYPy/XF3TPKiGNEm2PQlqqPztyFhszjANbGTO8Nn+9kfif18swOvZzodIMQfHxoiiTFBM6yoaGQgNHObSEcS3sWym/ZppxtAlWbAje3y9Pk/ZB3WvUGxeHtdOTSRxLZIfskn3ikSNySs5Jk7QIJw/kibyQV+fReXbenPdx6Ywz6dkmv+B8fAPYUp3g</latexit>

new samples

• Given training data Xtrain,i ∼ pdata︸ ︷︷ ︸
from a discrete distribution

(1 ≤ i ≤ N) in [S]d

• Generate new samples Y ∼ pdata
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Challenges in discrete probabilistic modeling

Discrete distribution: p(x) ≥ 0, and ∑x∈X p(x) = 1.

• large sample space Sd, exponentially grow with d
• no gradient ∇xp(x)
• real texts are highly structured
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Challenges in discrete probabilistic modeling

<latexit sha1_base64="RuD/qW3jwOn8heFtSiFNfTpVOMk="></latexit>

Proper text: We thank the reviewer for the insightful comments

Discrete distribution: p(x) ≥ 0, and ∑x∈X p(x) = 1.

• large sample space Sd, exponentially grow with d
• no gradient ∇xp(x)
• real texts are highly structured
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A successful paradigm: Autoregressive modeling

X = {1, . . . , S}d, x = All animals are equal, but some are more equal

<latexit sha1_base64="cLj4IRedENAOqeFIfPu1CvcoUKI=">AAACInicbVDJSgNBEO1xjXEb9eilMQgJhDAjEs1BCHjxGMEskIShp6cnadKz0F0jCUO+xYu/4sWDop4EP8bOctAkDwoe71VRVc+NBVdgWd/G2vrG5tZ2Zie7u7d/cGgeHTdUlEjK6jQSkWy5RDHBQ1YHDoK1YslI4ArWdAe3E7/5yKTiUfgAo5h1A9ILuc8pAS05ZiV20k5AoK/81CNAxuP8sIBv8ArZsYsd4UWginjoeAXHzFklawq8TOw5yaE5ao752fEimgQsBCqIUm3biqGbEgmcCjbOdhLFYkIHpMfamoYkYKqbTl8c43OteNiPpK4Q8FT9O5GSQKlR4OrO6dmL3kRc5bUT8K+7KQ/jBFhIZ4v8RGCI8CQv7HHJKIiRJoRKrm/FtE8koaBTzeoQ7MWXl0njomSXS+X7y1y1Mo8jg07RGcojG12hKrpDNVRHFD2hF/SG3o1n49X4ML5mrWvGfOYE/YPx8wtxn6Qr</latexit>

pdata(x) = pdata(x1, . . . , xd)

<latexit sha1_base64="COefFZoPgVYOmDCFhYdTFfs6INo="></latexit>

= pdata(x1)pdata(x2 | x1) . . . pdata(xd | x1, x2, . . . , xd→1)

<latexit sha1_base64="KDXNfCas/xtJRemrOFVsOXKKfXU=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJahLsoiXaCjaWCUSEXjr29SbJk7/bYnYuGI//Bxr9iY6GIrY2d/8ZNDPj5YODx3szuzAtTKQy67rszMTk1PTM7N19YWFxaXimurl0YlWkOda6k0lchMyBFAnUUKOEq1cDiUMJl2D0e+pc90Eao5Bz7KTRj1k5ES3CGVgqKu2mQ+9gBZIPtm0BQPxYR9RFuMLfv9ITKDL1WOjKDnaBYcsu1mlvZq1G37I7wRbwxKZExToPimx8pnsWQIJfMmIbnptjMmUbBJQwKfmYgZbzL2tCwNGExmGY+umlAt6wS0ZbSthKkI/X7RM5iY/pxaDtjhh3z2xuK/3mNDFsHzVwkaYaQ8M+PWpmkqOgwIBoJDRxl3xLGtbC7Ut5hmnG0MRZsCN7vk/+Si0rZq5arZ/ulo8NxHHNkg2ySbeKRGjkiJ+SU1Aknt+SePJIn5855cJ6dl8/WCWc8s05+wHn9AB9OnvA=</latexit>

pω(xi | previous words)

advantages:
• only requires modeling pθ(xi | previous words) on [S]
• approximate any probability distribution

disavantages:

• a rigid left-to-right order → hard to control
• slow sampling speed
• errors accumulate

”autoregressive transformers are ”doomed”, as generation ”drifts” from the data
distribution and diverges during sampling.” — Yann LeCun
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<latexit sha1_base64="COefFZoPgVYOmDCFhYdTFfs6INo="></latexit>

= pdata(x1)pdata(x2 | x1) . . . pdata(xd | x1, x2, . . . , xd→1)

<latexit sha1_base64="KDXNfCas/xtJRemrOFVsOXKKfXU=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJahLsoiXaCjaWCUSEXjr29SbJk7/bYnYuGI//Bxr9iY6GIrY2d/8ZNDPj5YODx3szuzAtTKQy67rszMTk1PTM7N19YWFxaXimurl0YlWkOda6k0lchMyBFAnUUKOEq1cDiUMJl2D0e+pc90Eao5Bz7KTRj1k5ES3CGVgqKu2mQ+9gBZIPtm0BQPxYR9RFuMLfv9ITKDL1WOjKDnaBYcsu1mlvZq1G37I7wRbwxKZExToPimx8pnsWQIJfMmIbnptjMmUbBJQwKfmYgZbzL2tCwNGExmGY+umlAt6wS0ZbSthKkI/X7RM5iY/pxaDtjhh3z2xuK/3mNDFsHzVwkaYaQ8M+PWpmkqOgwIBoJDRxl3xLGtbC7Ut5hmnG0MRZsCN7vk/+Si0rZq5arZ/ulo8NxHHNkg2ySbeKRGjkiJ+SU1Aknt+SePJIn5855cJ6dl8/WCWc8s05+wHn9AB9OnvA=</latexit>

pω(xi | previous words)
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• slow sampling speed
• errors accumulate

”autoregressive transformers are ”doomed”, as generation ”drifts” from the data
distribution and diverges during sampling.” — Yann LeCun
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<latexit sha1_base64="KDXNfCas/xtJRemrOFVsOXKKfXU=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJahLsoiXaCjaWCUSEXjr29SbJk7/bYnYuGI//Bxr9iY6GIrY2d/8ZNDPj5YODx3szuzAtTKQy67rszMTk1PTM7N19YWFxaXimurl0YlWkOda6k0lchMyBFAnUUKOEq1cDiUMJl2D0e+pc90Eao5Bz7KTRj1k5ES3CGVgqKu2mQ+9gBZIPtm0BQPxYR9RFuMLfv9ITKDL1WOjKDnaBYcsu1mlvZq1G37I7wRbwxKZExToPimx8pnsWQIJfMmIbnptjMmUbBJQwKfmYgZbzL2tCwNGExmGY+umlAt6wS0ZbSthKkI/X7RM5iY/pxaDtjhh3z2xuK/3mNDFsHzVwkaYaQ8M+PWpmkqOgwIBoJDRxl3xLGtbC7Ut5hmnG0MRZsCN7vk/+Si0rZq5arZ/ulo8NxHHNkg2ySbeKRGjkiJ+SU1Aknt+SePJIn5855cJ6dl8/WCWc8s05+wHn9AB9OnvA=</latexit>
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• errors accumulate

”autoregressive transformers are ”doomed”, as generation ”drifts” from the data
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A successful paradigm: Autoregressive modeling
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<latexit sha1_base64="COefFZoPgVYOmDCFhYdTFfs6INo="></latexit>

= pdata(x1)pdata(x2 | x1) . . . pdata(xd | x1, x2, . . . , xd→1)
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• slow sampling speed

• errors accumulate

”autoregressive transformers are ”doomed”, as generation ”drifts” from the data
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A successful paradigm: Autoregressive modeling
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• slow sampling speed
• errors accumulate

”autoregressive transformers are ”doomed”, as generation ”drifts” from the data
distribution and diverges during sampling.” — Yann LeCun
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An alternative: modeling score function

• write discrete distribution (parameterized by θ):

pθ(x) = efθ(x)

Zθ

where Zθ = ∑
x∈X pθ(x) is a normalizing const. depending on θ

• concrete score function:

sθ(y, x) = pθ(y)
pθ(x) = efθ(y)

efθ(x)

— analogous to ∇ log pθ(x) = ∇xfθ(x) in cont. case
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An alternative: modeling score function

Left (continous space): score function ∇x log p(x) points to higher density regime
Right (discrete space): concrete score p(y)

p(x) generalizes for discrete spaces

— fig credit: Aaron Lou
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Towards a solid foundation for discrete diffusion models

Austin, Johnson, Ho, Tarlow, van den Berg ’21
Lou, Meng, Ermon ’24

Sahoo, Arriola, Schiff, Gokaslan, Marroquin, Chiu, Rush, Kuleshov ’24
Ou, Nie, Xue, Zhu, Sun, Li, Li ’24

Campbell, Benton, De Bortoli, Rainforth, Deligiannidis, Doucet ’22
Chen, Ying ’25

Liang, Liang, Lai, Shroff ’25
Li, Cai ’25

Bach, Saremi ’25
. . .



Progress of discrete diffusions

— the theoretical understanding remains highly inadequate...
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A brief introduction to discrete diffusion under
continuous-time Markov chain︸ ︷︷ ︸

CTMC

formulation



A CTMC formulation for discrete case

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="uiv3g61RgjoI5SGlNkPdk44o6Ho=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFonYBG8sIeUGyhNnJ3WTI7IOZu2JY0tj4KzYWitj6D3b+jZNkC008MHA4517unOPFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6HljW6mfuselBZRWMdxDG7ABqHwBWdopF7xuN2r064WAe0iPKD2U2B6TPvmcnnSK5bssj0DXSZORkokQ61X/Or2I54EECKXTOuOY8fopkyh4BImhW6iIWZ8xAbQMTRkAWg3naWY0FOj9KkfKfNCpDP190bKAq3HgWcmA4ZDvehNxf+8ToL+lZuKME4QQj4/5CeSYkSnlZiwCjjKaWrGlTB/pXzIFONoiiuYEpzFyMukeV52KuXK3UWpep3VkSdH5IScEYdckiq5JTXSIJw8kmfySt6sJ+vFerc+5qM5K9s5JH9gff4AKHGYWw==</latexit>

XT ⇠ easy dist.

<latexit sha1_base64="mn8TYrBGZVqv7RClvQg5Vab6JZ4=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGZEot4CXjxGMAtkwtDTqUma9Cx214hhyMmLv+LFgyJe/QZv/o2d5aCJDwoe71V1dT0/kUKjbX9buaXlldW1/HphY3Nre6e4u9fQcao41HksY9XymQYpIqijQAmtRAELfQlNf3A19pv3oLSIo1scJtAJWS8SgeAMjeQVD1seUleLkLoIDzh5MFPQHWV3Ho68Ysku2xPQReLMSInMUPOKX2435mkIEXLJtG47doKdjCkUXMKo4KYaEsYHrAdtQyMWgu5kk60jemyULg1iZSpCOlF/T2Qs1HoY+qYzZNjX895Y/M9rpxhcdDIRJSlCxKeLglRSjOk4E9oVCjjKoSGMK2H+SnmfKcbRJFcwITjzJy+SxmnZqZQrN2el6uUsjjw5IEfkhDjknFTJNamROuHkkTyTV/JmPVkv1rv1MW3NWbOZffIH1ucPIIKZjg==</latexit>

Xt ⇠ qt

<latexit sha1_base64="YwftUd7BvF4Y84Ivv9pSLGsPKGc=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJSdVdw47KCfUATwmQyaYdOHszciCVk7cZfceNCEbd+gTv/xmmbhbYeuNzDOfcyc4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc2++oJJOUtWkiEtnziWKCx6wNHATrpZKRyBes64+uJ373nknFk/gOxilzIzKIecgpAS155lHPs7CjeIRTL3eAPYAKZz0PCJCiKDyzZtWtKfAisUtSQyVanvnlBAnNIhYDFUSpvm2l4OZEAqeCFVUnUywldEQGrK9pTCKm3Hx6SoFPtBLgMJG6YsBT9fdGTiKlxpGvJyMCQzXvTcT/vH4G4aWb8zjNgMV09lCYCQwJnuSCAy4ZBTHWhFDJ9V8xHRJJKOj0qjoEe/7kRdI5q9uNeuP2vNa8KuOooEN0jE6RjS5QE92gFmojih7RM3pFb8aT8WK8Gx+z0SWj3DlAf2B8/gAaOZsv</latexit>

X0 ⇠ pdata

The transition probabilities satisfy, as ∆t→ 0+:
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A CTMC formulation for discrete case

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="uiv3g61RgjoI5SGlNkPdk44o6Ho=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFonYBG8sIeUGyhNnJ3WTI7IOZu2JY0tj4KzYWitj6D3b+jZNkC008MHA4517unOPFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6HljW6mfuselBZRWMdxDG7ABqHwBWdopF7xuN2r064WAe0iPKD2U2B6TPvmcnnSK5bssj0DXSZORkokQ61X/Or2I54EECKXTOuOY8fopkyh4BImhW6iIWZ8xAbQMTRkAWg3naWY0FOj9KkfKfNCpDP190bKAq3HgWcmA4ZDvehNxf+8ToL+lZuKME4QQj4/5CeSYkSnlZiwCjjKaWrGlTB/pXzIFONoiiuYEpzFyMukeV52KuXK3UWpep3VkSdH5IScEYdckiq5JTXSIJw8kmfySt6sJ+vFerc+5qM5K9s5JH9gff4AKHGYWw==</latexit>

XT ⇠ easy dist.

<latexit sha1_base64="mn8TYrBGZVqv7RClvQg5Vab6JZ4=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGZEot4CXjxGMAtkwtDTqUma9Cx214hhyMmLv+LFgyJe/QZv/o2d5aCJDwoe71V1dT0/kUKjbX9buaXlldW1/HphY3Nre6e4u9fQcao41HksY9XymQYpIqijQAmtRAELfQlNf3A19pv3oLSIo1scJtAJWS8SgeAMjeQVD1seUleLkLoIDzh5MFPQHWV3Ho68Ysku2xPQReLMSInMUPOKX2435mkIEXLJtG47doKdjCkUXMKo4KYaEsYHrAdtQyMWgu5kk60jemyULg1iZSpCOlF/T2Qs1HoY+qYzZNjX895Y/M9rpxhcdDIRJSlCxKeLglRSjOk4E9oVCjjKoSGMK2H+SnmfKcbRJFcwITjzJy+SxmnZqZQrN2el6uUsjjw5IEfkhDjknFTJNamROuHkkTyTV/JmPVkv1rv1MW3NWbOZffIH1ucPIIKZjg==</latexit>

Xt ⇠ qt

<latexit sha1_base64="YwftUd7BvF4Y84Ivv9pSLGsPKGc=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJSdVdw47KCfUATwmQyaYdOHszciCVk7cZfceNCEbd+gTv/xmmbhbYeuNzDOfcyc4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc2++oJJOUtWkiEtnziWKCx6wNHATrpZKRyBes64+uJ373nknFk/gOxilzIzKIecgpAS155lHPs7CjeIRTL3eAPYAKZz0PCJCiKDyzZtWtKfAisUtSQyVanvnlBAnNIhYDFUSpvm2l4OZEAqeCFVUnUywldEQGrK9pTCKm3Hx6SoFPtBLgMJG6YsBT9fdGTiKlxpGvJyMCQzXvTcT/vH4G4aWb8zjNgMV09lCYCQwJnuSCAy4ZBTHWhFDJ9V8xHRJJKOj0qjoEe/7kRdI5q9uNeuP2vNa8KuOooEN0jE6RjS5QE92gFmojih7RM3pFb8aT8WK8Gx+z0SWj3DlAf2B8/gAaOZsv</latexit>

X0 ⇠ pdata

The transition probabilities satisfy, as ∆t→ 0+:

Pr(xt+∆t = y | xt = x) = I{x = y}+Qt(x, y)∆t+ o(∆t)

rate matrix: Qt(x, y) ≥ 0, y ̸= x, Qt(x, x) = −
∑

y ̸=xQt(x, y)
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A CTMC formulation for discrete case

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1
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1
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1
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noise forward process reverse process
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1

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="XWwUabUr1syRf9s5B/ZDV1FCKag=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbgT8aNTbCwjGBWSEOY2c8mSvQ9258RwJH/Bxr9iY6GIrZWd/8ZNTKGJD2Z4vDfD7jw/UdKQ6345uZnZufmF/GJhaXllda24vnFt4lQLrIpYxfrWB4NKRlglSQpvE40Q+gpv/O750L+5Q21kHF1RL8FGCO1IBlIAWalZ3KsT3pMJsjOl+KADSdLjgwBCqSQaPgCNtinZxX6zWHLL7gh8mnhjUmJjVJrFz3orFmmIEQkFxtQ8N6FGBpqkUNgv1FODCYgutLFmaQQhmkY2OqnPd6zS4kGsbUXER+rvjQxCY3qhbydDoI6Z9Ibif14tpeC4kckoSQkj8fNQkCpOMR/mw1tSoyDVswSElvavXHRAgyCbYsGG4E2ePE2u98veYfnw8qB0ejKOI8+22DbbZR47YqfsglVYlQn2wJ7YC3t1Hp1n5815/xnNOeOdTfYHzsc3QPmedA==</latexit>

All happy families are alike

<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="TXGW592Q1tR6Hq3TgoZZl+WPRUY="></latexit>

All [masked] families are alike
<latexit sha1_base64="uiv3g61RgjoI5SGlNkPdk44o6Ho=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFonYBG8sIeUGyhNnJ3WTI7IOZu2JY0tj4KzYWitj6D3b+jZNkC008MHA4517unOPFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6HljW6mfuselBZRWMdxDG7ABqHwBWdopF7xuN2r064WAe0iPKD2U2B6TPvmcnnSK5bssj0DXSZORkokQ61X/Or2I54EECKXTOuOY8fopkyh4BImhW6iIWZ8xAbQMTRkAWg3naWY0FOj9KkfKfNCpDP190bKAq3HgWcmA4ZDvehNxf+8ToL+lZuKME4QQj4/5CeSYkSnlZiwCjjKaWrGlTB/pXzIFONoiiuYEpzFyMukeV52KuXK3UWpep3VkSdH5IScEYdckiq5JTXSIJw8kmfySt6sJ+vFerc+5qM5K9s5JH9gff4AKHGYWw==</latexit>

XT ⇠ easy dist.

<latexit sha1_base64="mn8TYrBGZVqv7RClvQg5Vab6JZ4=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGZEot4CXjxGMAtkwtDTqUma9Cx214hhyMmLv+LFgyJe/QZv/o2d5aCJDwoe71V1dT0/kUKjbX9buaXlldW1/HphY3Nre6e4u9fQcao41HksY9XymQYpIqijQAmtRAELfQlNf3A19pv3oLSIo1scJtAJWS8SgeAMjeQVD1seUleLkLoIDzh5MFPQHWV3Ho68Ysku2xPQReLMSInMUPOKX2435mkIEXLJtG47doKdjCkUXMKo4KYaEsYHrAdtQyMWgu5kk60jemyULg1iZSpCOlF/T2Qs1HoY+qYzZNjX895Y/M9rpxhcdDIRJSlCxKeLglRSjOk4E9oVCjjKoSGMK2H+SnmfKcbRJFcwITjzJy+SxmnZqZQrN2el6uUsjjw5IEfkhDjknFTJNamROuHkkTyTV/JmPVkv1rv1MW3NWbOZffIH1ucPIIKZjg==</latexit>

Xt ⇠ qt

<latexit sha1_base64="YwftUd7BvF4Y84Ivv9pSLGsPKGc=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJSdVdw47KCfUATwmQyaYdOHszciCVk7cZfceNCEbd+gTv/xmmbhbYeuNzDOfcyc4+fCq7Asr6NpeWV1bX1ykZ1c2t7Z9fc2++oJJOUtWkiEtnziWKCx6wNHATrpZKRyBes64+uJ373nknFk/gOxilzIzKIecgpAS155lHPs7CjeIRTL3eAPYAKZz0PCJCiKDyzZtWtKfAisUtSQyVanvnlBAnNIhYDFUSpvm2l4OZEAqeCFVUnUywldEQGrK9pTCKm3Hx6SoFPtBLgMJG6YsBT9fdGTiKlxpGvJyMCQzXvTcT/vH4G4aWb8zjNgMV09lCYCQwJnuSCAy4ZBTHWhFDJ9V8xHRJJKOj0qjoEe/7kRdI5q9uNeuP2vNa8KuOooEN0jE6RjS5QE92gFmojih7RM3pFb8aT8WK8Gx+z0SWj3DlAf2B8/gAaOZsv</latexit>

X0 ⇠ pdata

The transition probabilities satisfy, as ∆t→ 0+:

Kolmogorov equation: dqt
dt = Qt

⊤qt, for 0 ≤ t ≤ T
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Two prevalent examples

• Uniform noising process −→ Unif(X )

Qt(x, y) = 1/S, x ∼ y: differ at one coordinate

• Masking noising process −→ δMASK

Qt(x, y) = 1, for some i, xi ̸= MASK, yi = MASK, x−i = y−i
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Score is all you need

How to learn a reverse process s.t. Yt
d≈ Xt, for t = T, · · · , 1?

It is feasible as long as one knows score st(y, x) := pt(y)/pt(x)

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

<latexit sha1_base64="Kg/yPqNMjC8EkUr9zAyHhPHwaQI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrMKuSLQM2lhGMA9IlnB3MkmGzD6YuSsJS2z8FRsLRWz9Czv/xkmyhSYeGDiccy93zvFjKTQ6zreVW1ldW9/Ibxa2tnd29+z9g7qOEsV4jUUyUk0fNJci5DUUKHkzVhwCX/KGP7yZ+o0HrrSIwnscx9wLoB+KnmCARurYR23kI0y7gEC75tyEtiGOVTTq2EWn5MxAl4mbkSLJUO3YX+1uxJKAh8gkaN1ynRi9FBQKJvmk0E40j4ENoc9bhoYQcO2lswQTemqULu1FyrwQ6Uz9vZFCoPU48M1kADjQi95U/M9rJdi78lIRxgnykM0P9RJJMaLTOkxmxRnKsSHAlDB/pWwAChia0gqmBHcx8jKpn5fccql8d1GsXGd15MkxOSFnxCWXpEJuSZXUCCOP5Jm8kjfryXqx3q2P+WjOynYOyR9Ynz8A0JdD</latexit>

data dist ⇡ <latexit sha1_base64="23GJSBgflORAXCwca2anxGbs2tE=">AAACA3icbVBNSwMxFMzW7/pV9aaXYBE8lV2R6rHoxaOCtYW2lGz62oZmkyV5Ky1LwYt/xYsHRbz6J7z5b0zrHrR1IDDMvMfLTBhLYdH3v7zcwuLS8srqWn59Y3Nru7Cze2d1YjhUuZba1ENmQQoFVRQooR4bYFEooRYOLid+7R6MFVrd4iiGVsR6SnQFZ+ikdmG/yeLY6CFtIgwxVVpYoB13d0zbhaJf8qeg8yTISJFkuG4XPpsdzZMIFHLJrG0EfoytlBkUXMI430wsxIwPWA8ajioWgW2l0wxjeuSUDu1q455COlV/b6QssnYUhW4yYti3s95E/M9rJNg9b6VCxQmC4j+HuomkqOmkEBfWAEc5coRxI9xfKe8zwzi62vKuhGA28jy5OykF5VL55rRYucjqWCUH5JAck4CckQq5ItekSjh5IE/khbx6j96z9+a9/4zmvGxnj/yB9/ENV+SX+w==</latexit>⇡ noise dist

<latexit sha1_base64="ir843nqGhOYRTOtSncFVvKkww6A="></latexit>

CTMC: rate matrix
→
Qt, marginal

→
q t

<latexit sha1_base64="2A0+YzGrWhtYnJFoD2Q8W4Zqsac="></latexit>

CTMC: rate matrix Qt, marginal qt

<latexit sha1_base64="m3GbPEkFVSEcHAFad/dr+IwFg+I="></latexit>→
q t → qT↑t

<latexit sha1_base64="XRlgSj3x7uhDn+Z/2Ia3th9JEZs="></latexit>→
Qt(x, y) = QT↑t(y, x)sT↑t(y, x)
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Score is all you need

How to learn a reverse process s.t. Yt
d≈ Xt, for t = T, · · · , 1?

It is feasible as long as one knows score st(y, x) := pt(y)/pt(x)

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

<latexit sha1_base64="Kg/yPqNMjC8EkUr9zAyHhPHwaQI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrMKuSLQM2lhGMA9IlnB3MkmGzD6YuSsJS2z8FRsLRWz9Czv/xkmyhSYeGDiccy93zvFjKTQ6zreVW1ldW9/Ibxa2tnd29+z9g7qOEsV4jUUyUk0fNJci5DUUKHkzVhwCX/KGP7yZ+o0HrrSIwnscx9wLoB+KnmCARurYR23kI0y7gEC75tyEtiGOVTTq2EWn5MxAl4mbkSLJUO3YX+1uxJKAh8gkaN1ynRi9FBQKJvmk0E40j4ENoc9bhoYQcO2lswQTemqULu1FyrwQ6Uz9vZFCoPU48M1kADjQi95U/M9rJdi78lIRxgnykM0P9RJJMaLTOkxmxRnKsSHAlDB/pWwAChia0gqmBHcx8jKpn5fccql8d1GsXGd15MkxOSFnxCWXpEJuSZXUCCOP5Jm8kjfryXqx3q2P+WjOynYOyR9Ynz8A0JdD</latexit>

data dist ⇡ <latexit sha1_base64="23GJSBgflORAXCwca2anxGbs2tE=">AAACA3icbVBNSwMxFMzW7/pV9aaXYBE8lV2R6rHoxaOCtYW2lGz62oZmkyV5Ky1LwYt/xYsHRbz6J7z5b0zrHrR1IDDMvMfLTBhLYdH3v7zcwuLS8srqWn59Y3Nru7Cze2d1YjhUuZba1ENmQQoFVRQooR4bYFEooRYOLid+7R6MFVrd4iiGVsR6SnQFZ+ikdmG/yeLY6CFtIgwxVVpYoB13d0zbhaJf8qeg8yTISJFkuG4XPpsdzZMIFHLJrG0EfoytlBkUXMI430wsxIwPWA8ajioWgW2l0wxjeuSUDu1q455COlV/b6QssnYUhW4yYti3s95E/M9rJNg9b6VCxQmC4j+HuomkqOmkEBfWAEc5coRxI9xfKe8zwzi62vKuhGA28jy5OykF5VL55rRYucjqWCUH5JAck4CckQq5ItekSjh5IE/khbx6j96z9+a9/4zmvGxnj/yB9/ENV+SX+w==</latexit>⇡ noise dist

<latexit sha1_base64="ir843nqGhOYRTOtSncFVvKkww6A="></latexit>

CTMC: rate matrix
→
Qt, marginal

→
q t

<latexit sha1_base64="2A0+YzGrWhtYnJFoD2Q8W4Zqsac="></latexit>

CTMC: rate matrix Qt, marginal qt

<latexit sha1_base64="m3GbPEkFVSEcHAFad/dr+IwFg+I="></latexit>→
q t → qT↑t

<latexit sha1_base64="XRlgSj3x7uhDn+Z/2Ia3th9JEZs="></latexit>→
Qt(x, y) = QT↑t(y, x)sT↑t(y, x)
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Score is all you need

How to learn a reverse process s.t. Yt
d≈ Xt, for t = T, · · · , 1?

It is feasible as long as one knows score st(y, x) := pt(y)/pt(x)

X1 X2 X3 X4 XT�1 XT

Y1 Y2 Y3 Y4 YT�1 YT

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

<latexit sha1_base64="Kg/yPqNMjC8EkUr9zAyHhPHwaQI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQrMKuSLQM2lhGMA9IlnB3MkmGzD6YuSsJS2z8FRsLRWz9Czv/xkmyhSYeGDiccy93zvFjKTQ6zreVW1ldW9/Ibxa2tnd29+z9g7qOEsV4jUUyUk0fNJci5DUUKHkzVhwCX/KGP7yZ+o0HrrSIwnscx9wLoB+KnmCARurYR23kI0y7gEC75tyEtiGOVTTq2EWn5MxAl4mbkSLJUO3YX+1uxJKAh8gkaN1ynRi9FBQKJvmk0E40j4ENoc9bhoYQcO2lswQTemqULu1FyrwQ6Uz9vZFCoPU48M1kADjQi95U/M9rJdi78lIRxgnykM0P9RJJMaLTOkxmxRnKsSHAlDB/pWwAChia0gqmBHcx8jKpn5fccql8d1GsXGd15MkxOSFnxCWXpEJuSZXUCCOP5Jm8kjfryXqx3q2P+WjOynYOyR9Ynz8A0JdD</latexit>

data dist ⇡ <latexit sha1_base64="23GJSBgflORAXCwca2anxGbs2tE=">AAACA3icbVBNSwMxFMzW7/pV9aaXYBE8lV2R6rHoxaOCtYW2lGz62oZmkyV5Ky1LwYt/xYsHRbz6J7z5b0zrHrR1IDDMvMfLTBhLYdH3v7zcwuLS8srqWn59Y3Nru7Cze2d1YjhUuZba1ENmQQoFVRQooR4bYFEooRYOLid+7R6MFVrd4iiGVsR6SnQFZ+ikdmG/yeLY6CFtIgwxVVpYoB13d0zbhaJf8qeg8yTISJFkuG4XPpsdzZMIFHLJrG0EfoytlBkUXMI430wsxIwPWA8ajioWgW2l0wxjeuSUDu1q455COlV/b6QssnYUhW4yYti3s95E/M9rJNg9b6VCxQmC4j+HuomkqOmkEBfWAEc5coRxI9xfKe8zwzi62vKuhGA28jy5OykF5VL55rRYucjqWCUH5JAck4CckQq5ItekSjh5IE/khbx6j96z9+a9/4zmvGxnj/yB9/ENV+SX+w==</latexit>⇡ noise dist

<latexit sha1_base64="ir843nqGhOYRTOtSncFVvKkww6A="></latexit>

CTMC: rate matrix
→
Qt, marginal

→
q t

<latexit sha1_base64="2A0+YzGrWhtYnJFoD2Q8W4Zqsac="> Lf4</latexit>

CTMC: rate matrix Qt, marginal qt

<latexit sha1_base64="m3GbPEkFVSEcHAFad/dr+IwFg+I="></latexit>→
q t → qT↑t

<latexit sha1_base64="XRlgSj3x7uhDn+Z/2Ia3th9JEZs="></latexit>→
Qt(x, y) = QT↑t(y, x)sT↑t(y, x)
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Score estimation

Score entropy loss Lou et al.’24:

LSE(t, ŝ, s) := Ex∼qt



∑

y ̸=x
Qt(y, x)s(y, x)

(
ŝ(y, x)
s(y, x) − 1− log

( ŝ(y, x)
s(y, x)

))

︸ ︷︷ ︸
Bregman divergence D(̂s,s) with ϕ(x)=− log x




Key observations:
• if p(x) =

∑
x0

p(x | x0)p0(x0), s(y, x) := p(y)
p(x) can be replaced by

p(y|x0)
p(x|x0)

• instead of evaluating s(y, x) for every y ̸= x, only requires x ∼ y

— see, Lou et al.’24, Benton et al.’24, Ou et al.’25
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Score-based sampling: τ -leaping

— Campbell, et al.’22

<latexit sha1_base64="G2Ztc0ruYT6CIk93KGvpYe4DUp4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9nfvuJayNi9YiThPsRHSoRCkbRSg/YH/fLFbfqzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6pXq3r3l5X6TR5HEU7gFM7Bgyuowx00oAkMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8AXaqN1g==</latexit>

tk
<latexit sha1_base64="FrnYMC5HDR6i/0KeQZtmHbu5hkI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh48FLx4rGBtoQ1ls920SzabsDsRSuiP8OJBEa/+Hm/+G7dtDtr6YODx3gwz84JUCoOu++2UVlbX1jfKm5Wt7Z3dver+waNJMs14iyUy0Z2AGi6F4i0UKHkn1ZzGgeTtILqd+u0nro1I1AOOU+7HdKhEKBhFK7Wxn0dn3qRfrbl1dwayTLyC1KBAs1/96g0SlsVcIZPUmK7npujnVKNgkk8qvczwlLKIDnnXUkVjbvx8du6EnFhlQMJE21JIZurviZzGxozjwHbGFEdm0ZuK/3ndDMNrPxcqzZArNl8UZpJgQqa/k4HQnKEcW0KZFvZWwkZUU4Y2oYoNwVt8eZk8nte9y7p3f1Fr3BRxlOEIjuEUPLiCBtxBE1rAIIJneIU3J3VenHfnY95acoqZQ/gD5/MH+8SPUg==</latexit>

tk+1

<latexit sha1_base64="7FarniJJ62vZNAxCLBdztfrMDR8=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KomIevBQ8OKxgv2ANoTNdtMu3WzC7kQsoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1MpDLrut7Oyura+sVnaKm/v7O7tVw4OWybJNONNlshEd0JquBSKN1Gg5J1UcxqHkrfD0e3Ubz9ybUSiHnCccj+mAyUiwShaqf0U5BiMJkGl6tbcGcgy8QpShQKNoPLV6ycsi7lCJqkxXc9N0c+pRsEkn5R7meEpZSM64F1LFY258fPZuRNyapU+iRJtSyGZqb8nchobM45D2xlTHJpFbyr+53UzjK79XKg0Q67YfFGUSYIJmf5O+kJzhnJsCWVa2FsJG1JNGdqEyjYEb/HlZdI6r3mXNe/+olq/KeIowTGcwBl4cAV1uIMGNIHBCJ7hFd6c1Hlx3p2PeeuKU8wcwR84nz+3FI/N</latexit>xtk

<latexit sha1_base64="Z9mmaYOzECcCoEWceOE9t4hZ46A=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEEoioh48FLx4rGA/oA1hs920Sze7YXcilpCf4cWDIl79Nd78N27bHLT1wcDjvRlm5oWJ4AZc99sprayurW+UNytb2zu7e9X9g7ZRqaasRZVQuhsSwwSXrAUcBOsmmpE4FKwTjm+nfueRacOVfIBJwvyYDCWPOCVgpd5TkEGQjc+8PA+qNbfuzoCXiVeQGirQDKpf/YGiacwkUEGM6XluAn5GNHAqWF7pp4YlhI7JkPUslSRmxs9mJ+f4xCoDHCltSwKeqb8nMhIbM4lD2xkTGJlFbyr+5/VSiK79jMskBSbpfFGUCgwKT//HA64ZBTGxhFDN7a2YjogmFGxKFRuCt/jyMmmf173Lund/UWvcFHGU0RE6RqfIQ1eoge5QE7UQRQo9o1f05oDz4rw7H/PWklPMHKI/cD5/AFv5kUk=</latexit>xtk+1

<latexit sha1_base64="5NpvSuQrq1QhBbTFkQqV1hQNzyU=">AAACAXicbVA9SwNBEN2L3/Hr1EawWQyCjeFORC0FG8sIJgrJEfY2c2bJ3u6xOyeGIzb+FRsLRWz9F3b+GzfxCr8eDDzem2FmXpxJYTEIPrzK1PTM7Nz8QnVxaXll1V9bb1mdGw5NrqU2VzGzIIWCJgqUcJUZYGks4TIenI79yxswVmh1gcMMopRdK5EIztBJXX+zg3CLNinEHvYp19r0hGIIo65fC+rBBPQvCUtSIyUaXf+909M8T0Ehl8zadhhkGBXMoOASRtVObiFjfMCuoe2oYinYqJh8MKI7TunRRBtXCulE/T5RsNTaYRq7zpRh3/72xuJ/XjvH5DgqhMpyBMW/FiW5pKjpOA7aEwY4yqEjjBvhbqW8zwzj6EKruhDC3y//Ja39enhYD88PaidBGcc82SLbZJeE5IickDPSIE3CyR15IE/k2bv3Hr0X7/WrteKVMxvkB7y3TxCslzs=</latexit>

i-th coordinate

<latexit sha1_base64="DfZS2DjG3v3tDeg4Q3Ezo1Yk8zY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVrXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AdyuMqQ==</latexit>

1
<latexit sha1_base64="AtiAWR5L5XYt8c25uSwcwM1UnRI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW966rXvKrU3TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeK+Mqg==</latexit>

2
<latexit sha1_base64="04fKM/l2NGcehKg56OyDVq4aS/s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Qe0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1WvcVmpuXkcRTiBUzgHD66hBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBqrOMyw==</latexit>

S
<latexit sha1_base64="gSfLZgARIVtHNZHXdmLUW6ALmSY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N1WvcV2puXkcRTiDc7gED26hBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4AzY+M4g==</latexit>

j

<latexit sha1_base64="gSfLZgARIVtHNZHXdmLUW6ALmSY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cW7Ae0oWy2k3bbzSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPJ/dxvP6HSPJaPZpqgH9Gh5CFn1FipMe6XK27VXYCsEy8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAmelXqoxoWxCh9i1VNIItZ8tDp2RC6sMSBgrW9KQhfp7IqOR1tMosJ0RNSO96s3F/7xuasI7P+MySQ1KtlwUpoKYmMy/JgOukBkxtYQyxe2thI2ooszYbEo2BG/15XXSuqp6N1WvcV2puXkcRTiDc7gED26hBg9QhyYwQHiGV3hzxs6L8+58LFsLTj5zCn/gfP4AzY+M4g==</latexit>

j

<latexit sha1_base64="tCgzfW3ZoB1E8UuQIuhFGQtPUvs="></latexit>

j +
X

y2[S]

(y � j) ⇥ Pois
⇣
(tk+1 � tk) · bQtk

(xtk
, xtk

�i y)
⌘

<latexit sha1_base64="cFJwEyyVV+dLq1d9fYiJWVmXAVo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7Aroh4DXjxGMA9IQpid9CZjZh/M9Erisr/ixYMiXv0Rb/6Nk2QPmljQUFR1093lxVJodJxvq7C2vrG5Vdwu7ezu7R/Yh+WmjhLFocEjGam2xzRIEUIDBUpoxwpY4EloeeObmd96BKVFFN7jNIZewIah8AVnaKS+Xe4iTFD76UMSxFSLJ8j6dsWpOnPQVeLmpEJy1Pv2V3cQ8SSAELlkWndcJ8ZeyhQKLiErdRMNMeNjNoSOoSELQPfS+e0ZPTXKgPqRMhUinau/J1IWaD0NPNMZMBzpZW8m/ud1EvSve6kI4wQh5ItFfiIpRnQWBB0IBRzl1BDGlTC3Uj5iinE0cZVMCO7yy6ukeV51L6vu3UWl5uRxFMkxOSFnxCVXpEZuSZ00CCcT8kxeyZuVWS/Wu/WxaC1Y+cwR+QPr8wfF75Tc</latexit>

jump size
<latexit sha1_base64="FcqeTMhIhZRL7tHJ/eXIF2JNgQo=">AAACE3icbVC7SgNBFJ31bXxFLW0GgyAWYVdELQUbywjmAUkIs5O7yejM7DJzVwxL/sHGX7GxUMTWxs6/cZJsoYkHBg7nnMude8JECou+/+3NzS8sLi2vrBbW1jc2t4rbOzUbp4ZDlccyNo2QWZBCQxUFSmgkBpgKJdTDu8uRX78HY0Wsb3CQQFuxnhaR4Ayd1CketRAe0EaZTlUIhsYRvU1VYqnQFPvC0q4wwEfZYadY8sv+GHSWBDkpkRyVTvGr1Y15qkAjl8zaZuAn2M6YQcElDAut1ELC+B3rQdNRzRTYdja+aUgPnNKlUWzc00jH6u+JjClrByp0ScWwb6e9kfif10wxOm9nQicpguaTRVEqKcZ0VFB+sBw4wrgR7q+U95lhHF2NBVdCMH3yLKkdl4PTcnB9Urrw8zpWyB7ZJ4ckIGfkglyRCqkSTh7JM3klb96T9+K9ex+T6JyXz+ySP/A+fwDURJ6y</latexit>

number of jumps in this direction

<latexit sha1_base64="2fG1F6gbn66cGEDSvOFDYJDtcTQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tarXvK7Ua3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB5hmM9w==</latexit>y

<latexit sha1_base64="eQPthU28KJOPEDp7K/s4uyau9Vw=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadls4iaeDHjxmIB5QLKE2UlvMmb2wcysEJZ8gRcPinj1k7z5N84mEVS0oKGo6qa7y4s5k8qyPozc2vrG5lZ+u7Czu7d/UDw86sgoERTaNOKR6HlEAmchtBVTHHqxABJ4HLre9Drzu/cgJIvCWzWLwQ3IOGQ+o0RpqXU1LJYs87Lu2Bc2tkzLqtkVJyN2rWpXcFkrGUpoheaw+D4YRTQJIFSUEyn7ZStWbkqEYpTDvDBIJMSETskY+pqGJADppotD5/hMKyPsR0JXqPBC/T6RkkDKWeDpzoCoifztZeJfXj9Rft1NWRgnCkK6XOQnHKsIZ1/jERNAFZ9pQqhg+lZMJ0QQqnQ2BR3C16f4f9KxzbJjOq1qqeGs4sijE3SKzlEZ1VAD3aAmaiOKAD2gJ/Rs3BmPxovxumzNGauZY/QDxtsn8rSNBg==</latexit>

?

Given ŝti(y, x) at points 0 ≤ t0 < t1 < . . . < tN ≤ T , τ -leaping is equivalent to a
CTMC with

Q̂it(a, b) = Q̂tk (xtk , xtk ⊕i (b− a)), for i ∈ [d],

with Q̂t(x, y) = QT−t(y, x)ŝT−t(y, x).
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Prior theory

To obtain samples that are ε-close in KL to pdata, it takes

Õ
(d2S

ε

)
and Õ

(dS
ε

)

for uniform and mask noising processes, respectively (Liang et al.’25)
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Can we develop sharp dependences on d and S?



Assumptions: score estimates {st(·)}

• For discretization points: 0 ≤ t0 < t1 < . . . < tN ≤ T , assume
N−1∑

k=0

(tk+1 − tk)LSE(T − tk, ŝT−tk , sT−tk ) ≤ εscore

— cont. case: 1
T

∑T

t=1 E
X∼qt

[
∥st(X)− s⋆t (X)∥2

2
]
≤ ε2

score

✗ boundedness assump, e.g. ŝtk(x, y) ∈ [1/M,M ]

✗ regularity assump, e.g. continuity of the score function
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Uniform discrete diffusion

Theorem 11 (Upper bound for uniform noising process)
For 0 = t0 < t1 < . . . < tN = T , let ∆ := maxk{tk+1 − tk} = O(1).
The τ -leaping algorithm achieves

KL(pdata∥poutput) ≲ εscore + e−Td logS + ∆d log
( S

∆
)
.

Under constant step size schedule, tk+1 − tk = T/N ,

N = Õ

(
d logS
ε

)
discretization steps

are enough to guarantee KL(pdata∥poutput) ≤ εscore + ε.

— matching lower bound for dist. far from uniform.
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Comparisons with prior work

Paper Score Est.
Assump.

No Early
Stopping

Iteration
Complexity

Ren et al.,’24 Bounded ✗ d2S2/ε

Liang et al.,’25a Bounded ✗ d2S/ε

This work None ✓ d logS/ε

No early stopping and extra constraints are needed on the score
estimator!
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Proof sketch: Step 1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

<latexit sha1_base64="ngZjL309u1zoSL1ThBvZsVdQkf8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0IWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnK/ZiOlIgEo2ilbi/IMfBmQbXm1t0FyDrxClKDAq2g+jUYJiyLuUImqTF9z03Rz6lGwSSfVQaZ4SllEzrifUsVjbnx88W5M3JhlSGJEm1LIVmovydyGhszjUPbGVMcm1VvLv7n9TOMbv1cqDRDrthyUZRJggmZ/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv9eV10rmqe4164+G61mwWcZThDM7hEjy4gSbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDzCAj3w=</latexit>

Xt1

<latexit sha1_base64="Her4APVVgs4aFBcrYhgLUHvK37g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF+wFtCJvtpl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aTu7nffeLaiEQ94jTlfkxHSkSCUbRStxfkGNRnQaXq1twFyDrxClKFAq2g8jUYJiyLuUImqTF9z03Rz6lGwSSflQeZ4SllEzrifUsVjbnx88W5M3JplSGJEm1LIVmovydyGhszjUPbGVMcm1VvLv7n9TOMbv1cqDRDrthyUZRJggmZ/06GQnOGcmoJZVrYWwkbU00Z2oTKNgRv9eV10qnXvEat8XBdbTaLOEpwDhdwBR7cQBPuoQVtYDCBZ3iFNyd1Xpx352PZuuEUM2fwB87nDzIFj30=</latexit>

Xt2

<latexit sha1_base64="ZhabwwTY3CxtiaVxzBFEMqY8fxs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kkq2A9oQ9hsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4bZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc3878zhPXRiTqEScp92M6VCISjKKVOt0gx+B+GlSqbs2dg6wSryBVKNAMKl/9QcKymCtkkhrT89wU/ZxqFEzyabmfGZ5SNqZD3rNU0ZgbP5+fOyXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6MbPhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2obEPwll9eJe3Lmlev1R+uqo1GEUcJTuEMLsCDa2jAHTShBQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AFckY+Z</latexit>

XtN

<latexit sha1_base64="hV1Xc0ZkZ/mNhIMOIcck1CbHd1k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIlUEoeDGZQX7gDaEyWTSDp08nLkRS8jGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r3HSwRXYFnfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2PaKY4BFrAQfBuolkJPQE63ij64nfeWBS8Ti6g3HCnJAMIh5wSkBLrnlw71r4Cidu1gf2CCrIfAIkz12zatWsKfAisQtSRQWarvnV92OahiwCKohSPdtKwMmIBE4Fyyv9VLGE0BEZsJ6mEQmZcrLpAzk+1oqPg1jqigBP1d8TGQmVGoee7gwJDNW8NxH/83opBBdOxqMkBRbR2aIgFRhiPEkD+1wyCmKsCaGS61sxHRJJKOjMKjoEe/7lRdI+rdn1Wv32rNq4LOIoo0N0hE6Qjc5RA92gJmohinL0jF7Rm/FkvBjvxsestWQUM/voD4zPH4u5lmQ=</latexit>q0 = pdata
<latexit sha1_base64="4zDuA+5niYIPtibiC9pCdxtO45Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8Jmu22XbjZxdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDvz209cGxGrB5wk3I/oUImBYBSt1H4MMgy8aVCuuFV3DrJKvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWaVPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9VLI+P</latexit>qt1

<latexit sha1_base64="eSHf+nUQvXoiVy+BMqQ42wMJ6O4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrDZbtulm03cnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkgNl0LxJgqUvJNoTqNQ8nY4vp357SeujYjVA04S7kd0qMRAMIpWaj8GGQbVaVAquxV3DrJKvJyUIUcjKH31+jFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+7pScW6VPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXi1Su3+sly/yeMowCmcwQV4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9WsY+Q</latexit>qt2

<latexit sha1_base64="myzE0V8kMwh9OdW6XWbdrpU3JYI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePEkFewHtCFsttt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmp4VIo3kSBkncSzWkUSt4Ox7czv/3EtRGxesRJwv2IDpUYCEbRSu0kyDC4nwblilt15yCrxMtJBXI0gvJXrx+zNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVX6ZBBrWwrJXP09kdHImEkU2s6I4sgsezPxP6+b4uDaz4RKUuSKLRYNUkkwJrPfSV9ozlBOLKFMC3srYSOqKUObUMmG4C2/vEpaF1WvVq09XFbqN3kcRTiBUzgHD66gDnfQgCYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDf7OPqw==</latexit>ptN

<latexit sha1_base64="VeiLu5hh/xBnZhFJSG3st9elhIc=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSQiVTwVvHiSCvYD0hA22227dLMbdidCCfkZXjwo4tVf481/47bNQVsfDDzem2FmXpQIbsB1v52V1bX1jc3SVnl7Z3dvv3Jw2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi8e3U7zwxbbiSjzBJWBCToeQDTglYyU/CDMLs/tzL87BSdWvuDHiZeAWpogLNsPLV6yuaxkwCFcQY33MTCDKigVPB8nIvNSwhdEyGzLdUkpiZIJudnONTq/TxQGlbEvBM/T2RkdiYSRzZzpjAyCx6U/E/z09hcB1kXCYpMEnniwapwKDw9H/c55pREBNLCNXc3orpiGhCwaZUtiF4iy8vk/ZFzavX6g+X1cZNEUcJHaMTdIY8dIUa6A41UQtRpNAzekVvDjgvzrvzMW9dcYqZI/QHzucPJy+RKQ==</latexit>ptN�1

<latexit sha1_base64="ETgJkuJsf6UScHdMZT9SykFszpQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVBGEghtXUqEvaEOYTCft0MmjMzdCDfkSNy4UceunuPNvnLZZaOuBC4dz7uXee7xYcAWW9W0U1tY3NreK26Wd3b39snlw2FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG9/O/M4jk4pHYROmMXMCMgy5zykBLblmeeKm4Kb3WYZv8MRtumbFqlpz4FVi56SCcjRc86s/iGgSsBCoIEr1bCsGJyUSOBUsK/UTxWJCx2TIepqGJGDKSeeHZ/hUKwPsR1JXCHiu/p5ISaDUNPB0Z0BgpJa9mfif10vAv3JSHsYJsJAuFvmJwBDhWQp4wCWjIKaaECq5vhXTEZGEgs6qpEOwl19eJe3zql2r1h4uKvXrPI4iOkYn6AzZ6BLV0R1qoBaiKEHP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8ATHbksY=</latexit>qtN
= qT

<latexit sha1_base64="Lkzj3uaUfA+DLd21f5AOjVXnUQ0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUkUQCl48VrAf0Iaw2W7apZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSL8EiwkBGsjeTb1cTPtJ85eY5uUOI7vl1z6s4caJW4BalBgZZvfw2GMUkjKjThWKm+6yTay7DUjHCaVwapogkmEzyifUMFjqjysvnhOTo1yhCFsTQlNJqrvycyHCk1jQLTGWE9VsveTPzP66c6vPIyJpJUU0EWi8KUIx2jWQpoyCQlmk8NwUQycysiYywx0SarignBXX55lXTO626j3ri/qDWvizjKcAwncAYuXEIT7qAFbSCQwjO8wpv1ZL1Y79bHorVkFTNH8AfW5w/JvJKC</latexit>pt0 = p0
<latexit sha1_base64="WbajU44BT2algWz2edJe5DL73Jk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgxbJbpIqnghdPUsF+QLss2TRtQ7PZkMwKZdm/4cWDIl79M978N6btHrT1wcDjvRlm5oVKcAOu++0U1tY3NreK26Wd3b39g/LhUdvEiaasRWMR625IDBNcshZwEKyrNCNRKFgnnNzO/M4T04bH8hGmivkRGUk+5JSAlfoqSCFI7y9qWYaDcsWtunPgVeLlpIJyNIPyV38Q0yRiEqggxvQ8V4GfEg2cCpaV+olhitAJGbGepZJEzPjp/OYMn1llgIextiUBz9XfEymJjJlGoe2MCIzNsjcT//N6CQyv/ZRLlQCTdLFomAgMMZ4FgAdcMwpiagmhmttbMR0TTSjYmEo2BG/55VXSrlW9erX+cFlp3ORxFNEJOkXnyENXqIHuUBO1EEUKPaNX9OYkzovz7nwsWgtOPnOM/sD5/AGCbJFU</latexit>ptN�2

<latexit sha1_base64="/HNzmEtm0QQQa4OFnSuqeBhTlh8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VwY0lEVARBcOOyQluFtoTJ9EaHTjJx5kYpIX/hxl9x40IRt7rzb5y0Xfg6MHA451zu3BMkUhh03U+nNDU9MztXnq8sLC4tr1RX19pGpZpDiyup9GXADEgRQwsFSrhMNLAokHARDE4L/+IWtBEqbuIwgV7ErmIRCs7QSn61fuNn6Gciz+kx7aoiCph1JYTItFZ3ObWBJt2h45Bfrbl1dwT6l3gTUiMTNPzqR7eveBpBjFwyYzqem2AvYxoFl5BXuqmBhPEBu4KOpTGLwPSy0V053bJKn4ZK2xcjHanfJzIWGTOMApuMGF6b314h/ud1UgwPe5mIkxQh5uNFYSopKlqURPtCA0c5tIRxLexfKb9mmnG0/VRsCd7vk/+S9m7d26/vn+/VTo4mdZTJBtkk28QjB+SEnJEGaRFO7skjeSYvzoPz5Lw6b+NoyZnMrJMfcN6/AOhuoF4=</latexit>

qti
=
 
q T�ti

<latexit sha1_base64="XIiTmb4ztYuos09QPJj1Mqv9zbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09SwX5IG8Jmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDPz209cGxGrB5wk3I/oUImBYBSt1H4MMgzupkG54lbdOcgq8XJSgRyNoPzV68csjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLj2M6GSFLlii0WDVBKMyex30heaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWv3l5V6PY+jCCdwCufgwRXU4RYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AXhuPmg==</latexit>

YtN

<latexit sha1_base64="nRRjH9tPfQSJrK4hJS49aQ/8C5k=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBiyURqZ6k4MWTVLAfkoaw2W7apZtN2J0IJeRnePGgiFd/jTf/jds2B219MPB4b4aZeUEiuAbb/rZKK6tr6xvlzcrW9s7uXnX/oKPjVFHWprGIVS8gmgkuWRs4CNZLFCNRIFg3GN9M/e4TU5rH8gEmCfMiMpQ85JSAkdxHPwM/uztz8tyv1uy6PQNeJk5BaqhAy69+9QcxTSMmgQqitevYCXgZUcCpYHmln2qWEDomQ+YaKknEtJfNTs7xiVEGOIyVKQl4pv6eyEik9SQKTGdEYKQXvan4n+emEF55GZdJCkzS+aIwFRhiPP0fD7hiFMTEEEIVN7diOiKKUDApVUwIzuLLy6RzXnca9cb9Ra15XcRRRkfoGJ0iB12iJrpFLdRGFMXoGb2iNwusF+vd+pi3lqxi5hD9gfX5AwShkRY=</latexit>

YtN�1

<latexit sha1_base64="dweIk9HZwXMo6gGaFhOyjYWwmPE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSRFqicpePEkFeyHpCFstpt26SYbdidCCfkZXjwo4tVf481/47bNQVsfDDzem2FmXpAIrsG2v62V1bX1jc3SVnl7Z3dvv3Jw2NEyVZS1qRRS9QKimeAxawMHwXqJYiQKBOsG45up331iSnMZP8AkYV5EhjEPOSVgJPfRz8DP7s7ree5XqnbNngEvE6cgVVSg5Ve++gNJ04jFQAXR2nXsBLyMKOBUsLzcTzVLCB2TIXMNjUnEtJfNTs7xqVEGOJTKVAx4pv6eyEik9SQKTGdEYKQXvan4n+emEF55GY+TFFhM54vCVGCQePo/HnDFKIiJIYQqbm7FdEQUoWBSKpsQnMWXl0mnXnMatcb9RbV5XcRRQsfoBJ0hB12iJrpFLdRGFEn0jF7RmwXWi/VufcxbV6xi5gj9gfX5AwYnkRc=</latexit>

YtN�2

KL(q0 ∥ pT ) ≤ KL(qT−t0,...,T−tN ∥ pt0,...,tN )

= KL(qT ∥ p0) +
N−1∑

k=0

E
xtk∼

←
q tk

KL(←q tk+1|tk (· | xtk ) ∥ ptk+1|tk (· | xtk ))

≤ KL(qT ∥ p0) +
N−1∑

k=0

∫ tk+1

tk

E
xt∼
←
q t

∑

y ̸=xt

←
Qt(xt, y)D

(
Q̂t(xt, y),

←
Qt(xt, y)

)

︸ ︷︷ ︸
D(a,b):= a

b
−1−log( a

b
)

dt

Girsanov’s change-of-measure Theorem (e.g. Liang et al., 2025):
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Proof sketch: Step 1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

X0 X1 X2 X3 X4 XT�1 XT

Y0 Y1 Y2 Y3 Y4 YT�1 YT

noise forward process reverse process

1

<latexit sha1_base64="ngZjL309u1zoSL1ThBvZsVdQkf8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0IWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnK/ZiOlIgEo2ilbi/IMfBmQbXm1t0FyDrxClKDAq2g+jUYJiyLuUImqTF9z03Rz6lGwSSfVQaZ4SllEzrifUsVjbnx88W5M3JhlSGJEm1LIVmovydyGhszjUPbGVMcm1VvLv7n9TOMbv1cqDRDrthyUZRJggmZ/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv9eV10rmqe4164+G61mwWcZThDM7hEjy4gSbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDzCAj3w=</latexit>

Xt1

<latexit sha1_base64="Her4APVVgs4aFBcrYhgLUHvK37g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHgxWMF+wFtCJvtpl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXplIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJJpxtsskYnuhdRwKRRvo0DJe6nmNA4l74aTu7nffeLaiEQ94jTlfkxHSkSCUbRStxfkGNRnQaXq1twFyDrxClKFAq2g8jUYJiyLuUImqTF9z03Rz6lGwSSflQeZ4SllEzrifUsVjbnx88W5M3JplSGJEm1LIVmovydyGhszjUPbGVMcm1VvLv7n9TOMbv1cqDRDrthyUZRJggmZ/06GQnOGcmoJZVrYWwkbU00Z2oTKNgRv9eV10qnXvEat8XBdbTaLOEpwDhdwBR7cQBPuoQVtYDCBZ3iFNyd1Xpx352PZuuEUM2fwB87nDzIFj30=</latexit>

Xt2

<latexit sha1_base64="ZhabwwTY3CxtiaVxzBFEMqY8fxs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kkq2A9oQ9hsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4bZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc3878zhPXRiTqEScp92M6VCISjKKVOt0gx+B+GlSqbs2dg6wSryBVKNAMKl/9QcKymCtkkhrT89wU/ZxqFEzyabmfGZ5SNqZD3rNU0ZgbP5+fOyXnVhmQKNG2FJK5+nsip7Exkzi0nTHFkVn2ZuJ/Xi/D6MbPhUoz5IotFkWZJJiQ2e9kIDRnKCeWUKaFvZWwEdWUoU2obEPwll9eJe3Lmlev1R+uqo1GEUcJTuEMLsCDa2jAHTShBQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AFckY+Z</latexit>

XtN

<latexit sha1_base64="hV1Xc0ZkZ/mNhIMOIcck1CbHd1k=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokIlUEoeDGZQX7gDaEyWTSDp08nLkRS8jGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r3HSwRXYFnfRmlpeWV1rbxe2djc2t4xd/faKk4lZS0ai1h2PaKY4BFrAQfBuolkJPQE63ij64nfeWBS8Ti6g3HCnJAMIh5wSkBLrnlw71r4Cidu1gf2CCrIfAIkz12zatWsKfAisQtSRQWarvnV92OahiwCKohSPdtKwMmIBE4Fyyv9VLGE0BEZsJ6mEQmZcrLpAzk+1oqPg1jqigBP1d8TGQmVGoee7gwJDNW8NxH/83opBBdOxqMkBRbR2aIgFRhiPEkD+1wyCmKsCaGS61sxHRJJKOjMKjoEe/7lRdI+rdn1Wv32rNq4LOIoo0N0hE6Qjc5RA92gJmohinL0jF7Rm/FkvBjvxsestWQUM/voD4zPH4u5lmQ=</latexit>q0 = pdata
<latexit sha1_base64="4zDuA+5niYIPtibiC9pCdxtO45Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePFYwX5AG8Jmu22XbjZxdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDvz209cGxGrB5wk3I/oUImBYBSt1H4MMgy8aVCuuFV3DrJKvJxUIEcjKH/1+jFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWaVPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9VLI+P</latexit>qt1

<latexit sha1_base64="eSHf+nUQvXoiVy+BMqQ42wMJ6O4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmRKp4KXjxWsB/QhrDZbtulm03cnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkgNl0LxJgqUvJNoTqNQ8nY4vp357SeujYjVA04S7kd0qMRAMIpWaj8GGQbVaVAquxV3DrJKvJyUIUcjKH31+jFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+7pScW6VPBrG2pZDM1d8TGY2MmUSh7YwojsyyNxP/87opDq79TKgkRa7YYtEglQRjMvud9IXmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXi1Su3+sly/yeMowCmcwQV4cAV1uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz9WsY+Q</latexit>qt2

<latexit sha1_base64="myzE0V8kMwh9OdW6XWbdrpU3JYI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqngqePEkFewHtCFsttt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphIYdB1v53C2vrG5lZxu7Szu7d/UD48apk41Yw3WSxj3Qmp4VIo3kSBkncSzWkUSt4Ox7czv/3EtRGxesRJwv2IDpUYCEbRSu0kyDC4nwblilt15yCrxMtJBXI0gvJXrx+zNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVX6ZBBrWwrJXP09kdHImEkU2s6I4sgsezPxP6+b4uDaz4RKUuSKLRYNUkkwJrPfSV9ozlBOLKFMC3srYSOqKUObUMmG4C2/vEpaF1WvVq09XFbqN3kcRTiBUzgHD66gDnfQgCYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDf7OPqw==</latexit>ptN

<latexit sha1_base64="VeiLu5hh/xBnZhFJSG3st9elhIc=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSQiVTwVvHiSCvYD0hA22227dLMbdidCCfkZXjwo4tVf481/47bNQVsfDDzem2FmXpQIbsB1v52V1bX1jc3SVnl7Z3dvv3Jw2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi8e3U7zwxbbiSjzBJWBCToeQDTglYyU/CDMLs/tzL87BSdWvuDHiZeAWpogLNsPLV6yuaxkwCFcQY33MTCDKigVPB8nIvNSwhdEyGzLdUkpiZIJudnONTq/TxQGlbEvBM/T2RkdiYSRzZzpjAyCx6U/E/z09hcB1kXCYpMEnniwapwKDw9H/c55pREBNLCNXc3orpiGhCwaZUtiF4iy8vk/ZFzavX6g+X1cZNEUcJHaMTdIY8dIUa6A41UQtRpNAzekVvDjgvzrvzMW9dcYqZI/QHzucPJy+RKQ==</latexit>ptN�1

<latexit sha1_base64="ETgJkuJsf6UScHdMZT9SykFszpQ=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVBGEghtXUqEvaEOYTCft0MmjMzdCDfkSNy4UceunuPNvnLZZaOuBC4dz7uXee7xYcAWW9W0U1tY3NreK26Wd3b39snlw2FZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG9/O/M4jk4pHYROmMXMCMgy5zykBLblmeeKm4Kb3WYZv8MRtumbFqlpz4FVi56SCcjRc86s/iGgSsBCoIEr1bCsGJyUSOBUsK/UTxWJCx2TIepqGJGDKSeeHZ/hUKwPsR1JXCHiu/p5ISaDUNPB0Z0BgpJa9mfif10vAv3JSHsYJsJAuFvmJwBDhWQp4wCWjIKaaECq5vhXTEZGEgs6qpEOwl19eJe3zql2r1h4uKvXrPI4iOkYn6AzZ6BLV0R1qoBaiKEHP6BW9GU/Gi/FufCxaC0Y+c4T+wPj8ATHbksY=</latexit>qtN
= qT

<latexit sha1_base64="Lkzj3uaUfA+DLd21f5AOjVXnUQ0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUkUQCl48VrAf0Iaw2W7apZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822V1tY3NrfK25Wd3b39qn1w2FFxKgltk5jHshdgRTkTtK2Z5rSXSIqjgNNuMLmd+d1HKhWLxYOeJtSL8EiwkBGsjeTb1cTPtJ85eY5uUOI7vl1z6s4caJW4BalBgZZvfw2GMUkjKjThWKm+6yTay7DUjHCaVwapogkmEzyifUMFjqjysvnhOTo1yhCFsTQlNJqrvycyHCk1jQLTGWE9VsveTPzP66c6vPIyJpJUU0EWi8KUIx2jWQpoyCQlmk8NwUQycysiYywx0SarignBXX55lXTO626j3ri/qDWvizjKcAwncAYuXEIT7qAFbSCQwjO8wpv1ZL1Y79bHorVkFTNH8AfW5w/JvJKC</latexit>pt0 = p0
<latexit sha1_base64="WbajU44BT2algWz2edJe5DL73Jk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgxbJbpIqnghdPUsF+QLss2TRtQ7PZkMwKZdm/4cWDIl79M978N6btHrT1wcDjvRlm5oVKcAOu++0U1tY3NreK26Wd3b39g/LhUdvEiaasRWMR625IDBNcshZwEKyrNCNRKFgnnNzO/M4T04bH8hGmivkRGUk+5JSAlfoqSCFI7y9qWYaDcsWtunPgVeLlpIJyNIPyV38Q0yRiEqggxvQ8V4GfEg2cCpaV+olhitAJGbGepZJEzPjp/OYMn1llgIextiUBz9XfEymJjJlGoe2MCIzNsjcT//N6CQyv/ZRLlQCTdLFomAgMMZ4FgAdcMwpiagmhmttbMR0TTSjYmEo2BG/55VXSrlW9erX+cFlp3ORxFNEJOkXnyENXqIHuUBO1EEUKPaNX9OYkzovz7nwsWgtOPnOM/sD5/AGCbJFU</latexit>ptN�2

<latexit sha1_base64="/HNzmEtm0QQQa4OFnSuqeBhTlh8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VwY0lEVARBcOOyQluFtoTJ9EaHTjJx5kYpIX/hxl9x40IRt7rzb5y0Xfg6MHA451zu3BMkUhh03U+nNDU9MztXnq8sLC4tr1RX19pGpZpDiyup9GXADEgRQwsFSrhMNLAokHARDE4L/+IWtBEqbuIwgV7ErmIRCs7QSn61fuNn6Gciz+kx7aoiCph1JYTItFZ3ObWBJt2h45Bfrbl1dwT6l3gTUiMTNPzqR7eveBpBjFwyYzqem2AvYxoFl5BXuqmBhPEBu4KOpTGLwPSy0V053bJKn4ZK2xcjHanfJzIWGTOMApuMGF6b314h/ud1UgwPe5mIkxQh5uNFYSopKlqURPtCA0c5tIRxLexfKb9mmnG0/VRsCd7vk/+S9m7d26/vn+/VTo4mdZTJBtkk28QjB+SEnJEGaRFO7skjeSYvzoPz5Lw6b+NoyZnMrJMfcN6/AOhuoF4=</latexit>

qti
=
 
q T�ti

<latexit sha1_base64="XIiTmb4ztYuos09QPJj1Mqv9zbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF09SwX5IG8Jmu22XbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmhYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnZAaLoXiTRQoeSfRnEah5O1wfDPz209cGxGrB5wk3I/oUImBYBSt1H4MMgzupkG54lbdOcgq8XJSgRyNoPzV68csjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5uVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLj2M6GSFLlii0WDVBKMyex30heaM5QTSyjTwt5K2IhqytAmVLIheMsvr5LWRdWrVWv3l5V6PY+jCCdwCufgwRXU4RYa0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AXhuPmg==</latexit>

YtN

<latexit sha1_base64="nRRjH9tPfQSJrK4hJS49aQ/8C5k=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBiyURqZ6k4MWTVLAfkoaw2W7apZtN2J0IJeRnePGgiFd/jTf/jds2B219MPB4b4aZeUEiuAbb/rZKK6tr6xvlzcrW9s7uXnX/oKPjVFHWprGIVS8gmgkuWRs4CNZLFCNRIFg3GN9M/e4TU5rH8gEmCfMiMpQ85JSAkdxHPwM/uztz8tyv1uy6PQNeJk5BaqhAy69+9QcxTSMmgQqitevYCXgZUcCpYHmln2qWEDomQ+YaKknEtJfNTs7xiVEGOIyVKQl4pv6eyEik9SQKTGdEYKQXvan4n+emEF55GZdJCkzS+aIwFRhiPP0fD7hiFMTEEEIVN7diOiKKUDApVUwIzuLLy6RzXnca9cb9Ra15XcRRRkfoGJ0iB12iJrpFLdRGFMXoGb2iNwusF+vd+pi3lqxi5hD9gfX5AwShkRY=</latexit>

YtN�1

<latexit sha1_base64="dweIk9HZwXMo6gGaFhOyjYWwmPE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSRFqicpePEkFeyHpCFstpt26SYbdidCCfkZXjwo4tVf481/47bNQVsfDDzem2FmXpAIrsG2v62V1bX1jc3SVnl7Z3dvv3Jw2NEyVZS1qRRS9QKimeAxawMHwXqJYiQKBOsG45up331iSnMZP8AkYV5EhjEPOSVgJPfRz8DP7s7ree5XqnbNngEvE6cgVVSg5Ve++gNJ04jFQAXR2nXsBLyMKOBUsLzcTzVLCB2TIXMNjUnEtJfNTs7xqVEGOJTKVAx4pv6eyEik9SQKTGdEYKQXvan4n+emEF55GY+TFFhM54vCVGCQePo/HnDFKIiJIYQqbm7FdEQUoWBSKpsQnMWXl0mnXnMatcb9RbV5XcRRQsfoBJ0hB12iJrpFLdRGFEn0jF7RmwXWi/VufcxbV6xi5gj9gfX5AwYnkRc=</latexit>

YtN�2

KL(q0 ∥ pT ) ≤ KL(qT−t0,...,T−tN ∥ pt0,...,tN )

= KL(qT ∥ p0) +
N−1∑

k=0

E
xtk∼

←
q tk

KL(←q tk+1|tk (· | xtk ) ∥ ptk+1|tk (· | xtk ))

≤ KL(qT ∥ p0) +
N−1∑

k=0

∫ tk+1

tk

E
xt∼
←
q t

∑

y ̸=xt

←
Qt(xt, y)D

(
Q̂t(xt, y),

←
Qt(xt, y)

)

︸ ︷︷ ︸
D(a,b):= a

b
−1−log( a

b
)

dt

Girsanov’s change-of-measure Theorem (e.g. Liang et al., 2025):
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Proof sketch: Step 2

For τ -leaping sampler, consider t ∈ [tk, tk+1) and write ℓ = tk.
∑

y ̸=xt

←
Qt(xt, y)D

(
Q̂t(xt, y),

←
Qt(xt, y)

)

= 1
S

∑

i∈[d]

∑

c∈[S]

sT−t(xt ⊕i c, xt)D (ŝT−ℓ(xℓ ⊕i c, xℓ), sT−t(xt ⊕i c, xt))

= 1
S

∑

yℓ∼xℓ

sT−ℓ(yℓ, xℓ)D
(
ŝT−ℓ(yℓ, xℓ), sT−ℓ(yℓ, xℓ)

)

︸ ︷︷ ︸
controlled by small score entropy loss

+ 1
S

∑

i∈[d]

∑

c∈[S]

(
sT−ℓ(xℓ ⊕i c, xℓ)− sT−t(xt ⊕i c, xt)

)
log ŝT−ℓ(xℓ ⊕i c, xℓ)

︸ ︷︷ ︸
expectation controlled by martingale property = 0

+ 1
S

∑

yt∼xt

(
− log sT−t(yt, xt)

)
− 1
S

∑

yℓ∼xℓ

(
− log sT−ℓ(yℓ, xℓ)

)
.
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Proof sketch: Step 3
It remains to control φ(T − t)− φ(T − tk) with

φ(t) := 1
S
Ext∼qt

[ ∑

i∈[d]

∑

c∈[S]
− log st(xt ⊕i c, xt)

]

Key observation: φ(t) is (i) non-increasing and (ii) bounded
0 ≤ φ(t) ≤ d(logS + max{log t−1, 0}).

As a result, using (i), (ii), and the telescoping summation, one arrives
at

N−1∑

k=0

∫ tk+1

tk

(φ(T − t)− φ(T − tk)) dt
︸ ︷︷ ︸

key quantity for discretization error

≲ ∆d log S∆ .
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Sharp dependence but not yet adaptive...
What about masking diffusion?

— e.g., for pdata = 1
2δ0 + 1

2δ1 or pdata = Unif(X )



Fundamental information-theoretic quantities

Let P be a distribution over [S]d and X := (X1, . . . , Xd) ∼ P .
Define

total correlation C(P ) :=
d∑

i=1

H(Xi)︸ ︷︷ ︸
entropy

−H(X1, . . . , Xd)

dual total correlation B(P ) := H(X1, . . . , Xd)−
d∑

i=1

H(Xi | X−i)

• C(P ) =
∫∞

0 (et − 1)I(t)dt and B(P ) :=
∫∞

0 I(t)dt for

I(t) :=
∑

i̸=j∈[d]

I(xit;xjt | x−(i,j)
t ),︸ ︷︷ ︸

conditional mutual information

for P = q0 = pdata and xt ∼ qt.

• define effective total correlation

D(P ) :=
∫ ∞

0
min(1, t) · I(t)dt ≤ min{C(P ),B(P )}.
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Modified τ -leaping

Consider the following modification of τ -leaping (for t ∈ [tk, tk+1)):

Q̂it(a, b) = eT−tk − 1
eT−t − 1 ŝT−tk(xtk ⊙i b, xtk) · I{a = xitk = MASK}

︸ ︷︷ ︸
at most one transition at xit

at the interval [tk,tk+1)

Key observation: for any t > 0, b ∈ [S], x ∈ ([S] ∪ {MASK})d, and
i such that xi = MASK,

st(x⊙i b, x) = 1
et − 1 · s0(x⊙i b, x)

114/ 124



Masking discrete diffusion

Theorem 12 (Upper bound for uniform noising process)
For 0 = t0 < t1 < . . . < tN = T , modified τ -leaping satisfies

KL(pdata∥poutput) ≲ εscore+e−Td logS+
N−1∑

k=0
(tk+1−tk)

∫ T−tk

T−tk+1
I(t)dt.

Under exponential-then-constant schedule, tk+1− tk ≤ κmin(1, T − tk+1),

N = Õ

(D(pdata)
ε

)
discretization steps

are enough to guarantee KL(pdata ∥ poutput) ≤ εscore + ε.

— it satisfies D(P ) ≤ min{C(P ),B(P )} ≤ d logS
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Comparisons with prior work

Paper Score Est.
Assump.

No Early
Stopping Sampler Iteration

Complexity Adaptation

Liang et al., 25b Bounded ✗ τ -leaping dS/ε ✗

Conforti et al., 25 ŝt ≈ st ✗ DMPM dS/ε ✗

This work None ✓
Modified
τ -leaping D/ε ✓

No early stopping and no extra constraints on the score estimator!

116/ 124



Distributions of small D(pdata)

Completely independent of d
• product distributions on [S]d: D(pdata) = 0 (N = 2 suffices)
• mixture of two Dirac measures, 1

2δk1 + 1
2δk2 : D(pdata) = log 2

Sublinear dependence in d
• hidden Markov models
• cont. dist. with intrinsic dimension k, plus quantization
• sparse random regular graphs & stochastic block models

— sublinear convergence rates for masking discrete diffusion!
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Example: Latent parity model

Let d = 2k and consider the following distribution:

• sample b ∼ Bern(1/2) & set x1, . . . , xk = b

• sample xk+1, . . . , x2k−1
i.i.d.∼ Bern(1/2)

• set x2k = (b+∑2k−1
i=k+1 xi) mod 2

<latexit sha1_base64="3+5zVgEn/cXP5KbvwyYgcMwohnE=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCIIy2yPQ49OJxgtsKWylpmm6h6YtJKozS7+HFr+LFgyKeBA9+G7OtTN38Q+CX//M8JM/fSxkV0jC+tKXlldW19cpGdXNre2dX39vviCTjmLRxwhJue0gQRmPSllQyYqecoMhjpOuFV+N6955wQZP4Vo5S4kRoENOAYiSV5eqW7Zqwf5chH9quNaNwRnl4ahY/NyssXL1m1I2J4CKYJdRAqZarf/T9BGcRiSVmSIieaaTSyRGXFDNSVPuZICnCIRqQnsIYRUQ4+WS3Ah4rx4dBwtWJJZy4vydyFAkxijzVGSE5FPO1sflfrZfJ4MLJaZxmksR4+lCQMSgTOA4K+pQTLNlIAcKcqr9CPEQcYanirKoQzPmVF6Fj1c1GvXFzVmtelnFUwCE4AifABOegCa5BC7QBBg/gCbyAV+1Re9betPdp65JWzhyAP9I+vwHYgJ97</latexit>

X1 X2 Xk Xk+1 X2k
<latexit sha1_base64="3+5zVgEn/cXP5KbvwyYgcMwohnE=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCIIy2yPQ49OJxgtsKWylpmm6h6YtJKozS7+HFr+LFgyKeBA9+G7OtTN38Q+CX//M8JM/fSxkV0jC+tKXlldW19cpGdXNre2dX39vviCTjmLRxwhJue0gQRmPSllQyYqecoMhjpOuFV+N6955wQZP4Vo5S4kRoENOAYiSV5eqW7Zqwf5chH9quNaNwRnl4ahY/NyssXL1m1I2J4CKYJdRAqZarf/T9BGcRiSVmSIieaaTSyRGXFDNSVPuZICnCIRqQnsIYRUQ4+WS3Ah4rx4dBwtWJJZy4vydyFAkxijzVGSE5FPO1sflfrZfJ4MLJaZxmksR4+lCQMSgTOA4K+pQTLNlIAcKcqr9CPEQcYanirKoQzPmVF6Fj1c1GvXFzVmtelnFUwCE4AifABOegCa5BC7QBBg/gCbyAV+1Re9betPdp65JWzhyAP9I+vwHYgJ97</latexit>

X1 X2 Xk Xk+1 X2k
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Example: Latent parity model

Let d = 2k and consider the following distribution:
• sample b ∼ Bern(1/2) & set x1, . . . , xk = b
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i.i.d.∼ Bern(1/2)
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i=k+1 xi) mod 2
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Proof sketch: Step 1

Similarly to the uniform case, writing xt := (xt ⊙i c, xt), and
xtk := (xtk ⊙i c, xtk ), we decompose
∑

y ̸=xt

←
Qt(xt, y)D

(
Q̂t(xt, y),

←
Qt(xt, y)

)

=
∑

i∈m(xt),c∈[S]

sT−t(xt) ·D
(
eT−tk − 1
eT−t − 1 ŝT−tk (xtk ), sT−t(xt)

)

=
∑

i∈m(xt),c∈[S]

sT−t(xtk )D (ŝT−tk (xtk ), sT−tk (xtk ))︸ ︷︷ ︸
controlled by small score entropy loss

+ (sT−t(xtk )− sT−t(xt)) log ŝT−tk (xtk )
sT−tk (xtk )︸ ︷︷ ︸

expectation controlled by martingale property = 0

+sT−t(xt)D(sT−t(xtk ), sT−t(xt)).
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Proof sketch: Step 2

Using martingale property and changing measure under expectation:
E
xt,xtk∼

←
q t,tk

sT−t(xt ⊙i c, xt)D(sT−t(xtk ⊙i c, xtk ), sT−t(xt ⊙i c, xt))

= E
yt,ytk∼

←
q t,tk

log q0(yt)q0(ytk ⊙i MASK)
q0(yt ⊙i MASK)q0(ytk ⊙i yit)

= E
yt,ytk∼

←
q t,tk

(fi(ytk )− fi(yt)) ,

where we define

fi(y) := log q0(y ⊙i yit)
q0(y ⊙i MASK) .

Connection to the conditional mutual information (via Dynkin’s formula)

E
yt,ytk∼

←
q t,tk

(fi(ytk )− fi(yt)) ≲
∑

j ̸=i

∫ t

tk

I(yiv; yjv | y−(i,j)
v )dv.
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Summary

• nonasymptotic convergence theory for diffusion models
• adaptation to unknown low dimensionality
• demystifying diffusion guidance
• provable training-free acceleration
• diffusion language models

Future directions:
• end-to-end theory that accounts for score learning + sampling?
• adaptive improvement under stylized statistical models
• design of high-order stochastic samplers
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