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Recent successes in reinforcement learning (RL)

RL holds great promise in the next era of artificial intelligence.
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Recap: Supervised learning

Given i.i.d training data, the goal is to make prediction on unseen data:

— pic from internet
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Reinforcement learning (RL)

In RL, an agent learns by interacting with an environment.

• no training data

• trial-and-error

• maximize total rewards

• delayed reward
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Sample efficiency

• prohibitively large state & action space

• collecting data samples can be expensive or time-consuming

Challenge: design sample-efficient RL algorithms
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Computational efficiency

Running RL algorithms might take a long time . . .

• enormous state-action space

• nonconvexity

Challenge: design computationally efficient RL algorithms
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Theoretical foundation of RL
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Understanding sample efficiency of RL requires a modern suite of
non-asymptotic analysis tools
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This tutorial

(large-scale) optimization (high-dimensional) statistics
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Demystify sample- and computational efficiency of RL algorithms

Part 1. basics, model-based and model-free RL

Part 2. robust RL, offline RL and multi-agent RL

Part 3. policy optimization
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Outline (Part 1)

• Basics: Markov decision processes

• Basic dynamic programming algorithms

• Model-based RL (“plug-in” approach)

• Value-based RL (a model-free approach)

1-11



Basics: Markov decision processes



Markov decision process (MDP)

• S: state space

• A: action space

• r(s, a) ∈ [0, 1]: immediate reward
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Infinite-horizon Markov decision process

• S: state space

• A: action space

• r(s, a) ∈ [0, 1]: immediate reward

• π(·|s): policy (or action selection rule)

• P (·|s, a): unknown transition probabilities
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Infinite-horizon Markov decision process
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Help the mouse!

• state space S: positions in the maze

• action space A: up, down, left, right

• immediate reward r: cheese, electricity shocks, cats

• policy π(·|s): the way to find cheese
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Value function

Value of policy π: cumulative discounted reward

∀s ∈ S : V π(s) := E

[ ∞∑

t=0

γtr(st, at)
∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor

I take γ → 1 to approximate long-horizon MDPs

I effective horizon: 1
1−γ
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Q-function (action-value function)

Q-function of policy π:

∀(s, a) ∈ S ×A : Qπ(s, a) := E

[ ∞∑

t=0

γtrt
∣∣ s0 = s, a0 = a

]

• (��a0, s1, a1, s2, a2, · · · ): induced by policy π
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Finite-horizon MDPs

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

agent environment st at st+1 rt+1 reward state action

1
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• H: horizon length

• S: state space with size S • A: action space with size A

• rh(sh, ah) ∈ [0, 1]: immediate reward in step h

• π = {πh}Hh=1: policy (or action selection rule)

• Ph(· | s, a): transition probabilities in step h

value function: V πh (s) := E

[
H∑

t=h

rh(sh, ah)
∣∣ sh = s

]

Q-function: Qπh(s, a) := E

[
H∑

t=h

rh(sh, ah)
∣∣ sh = s, ah = a

]
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Optimal policy and optimal value

optimal policy π?: maximizing value function maxπ V
π

Proposition (Puterman’94)

For infinite horizon discounted MDP, there always exists a deterministic
policy π?, such that

V π?(s) ≥ V π(s), ∀s, and π.

• optimal value / Q function: V ? := V π? , Q? := Qπ
?

• How to find this π??
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Basic dynamic programming algorithms
when MDP specification is known



Policy evaluation: Given MDP M = (S,A, r, P, γ) and policy
π : S 7→ A, how good is π? (i.e., how to compute V π(s), ∀s?)

Possible scheme:

• execute policy evaluation for each π

• find the optimal one



Policy evaluation: Given MDP M = (S,A, r, P, γ) and policy
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Policy evaluation: Bellman’s consistency equation

• V π /Qπ: value / action-value function under policy π

Bellman’s consistency equation

V π(s) = Ea∼π(·|s)
[
Qπ(s, a)

]

Qπ(s, a) = r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
V π(s′)︸ ︷︷ ︸

next state’s value

]

• one-step look-ahead

• let P π be the state-action transition matrix
induced by π:

Qπ = r + γP πQπ =⇒ Qπ = (I − γP π)−1r

Richard Bellman
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induced by π:

Qπ = r + γP πQπ =⇒ Qπ = (I − γP π)−1r

Richard Bellman
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Optimal policy π?: Bellman’s optimality principle

Bellman operator

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]

• one-step look-ahead

Bellman equation: Q? is unique solution to

T (Q?) = Q?

γ-contraction of Bellman operator:

‖T (Q1)− T (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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Two dynamic programming algorithms

Value iteration (VI)

For t = 0, 1, . . .,

Q(t+1) = T (Q(t))
<latexit sha1_base64="rT7iLQvfD9IOq2lJQ2RoDn9TtCo=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFXWWZX277FbdHM4y8eakDHPU+/ZXbxDjNCJcYYak7HpuonyNhKKYkazUSyVJEB6jIekaylFEpK/zzZlzapSBE8bCFFdOrv6e0CiSchIFpjNCaiQXvan4n9dNVXjta8qTVBGOZ4vClDkqdqZZOAMqCFZsYgjCgpq/OniEBMLKJFYyIXiLJy+T1nnVu6y6jYty7WYeRxGO4QQq4MEV1OAO6tAEDBqe4RXerCfrxXq3PmatBWs+cwh/YH3+AMaHlgE=</latexit>

Q(t)

<latexit sha1_base64="4OzImxkacR2IGPi1SMp0pzJ55ow=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEuimJiLosunHZgn1AG8tkOmmHTiZhZiKUIeCvuHGhiFu/w51/4zTtQlsPXDicc+/cuSdIGJXKdb+twsrq2vpGcbO0tb2zu2fvH7RknApMmjhmsegESBJGOWkqqhjpJIKgKGCkHYxvp377kQhJY36vJgnxIzTkNKQYKSP17SPdyx/RAUtJ1njQFfcsy/p22a26OZxl4s1JGeao9+2v3iDGaUS4wgxJ2fXcRPkaCUUxI1mpl0qSIDxGQ9I1lKOISF/nmzPn1CgDJ4yFKa6cXP09oVEk5SQKTGeE1EguelPxP6+bqvDa15QnqSIczxaFKXNU7EyzcAZUEKzYxBCEBTV/dfAICYSVSaxkQvAWT14mrfOqd1l1Gxfl2s08jiIcwwlUwIMrqMEd1KEJGDQ8wyu8WU/Wi/VufcxaC9Z85hD+wPr8AV6rlb0=</latexit>

Q(0)
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Q(1)
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Q?
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Policy iteration (PI)

For t = 0, 1, . . .,

policy evaluation: Q(t) = Qπ
(t)

policy improvement: π(t+1)(s) = argmax
a∈A

Q(t)(s, a)

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?
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Iteration complexity

Theorem (Linear convergence of policy/value iteration)
∥∥Q(t) −Q?

∥∥
∞ ≤ γ

t
∥∥Q(0) −Q?

∥∥
∞

Implications: to achieve ‖Q(t) −Q?‖∞ ≤ ε, it takes no more than

1

1− γ log

(‖Q(0) −Q?‖∞
ε

)
iterations

Linear convergence at a dimension-free rate!
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When the model is unknown . . .

Need to learn optimal policy from samples w/o model specification
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When the model is unknown . . .

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

1

"2

|S||A|
1� �

|S||A|
(1� �)2

|S||A|
(1� �)3

" =
1p

1� �
" =

1

1� �
" = 1

asymptotic analysis

finite-time & finite-sample asymptotic analysis 1989 1992 1994 2018

Suppose tmix = 1. Then Qu’s learning rate reads

⌘t =

1
µmin(1��)

t + max
n

1
µmin(1��) , tmix

o =
1

µmin(1� �)t + 1
.

Take t = T0 = 1
µmin(1��)5"2 , then

⌘T0
=

1
1

(1��)4"2 + 1
⇡ (1� �)4"2.

Then taking t = 2T0 yields

⌘2T0
=

1
2

(1��)4"2 + 1
⇡ 1

2
(1� �)4"2.

In other words, within t = [T0, 2T0], the stepsize coincides with ours. And note
that T0 is our sample complexity. P

1

Need to learn optimal policy from samples w/o model specification
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Three approaches

Model-based approach (“plug-in”)

1. build an empirical estimate P̂ for P

2. planning based on the empirical P̂

Value-based approach
— learning w/o estimating the model explicitly

Policy-based approach
— optimization in the space of policies
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Model-based RL (a “plug-in” approach)



A generative model / simulator

— Kearns and Singh, 1999

• sampling: for each (s, a), collect N samples {(s, a, s′(i))}1≤i≤N

• construct π̂ based on samples (in total |S||A| ×N)
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`∞-sample complexity: how many samples are required to

learn an ε-optimal policy︸ ︷︷ ︸
∀s: V π̂(s)≥V ?(s)−ε

?



An incomplete list of works

• Kearns and Singh, 1999

• Kakade, 2003

• Kearns et al., 2002

• Azar et al., 2012

• Azar et al., 2013

• Sidford et al., 2018a, 2018b

• Wang, 2019

• Agarwal et al., 2019

• Wainwright, 2019a, 2019b

• Pananjady and Wainwright, 2019

• Yang and Wang, 2019

• Khamaru et al., 2020

• Mou et al., 2020

• Cui and Yang, 2021

• . . .
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An even shorter list of prior art

algorithm sample size range sample complexity ε-range

Empirical QVI [ |S|2|A|
(1−γ)2

,∞)
|S||A|

(1−γ)3ε2
(0, 1√

(1−γ)|S|
]

Azar et al., 2013

Sublinear randomized VI [ |S||A|
(1−γ)2

,∞)
|S||A|

(1−γ)4ε2

(
0, 1

1−γ
]

Sidford et al., 2018b

Variance-reduced QVI [ |S||A|
(1−γ)3

,∞)
|S||A|

(1−γ)3ε2
(0, 1]

Sidford et al., 2018a

Randomized primal-dual [ |S||A|
(1−γ)2

,∞)
|S||A|

(1−γ)4ε2
(0, 1

1−γ ]Wang 2019

Empirical MDP + planning [ |S||A|
(1−γ)2

,∞)
|S||A|

(1−γ)3ε2
(0, 1√

1−γ ]Agarwal et al., 2019

important parameters =⇒
• # states |S|, # actions |A|
• the discounted complexity 1

1−γ
• approximation error ε ∈ (0, 1

1−γ ]

1-32



Model estimation

Sampling: for each (s, a), collect
N ind. samples {(s, a, s′(i))}1≤i≤N

Empirical estimates:

P̂ (s′|s, a) =
1

N

N∑

i=1

1{s′(i) = s′}
︸ ︷︷ ︸

empirical frequency
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Empirical MDP + planning

— Azar et al., 2013, Agarwal et al., 2019

Find policy︸ ︷︷ ︸
using, e.g., policy iteration

based on the empirical MDP︸ ︷︷ ︸
(P̂ , r)

(empirical maximizer)
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Challenges in the sample-starved regime

truth: P ∈ R|S||A|×|S| empirical estimate: P̂

• Can’t recover P faithfully if sample size � |S|2|A|!

• Can we trust our policy estimate when reliable model estimation is
infeasible?
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`∞-based sample complexity

Theorem (Agarwal, Kakade, Yang ’19)

For any 0 < ε ≤ 1√
1−γ , the optimal policy π̂? of empirical MDP achieves

‖V π̂? − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) when ε ≤ 1√

1−γ
(equivalently, when sample size exceeds |S||A|

(1−γ)2 ) Azar et al., 2013

• established upon leave-one-out analysis framework
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Agarwal et al., 2019 still requires a burn-in sample size & |S||A|
(1−γ)2

Question: is it possible to break this sample size barrier?
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Perturbed model-based approach (Li et al. ’20)

—Li et al., 2020

Find policy based on the empirical MDP with slightly perturbed rewards
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Optimal `∞-based sample complexity

Theorem (Li, Wei, Chi, Chen ’20)

For any 0 < ε ≤ 1
1−γ , the optimal policy π̂?p of perturbed empirical MDP

achieves

‖V π̂?p − V ?‖∞ ≤ ε

with high prob., with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• matches minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) Azar et al., 2013

• full ε-range: ε ∈
(
0, 1

1−γ ] −→ no burn-in cost

• established upon more refined leave-one-out analysis and a
perturbation argument
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Prior art

• [Kearns and Singh, 1999]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

Agarwal et al. ’19
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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A sketch of the main proof ingredients
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Notation and Bellman equation

Bellman equation: V π = rπ + γPπV
π

• V π: value function under policy π
I Bellman equation: V π = (I − γPπ)−1rπ

• V̂ π: empirical version value function under policy π

I Bellman equation: V̂ π = (I − γP̂π)−1rπ

• π?: optimal policy for V π

• π̂?: optimal policy for V̂ π
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Main steps

Elementary decomposition:

V ? − V π̂? =
(
V ? − V̂ π?

)
+
(
V̂ π? − V̂ π̂?

)
+
(
V̂ π̂? − V π̂?

)

≤
(
V π? − V̂ π?

)
+ 0 +

(
V̂ π̂? − V π̂?

)

• Step 1: control V π − V̂ π for a fixed π (called “policy evaluation”)
(Bernstein inequality + a peeling argument)

• Step 2: extend it to control V̂ π̂? − V π̂? (π̂? depends on samples)
(decouple statistical dependency)
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Key idea 1: a peeling argument (for fixed policy)

First-order expansion

V̂ π − V π = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
V̂ π [Agarwal et al., 2019]

Ours: higher-order expansion + Bernstein −→ tighter control

V̂ π − V π = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
V π+

+ γ
(
I − γPπ

)−1(
P̂π − Pπ

)(
V̂ π − V π

)

+ γ3
(

(I − γPπ
)−1(

P̂π − Pπ)
)3
V π

+ . . .

Bernstein’s inequality: |
(
P̂π − Pπ

)
V π| ≤

√
Var[V π ]

N + ‖V π‖∞
N
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Byproduct: policy evaluation

Theorem (Li, Wei, Chi, Gu, Chen’20)

Fix any policy π. For every 0 < ε ≤ 1
1−γ , plug-in estimator V̂ π obeys

‖V̂ π − V π‖∞ ≤ ε

with sample complexity at most

Õ
( |S|

(1− γ)3ε2

)
.

• minimax lower bound [Azar et al., 2013, Pananjady and Wainwright, 2019]

• tackle sample size barrier: prior work requires sample size > |S|
(1−γ)2

[Agarwal et al., 2013, Pananjady and Wainwright, 2019, Khamaru et al,, 2020]
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Step 2: controlling V̂
π̂? − V π̂?

A natural idea: apply our policy evaluation theory + union bound

• highly suboptimal!

key idea 2: a leave-one-out argument to decouple stat. dependency btw
π̂ and samples

— inspired by [Agarwal et al., 2019] but quite different . . .
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Key idea 2: decouple dependency for V̂ π̂? − V π̂?

— inspired by [Agarwal et al., 2019] but quite different . . .

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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decouple dependency

1

• define π̂?(s,a)
empirical maximizer−−−−−−−−−−−→ (P̂ (s,a), r(s,a))

I decouple dependency by dropping randomness in P̂ (· | s, a)

I scalar r(s,a) ensures Q̂? and V̂ ? unchanged

• π̂?(s,a) = π̂? can be determined under separation condition

∀s ∈ S, Q̂?(s, π̂?(s))− max
a: a6=π̂?(s)

Q̂?(s, a) > 0
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Key idea 3: tie-breaking via perturbation

• How to ensure the optimal policy stand out from other policies?

∀s ∈ S, Q̂?(s, π̂?(s))− max
a:a6=π̂?(s)

Q̂?(s, a) ≥ ω

• Solution: slightly perturb rewards r =⇒ π̂?p
I ensures the uniqueness of π̂?p

I V π̂
?
p ≈ V π̂?
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Summary of model-based RL

Model-based RL is minimax optimal & does not suffer from a
sample size barrier!
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Three approaches

Model-based approach (“plug-in”)

• build an empirical estimate P̂ for P

• planning based on the empirical P̂

Value-based approach
— learning w/o estimating the model explicitly

Policy-based approach
— optimization in the space of policies
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Value-based RL (a model-free approach)



Q-learning: a stochastic approximation algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro, 1951

for solving the Bellman equation

T (Q)−Q = 0

where

T (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
a′∈A

Q(s′, a′)
︸ ︷︷ ︸
next state’s value

]
.
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Qt+1(s, a) = Qt(s, a) + ηt
(
Tt(Qt)(s, a)−Qt(s, a)

)
︸ ︷︷ ︸

sample transition (s,a,s′)

, t ≥ 0

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T (Q)(s, a) = r(s, a) + γ E
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A generative model / simulator

— Kearns, Singh ’99

Each iteration, draw an independent sample (s, a, s′) for given (s, a)
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Synchronous Q-learning

Chris Watkins Peter Dayan

for t = 0, 1, . . . , T

for each (s, a) ∈ S ×A
draw a sample (s, a, s′), run

Qt+1(s, a) = (1− ηt)Qt(s, a) + ηt

{
r(s, a) + γmax

a′
Qt(s

′, a′)
}

synchronous: all state-action pairs are updated simultaneously

• total sample size: T |S||A|
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Sample complexity of synchronous Q-learning

Theorem (Li, Cai, Chen, Wei, Chi ’21)

For any 0 < ε ≤ 1, synchronous Q-learning yields ‖Q̂−Q?‖∞ ≤ ε with
high prob. and E[‖Q̂−Q?‖∞] ≤ ε, with sample size at most




Õ
(
|S||A|

(1−γ)4ε2
)

if |A| ≥ 2

(?)

Õ
(

|S|
(1−γ)3ε2

)
if |A| = 1 (TD learning)

• Covers both constant and rescaled linear learning rates:

ηt ≡
1

1 + c1(1−γ)T
log2 T

or ηt =
1

1 + c2(1−γ)t
log2 T

other papers sample complexity

Even-Dar & Mansour ’03 2
1

1−γ |S||A|
(1−γ)4ε2

Beck & Srikant ’12
|S|2|A|2

(1−γ)5ε2

Wainwright ’19
|S||A|

(1−γ)5ε2

Chen, Maguluri, Shakkottai, Shanmugam ’20
|S||A|

(1−γ)5ε2
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All this requires sample size at least |S||A|
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All prior results require a sample size of at least tmix|S|2|A|2!
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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(log scale)
• Sharpened sample complexity for sync Q-learning: |S||A|

(1≠“)4Á2

• Demonstrates that vanilla Q-learning is NOT minimax optimal

— minimax lower bound: |S||A|
(1≠“)3Á2 (Azar et al ’13)
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



All this requires sample size at least |S||A|
(1−γ)4ε2 (|A| ≥ 2) . . .

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?
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if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Prior art for asynchronous Q-learning
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Question: Is Q-learning sub-optimal, or is it an analysis artifact?



A numerical example: |S||A|
(1−γ)4ε2 samples seem necessary . . .

— observed in Wainwright ’19

p =
4γ − 1

3γ

r(0, 1) = 0, r(1, 1) = r(1, 2) = 1

1-58



Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi, 2021)

For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃

( |S||A|
(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound

• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1
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(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1
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t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
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2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(1≠“)3Á2 (Azar et al ’13)
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Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi, 2021)

For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃

( |S||A|
(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound

• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate
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(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
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min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
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(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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(1≠“)3Á2 (Azar et al ’13)
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Q-learning is NOT minimax optimal

Theorem (Li, Cai, Chen, Wei, Chi, 2021)

For any 0 < ε ≤ 1, there exists an MDP with |A| ≥ 2 such that to
achieve ‖Q̂−Q?‖∞ ≤ ε, synchronous Q-learning needs at least

Ω̃

( |S||A|
(1− γ)4ε2

)
samples

• Tight algorithm-dependent lower bound

• Holds for both constant and rescaled linear learning rates
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +
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1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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Improving sample complexity via variance reduction

— a powerful idea from finite-sum stochastic optimization



Variance-reduced Q-learning updates (Wainwright ’19)

— inspired by SVRG (Johnson & Zhang ’13)

Qt(s, a) = (1− η)Qt−1(s, a) + η
(
Tt(Qt−1) −Tt(Q) + T̃ (Q)︸ ︷︷ ︸

use Q to help reduce variability

)
(s, a)

• Q: some reference Q-estimate

• T̃ : empirical Bellman operator (using a batch of samples)

Tt(Q)(s, a) = r(s, a) + γmax
a′

Q(s′, a′)

T̃ (Q)(s, a) = r(s, a) + γ E
s′∼P̃ (·|s,a)

[
max
a′

Q(s′, a′)
]
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An epoch-based stochastic algorithm

— inspired by Johnson & Zhang ’13

for each epoch

1. update Q and T̃ (Q) (which stay fixed in the rest of the epoch)

2. run variance-reduced Q-learning updates iteratively
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Sample complexity of variance-reduced Q-learning

Theorem (Wainwright ’19)

For any 0 < ε ≤ 1, sample complexity for variance-reduced
synchronous Q-learning to yield ‖Q̂−Q?‖∞ ≤ ε is at most

Õ

( |S||A|
(1− γ)3ε2

)

• allows for more aggressive learning rates

• minimax-optimal for 0 < ε ≤ 1
I remains suboptimal if 1 < ε < 1

1−γ
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Summary of this part

• basics of MDP and DP algorithms

• break the sample size barrier using model-based approach

• obtain tight sample complexity for Q-learning
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Outline (Part 2)

Four variants of our basics settings to illustrate the approaches so far:

• Offline / batch RL

• RL with Markovian samples

• Robust RL

• Multi-agent RL
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Offline RL / batch RL

• Collecting new data might be expensive or time-consuming

• But we have already stored tons of historical data

medical records data of self-driving clicking times of ads

Question: Can we design algorithms based solely on historical
data?
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Offline RL / batch RL

Transition kernel
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P (·|s, a)

initial distribution
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s0

No longer 
arbitrary!

A historical dataset D =
{

(s(i), a(i), s′(i))
}

: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Goal: given some test distribution ρ and accuracy level ε, find an
ε-optimal policy π̂ based on D obeying

V ?(ρ)− V π̂(ρ) = E
s∼ρ

[
V ?(s)

]
− E
s∼ρ

[
V π̂(s)

]
≤ ε

— in a sample-efficient manner
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Offline RL / batch RL

transition kernel
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No longer 
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transition kernel
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s�

No longer 
arbitrary!

behavior policyinitial distribution

fib(·|s)

historical dataset D =
)
(s(i), a(i), sÕ(i))

*
: N independent copies of

s ≥ fl, a ≥ fib(· | s), sÕ ≥ P (· | s, a)

for some initial state distribution fl and behavior policy fib

Goal: given some test distribution fl and accuracy level Á, find ‚fi s.t.

V ı(fl) ≠ V ‚fi(fl) = E
s≥fl

#
V ı(s)

$ ≠ E
s≥fl

#
V ‚fi(s)

$ Æ Á

— in a sample-e�cient manner
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A historical dataset D =
{

(s(i), a(i), s′(i))
}

: N independent copies of

s ∼ ρb, a ∼ πb(· | s), s′ ∼ P (· | s, a)

for some state distribution ρb and behavior policy πb

Goal: given some test distribution ρ and accuracy level ε, find an
ε-optimal policy π̂ based on D obeying

V ?(ρ)− V π̂(ρ) = E
s∼ρ

[
V ?(s)

]
− E
s∼ρ

[
V π̂(s)

]
≤ ε

— in a sample-efficient manner
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Challenges of offline RL

• Distribution shift:

distribution(D) 6= target distribution under π?

• Partial coverage of state-action space:

⇡1
<latexit sha1_base64="HOtT/knFpXQvJu3D0VmkGYGdmzo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzfz2EyrNE/loJikGMR1KHnFGjZX8Xsr7Xr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5JWveZd1uoPV9XGbRFHCU7hDC7Ag2towD00wQcGHJ7hFd4c6bw4787HonXNKWZO4A+czx939Y51</latexit>

⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies

1
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<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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⇡2
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⇡1
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⇡2
<latexit sha1_base64="3Dko6JGAMj+mmDNO5z4Revw0ypo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k91LRr/crVbfmzkFWiVeQKhRo9itfvUHCspgrZJIa0/XcFIOcahRM8mm5lxmeUjamQ961VNGYmyCfHzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif143w+gmyIVKM+SKLRZFmSSYkNnnZCA0ZygnllCmhb2VsBHVlKHNp2xD8JZfXiWtes27rNUfrqqN2yKOEpzCGVyAB9fQgHtogg8MBDzDK7w5ynlx3p2PReuaU8ycwB84nz95eY52</latexit>
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1
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1
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1
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D
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1
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D
samples cover all (s, a) & all policies historical dataset

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset ideally

Practically,

1
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How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)

C? := max
s,a

dπ
?
(s, a)

dπb(s, a)
≥ 1

where dπ(s, a) = (1− γ)
∑∞
t=0 γ

tP
(
(st, at) = (s, a) |π

)
is the state-action

occupation density of policy π.

• captures distribution shift

• allows for partial coverage
⇡?

<latexit sha1_base64="iqr6wuLcMtqjcfhh1eGDtJOJmBA=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KblxWsA9pYplMJ+3QmUmYmQil9CvcuFDErZ/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7Wyura+sVnYKm7v7O7tlw4O2yrJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlE48vc79wTqWgibvQkJSFHQ0FjipE20m2Q0rtAaST7pbJjn9ernl+Fju04Nddzc+LV/IoPXaPkKIMlmv3SezBIcMaJ0JghpXquk+pwiqSmmJFZMcgUSREeoyHpGSoQJyqczg+ewVOjDGCcSFNCw7n6fWKKuFITHplOjvRI/fZy8S+vl+m4Hk6pSDNNBF4sijMGdQLz7+GASoI1mxiCsKTmVohHSCKsTUZFE8LXp/B/0vZst2J71365cbGMowCOwQk4Ay6ogQa4Ak3QAhhw8ACewLMlrUfrxXpdtK5Yy5kj8APW2ydT6ZDD</latexit>

C? <1
<latexit sha1_base64="OkNkM06J2op6/zU9FLP9Q6tlTww=">AAAB+HicdVBdSwJBFJ21L7MPrR57GZKgJ9ldRQ16kHzp0SA/QE1mx1kdnJ1dZu4GJv6SXnoootd+Sm/9m2bVoKIOXDiccy/33uNFgmuw7Q8rtba+sbmV3s7s7O7tZ3MHhy0dxoqyJg1FqDoe0UxwyZrAQbBOpBgJPMHa3qSe+O07pjQP5Q1MI9YPyEhyn1MCRhrksvXbngai8EWPSx+mg1zeLpxXy26pjO2CbVcc10mIWykVS9gxSoI8WqExyL33hiGNAyaBCqJ117Ej6M+IAk4Fm2d6sWYRoRMyYl1DJQmY7s8Wh8/xqVGG2A+VKQl4oX6fmJFA62ngmc6AwFj/9hLxL68bg1/tz7iMYmCSLhf5scAQ4iQFPOSKURBTQwhV3NyK6ZgoQsFklTEhfH2K/yctt+AUC+51KV+7XMWRRsfoBJ0hB1VQDV2hBmoiimL0gJ7Qs3VvPVov1uuyNWWtZo7QD1hvn7CWkyA=</latexit>

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D

1

uniform coverage over entire space (su�ciently explored)

partial coverage (inadequately explored)

D
samples cover all (s, a) & all policies historical dataset

1

<latexit sha1_base64="hEbTh7PvArl9GuysvTuQLcti750=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunFZwT6gjeVmMmmHTiZhZiLUEPwVNy4Ucet/uPNvnD4WWj1wL4dz7mXuHD/hTGnH+bIKC4tLyyvF1dLa+sbmlr2901RxKgltkJjHsu2DopwJ2tBMc9pOJIXI57TlD6/GfuueSsVicatHCfUi6AsWMgLaSD17L7jLugkzTWmQeV5Rx3DUs8tO1ZkA/yXujJTRDPWe/dkNYpJGVGjCQamO6yTay0BqRjjNS91U0QTIEPq0Y6iAiCovm1yf40OjBDiMpSmh8UT9uZFBpNQo8s1kBHqg5r2x+J/XSXV44WVMJKmmgkwfClOOdYzHUeCASUo0HxkCRDJzKyYDkEC0CaxkQnDnv/yXNE+q7lnVuTkt1y5ncRTRPjpAFeSic1RD16iOGoigB/SEXtCr9Wg9W2/W+3S0YM12dtEvWB/fV6qVJA==</latexit>

d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>

d⇡
b

(s, a)
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How to quantify the distribution shift?

Single-policy concentrability coefficient (Rashidineiad et al.)
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≥ 1

where dπ(s, a) = (1− γ)
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d⇡
?

(s, a)

<latexit sha1_base64="ISJewiNViXA9eFkGu4KawCuvanI=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEClISEXVZdOOygn1AG8tkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DqgRkO59zLvfd4MaNS2faXUVpYXFpeKa9W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzx1dTv3BMhacRv1SQmboiGnAYUI6Wlgbnn36X9mOovRGokg9TLsqwmj9HRwKzadTuH9Zc4BalCgebA/Oz7EU5CwhVmSMqeY8fKTZFQFDOSVfqJJDHCYzQkPU05Col00/yEzDrUim8FkdCPKytXf3akKJRyEnq6Ml903puK/3m9RAUXbkp5nCjC8WxQkDBLRdY0D8ungmDFJpogLKje1cIjJBBWOrWKDsGZP/kvaZ/UnbO6fXNabVwWcZRhHw6gBg6cQwOuoQktwPAAT/ACr8aj8Wy8Ge+z0pJR9OzCLxgf33yOl3k=</latexit>
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How to quantify the distribution shift? — a
refinement

Single-policy clipped concentrability coefficient (Li et al., ’22)

C?clipped := max
s,a

min{dπ?(s, a), 1/S}
dπb(s, a)

≥ 1/S

where dπ(s, a) = (1− γ)
∑∞
t=0 γ

tP
(
(st, at) = (s, a) |π

)
is the state-action

occupation density of policy π.

• captures distribution shift

• allows for partial coverage

• C?clipped ≤ C?
⇡?
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C?clipped := max
s,a

min{dπ?(s, a), 1/S}
dπb(s, a)
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A “plug-in” model-based approach

— (Azar et al. ’13, Agarwal et al. ’19, Li et al. ’20)

Planning (e.g., value iteration) based on the the empirical MDP P̂ :

Q̂(s, a) ← r(s, a) + γ
〈
P̂ (· | s, a), V̂

〉
, V̂ (s) = max

a
Q̂(s, a).

Issue: poor value estimates under partial and poor coverage.
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Key idea: pessimism in the face of uncertainty

— Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21A key idea: pessimism in the face of uncertainty
online o�ine
upper confidence bounds

— promote exploration of under-explored (s, a)
lower confidence bounds

— stay cautious about under-explored (s, a)
Penalize value estimates of (s, a) pairs that were poorly visited

— Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21

with 
pessimism

without 
pessimism
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‚Q(s, a) Ω max
Ó
r(s, a) + “

+ ‚P (· | s, a), ‚V
, ≠ b(s, a; ‚V )¸ ˚˙ ˝

uncertainty penalty

, 0
Ô

where ‚V (s) = maxa ‚Q(s, a).
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A key idea: pessimism in the face of uncertainty
upper confidence bounds

— promote exploration of under-explored (s, a)
lower confidence bounds

— stay cautious about under-explored (s, a)
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— Jin et al. ’20, Rashidinejad et al. ’21, Xie et al. ’21
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A model-based offline algorithm: VI-LCB

1. build empirical model P̂

2. (value iteration) for t ≤ τmax:

Q̂t(s, a) ←
[
r(s, a)+γ

〈
P̂ (· | s, a), V̂t−1

〉

]
+
− b(s, a; V̂t−1)︸ ︷︷ ︸

penalize poorly visited (s,a)

]
+

for all (s, a), where V̂t(s) = maxa Q̂t(s, a)

compared w/ prior works

• no need of variance reduction • variance-aware penalty
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A model-based offline algorithm: VI-LCB

1. build empirical model P̂

2. (value iteration) for t ≤ τmax:

Q̂t(s, a) ←
[
r(s, a)+γ
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P̂ (· | s, a), V̂t−1

〉

]
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penalize poorly visited (s,a)

]
+

for all (s, a), where V̂t(s) = maxa Q̂t(s, a)

compared w/ prior works

• no need of variance reduction • variance-aware penalty
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A model-based offline algorithm: VI-LCB

1. build empirical model P̂

2. (pessimistic value iteration) for t ≤ τmax:

Q̂t(s, a) ←
[
r(s, a)+γ

〈
P̂ (· | s, a), V̂t−1

〉

]
+

− b(s, a; V̂t−1)︸ ︷︷ ︸
penalize poorly visited (s,a)

]
+

for all (s, a), where V̂t(s) = maxa Q̂t(s, a)

compared w/ prior works

• no need of variance reduction • variance-aware penalty
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A model-based offline algorithm: VI-LCB

1. build empirical model P̂

2. (pessimistic value iteration) for t ≤ τmax:

Q̂t(s, a) ←
[
r(s, a)+γ

〈
P̂ (· | s, a), V̂t−1

〉

]
+

− b(s, a; V̂t−1)︸ ︷︷ ︸
penalize poorly visited (s,a)

]
+

for all (s, a), where V̂t(s) = maxa Q̂t(s, a)

compared w/ prior works

• no need of variance reduction • variance-aware penalty
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Sample complexity of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any 0 < ε ≤ 1
1−γ , the policy π̂ returned by VI-LCB achieves

V ?(ρ)− V π̂(ρ) ≤ ε

with high prob., with sample complexity at most

Õ

(
SC?clipped

(1− γ)3ε2

)

• depends on distribution shift (as reflected by C?clipped)

• full ε-range (no burn-in cost)
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Minimax optimality of model-based offline RL

Theorem (Li, Shi, Chen, Chi, Wei ’22)

For any γ ∈ [2/3, 1), S ≥ 2, C?clipped ≥ 8γ/S, and 0 < ε ≤ 1
42(1−γ) , there

exists some MDP and batch dataset such that no algorithm succeeds if
the sample size is below

Ω̃

(
SC?clipped

(1− γ)3ε2

)
.

• verifies the near-minimax optimality of the pessimistic model-based
algorithm

• improves upon prior results by allowing C?clipped � 1/S.
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!
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standard form problem (not necessarily convex)
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Outline (Part 2)

Four variants of our basics settings to illustrate the approaches so far:

• Offline / batch RL

• RL with Markovian samples

• Robust RL

• Multi-agent RL

2-12



Markovian samples and behavior policy
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Sample trajectory and behavior policy

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

a Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory
observed:
stationary distribution µfib over S ◊ A

µmin := min
(s,a)œS◊A

µfib(s, a)

mixing time

tmix := min
Ó
t

--- max
(s0,a0)œS◊A

TV
!
P t(·|s0, a0), µfib

" Æ 1
4

Ô
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Observed: {st, at, rt}t≥0︸ ︷︷ ︸
Markovian trajectory

induced by behavior policy πb

Goal: learn optimal value V ? and Q? based on sample trajectory

Key quantities of sample trajectory

• minimum state-action occupancy probability

µmin := min µπb
(s, a)︸ ︷︷ ︸

stationary distribution• mixing time: tmix
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Sample trajectory and behavior policy
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generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory
observed:
stationary distribution µfib over S ◊ A

µmin := min
(s,a)œS◊A

µfib(s, a)

mixing time
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Ó
t

--- max
(s0,a0)œS◊A

TV
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P t(·|s0, a0), µfib
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Sample trajectory and behavior policy

learn:

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

a Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Important quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix

15/ 25
Observed: {st, at, rt}t≥0︸ ︷︷ ︸

Markovian trajectory

induced by behavior policy πb

Goal: learn optimal value V ? and Q? based on sample trajectory

Key quantities of sample trajectory

• minimum state-action occupancy probability

µmin := min µπb
(s, a)︸ ︷︷ ︸

stationary distribution• mixing time: tmix
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Markovian samples and behavior policy
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Sample trajectory and behavior policy

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

a Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory
observed:
stationary distribution µfib over S ◊ A

µmin := min
(s,a)œS◊A

µfib(s, a)

mixing time

tmix := min
Ó
t

--- max
(s0,a0)œS◊A

TV
!
P t(·|s0, a0), µfib
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Sample trajectory and behavior policy

learn:

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

a Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Important quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix

15/ 25

Observed: {st, at, rt}t≥0︸ ︷︷ ︸
Markovian trajectory

induced by behavior policy πb

Goal: learn optimal value V ? and Q? based on sample trajectory

Key quantities of sample trajectory

• minimum state-action occupancy probability

µmin := min µπb
(s, a)︸ ︷︷ ︸

stationary distribution• mixing time: tmix

2-13



Model-based vs. model-free RL

Model-free approach (e.g. Q-learning)
— learning w/o modeling & estimating environment explicitly
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Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation︸ ︷︷ ︸
Robbins & Monro ’51

for solving Bellman equation Q = T (Q)
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Q-learning: a classical model-free algorithm

Chris Watkins Peter Dayan

Stochastic approximation for solving Bellman equation Q = T (Q)

Qt+1(st, at) = Qt(st, at) + ηt(Tt(Qt)(st, at)−Qt(st, at))︸ ︷︷ ︸
only update (st,at)-th entry

, t ≥ 0

Tt(Q)(st, at) := r(st, at) + γmax
a′

Q(st+1, a
′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max
a′

Q(s′, a′)
]— asynchronous: only a single entry is updated each iteration

(resembles Markov-chain coordinate descent)
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a′

Q(st+1, a
′)

T (Q)(s, a) = r(s, a) + γ E
s′∼P (·|s,a)

[
max
a′

Q(s′, a′)
]

— asynchronous: only a single entry is updated each iteration

(resembles Markov-chain coordinate descent)
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Q-learning on Markovian samples

• asynchronous: only a single entry is updated each iteration

I resembles Markov-chain coordinate descent

• off-policy: target policy π? 6= behavior policy πb
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What is sample complexity of (async) Q-learning?



A highly incomplete list of works

• Watkins, Dayan ’92
• Tsitsiklis ’94
• Jaakkola, Jordan, Singh ’94
• Szepesvári ’98
• Borkar, Meyn ’00
• Even-Dar, Mansour ’03
• Beck, Srikant ’12
• Chi, Zhu, Bubeck, Jordan ’18
• Lee, He ’18
• Chen, Zhang, Doan, Maguluri, Clarke ’19
• Du, Lee, Mahajan, Wang ’20
• Chen, Maguluri, Shakkottai, Shanmugam ’20
• Qu, Wierman ’20
• Devraj, Meyn ’20
• Weng, Gupta, He, Ying, Srikant ’20
• Li, Wei, Chi, Gu, Chen ’20
• Li, Cai, Chen, Wei, Chi ’21
• Chen, Maguluri, Shakkottai, Shanmugam ’21
• ...
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Prior art: async Q-learning

Question: how many samples are needed to ensure ‖Q̂−Q?‖∞ ≤ ε?

other papers sample complexity

Even-Dar, Mansour ’03 (tcover)
1

1−γ

(1−γ)4ε2

Even-Dar, Mansour ’03
( t1+3ω

cover
(1−γ)4ε2

) 1
ω +

( tcover
1−γ

) 1
1−ω , ω ∈ ( 1

2
, 1)

Beck & Srikant ’12
t3cover|S||A|
(1−γ)5ε2

Qu & Wierman ’20 tmix

µ2
min(1−γ)5ε2

Li, Wei, Chi, Gu, Chen ’20 1
µmin(1−γ)5ε2

+ tmix
µmin(1−γ)

Chen, Maguluri, Shakkottai, Shanmugam ’21 1
µ3

min(1−γ)5ε2
+ other-term(tmix)

— cover time: tcover � tmix
µmin

if we take µmin � 1
|S||A| , tcover � tmix

µmin

All prior results require sample size of at least tmix|S|2|A|2!
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Main result: `∞-based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen ’20)

For any 0 < ε ≤ 1
1−γ , sample complexity of async Q-learning to yield

‖Q̂−Q?‖∞ ≤ ε is at most (up to some log factor)

1

µmin(1− γ)5ε2
+

tmix

µmin(1− γ)

— prior art: tmix

µ2
min(1−γ)5ε2

(Qu & Wierman’20)

• Improves upon prior art by at least |S||A|!
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Effect of mixing time on sample complexity

1

µmin(1− γ)5ε2
+

tmix

µmin(1− γ)

• reflects cost taken to reach steady state

• one-time expense (almost independent of ε)

— it becomes amortized as algorithm runs

— prior art: tmix

µ2
min(1−γ)5ε2

[Qu & Wierman ’20]
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Dependence on effective horizon

minimax lower bound
(Azar et al. ’13)

1

µmin(1− γ)3ε2

asyn Q-learning
(ignoring dependency on tmix)

1

µmin(1− γ)5ε2

The dependency on 1
1−γ can be tightened by variance reduction.

— inspired by [Johnson & Zhang, 2013], [Wainwright, 2019]
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Sample complexity for variance-reduced Q-learning

Theorem (Li, Wei, Chi, Gu, Chen ’20)

For any 0 < ε ≤ 1, sample complexity for (async) variance-reduced
Q-learning to yield ‖Q̂−Q?‖∞ ≤ ε is at most on the order of

1

µmin(1− γ)3ε2
+

tmix

µmin(1− γ)

• more aggressive learning rates: ηt ≡ min
{
���(1−γ)4(1−γ)2

γ2 , 1
tmix

}

• minimax-optimal for 0 < ε ≤ 1
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Outline (Part 2)

Four variants of our basics settings to illustrate the approaches so far:

• Offline / batch RL

• RL with Markovian samples

• Robust RL

• Multi-agent RL
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Robustness and safety

(Zhou et al., 2021; Panaganti and Kalathil, 2022; Yang et al., 2022;)

Training environment 6= Test environment

Sim2Real Gap: Can we learn optimal policies that are robust to
model perturbations?
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Uncertainty set of transition kernels: Uσ(P o)

Uncertainty set with (s, a)-rectangular (Wiesemann et al. ’13)

The uncertainty set is defined as a ball around the nominal transition
kernel P o (P os,a : = P o(· | s, a) ∈ R1×S):

Uσ(P o) : = ⊗Uσ
(
P os,a

)
,

Uσ
(
P os,a

)
: =
{
P ∈ ∆(S) : ρ

(
P ‖ P os,a

)
≤ σ

}
.

• ρ : ∆(S)×∆(S)→ [0,∞]: some distance
functions (Kullback-Leibler (KL)
divergence)

• σ > 0: the uncertainty level/radius

• ⊗: the Cartesian product

P o
<latexit sha1_base64="W1cOfpEvMtOw6xtBxa5KpBX0fLM=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBT1JwIvHCOYByRpmJ51kyOyDmV4xLAv+ihcPinj1O7z5N042OWhiQUNR1T09XX4shUbH+baWlldW19YLG8XNre2dXXtvv6GjRHGo80hGquUzDVKEUEeBElqxAhb4Epr+6HriNx9AaRGFdziOwQvYIBR9wRkaqWsf0g7CI+YPpQp6WVq7j7KuXXLKTg66SNwZKZEZal37q9OLeBJAiFwyrduuE6OXMoWCS8iKnURDzPiIDaBtaMgC0F6ab83oiVF6tB8pUyHSXP09kbJA63Hgm86A4VDPexPxP6+dYP/SS0UYJwghny7qJ5JiRCdZ0J5QwFGODWFcCfNXyodMMY4msaIJwZ0/eZE0KmX3rFy5PS9Vr2ZxFMgROSanxCUXpEpuSI3UCScpeSav5M16sl6sd+tj2rpkzWYOyB9Ynz//B5Yl</latexit>

�
<latexit sha1_base64="jKxwivYfAVNyPzxOs2X1rEGTFhk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQU8S8OIxgnlAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj25nffqLaMCUf7CShocBDyWJGsHVSq2fYUOB+ueJX/TnQKglyUoEcjX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm82un6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vw4zJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVRyIQTLL6+SVq0aXFRr95eV+k0eRxFO4BTOIYArqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AJx5jyM=</latexit>

U�(P o)
<latexit sha1_base64="3s3Ruws0H9sownm2KF8I/WfXsNA=">AAACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSVEFPUvDisYJpC01aNttNu3R3E3Y3Qgm9+Fe8eFDEqz/Dm//GTZuDtj4YeLw3w8y8MGFUacf5tlZW19Y3Nktb5e2d3b19++CwpeJUYuLhmMWyEyJFGBXE01Qz0kkkQTxkpB2Ob3O//UikorF40JOEBBwNBY0oRtpIffvY50iPMGKZN+35ig45qjZ78Xnfrjg1Zwa4TNyCVECBZt/+8gcxTjkRGjOkVNd1Eh1kSGqKGZmW/VSRBOExGpKuoQJxooJs9sAUnhllAKNYmhIaztTfExniSk14aDrzc9Wil4v/ed1UR9dBRkWSaiLwfFGUMqhjmKcBB1QSrNnEEIQlNbdCPEISYW0yK5sQ3MWXl0mrXnMvavX7y0rjpoijBE7AKagCF1yBBrgDTeABDKbgGbyCN+vJerHerY9564pVzByBP7A+fwB5oJZN</latexit>
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Value function: discounted infinite-horizon MDP

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action
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<latexit sha1_base64="3bSYpVPaDauqytU+Fkq234Z/CD8=">AAACD3icbVBNS8NAEN34bf2KevSyWJSKUhIV9Fj04rGCVaGJYbPZ6tLdbNidCCX0H3jxr3jxoIhXr978N27bHLT6YODx3gwz8+JMcAOe9+VMTE5Nz8zOzVcWFpeWV9zVtUujck1Ziyqh9HVMDBM8ZS3gINh1phmRsWBXcfd04F/dM224Si+gl7FQktuUdzglYKXI3TZRAbt+HweGS9y8UbWAJgpwIHmCTQR7mESAdyK36tW9IfBf4pekiko0I/czSBTNJUuBCmJM2/cyCAuigVPB+pUgNywjtEtuWdvSlEhmwmL4Tx9vWSXBHaVtpYCH6s+JgkhjejK2nZLAnRn3BuJ/XjuHznFY8DTLgaV0tKiTCwwKD8LBCdeMguhZQqjm9lZM74gmFGyEFRuCP/7yX3K5X/cP6vvnh9XGSRnHHNpAm6iGfHSEGugMNVELUfSAntALenUenWfnzXkftU445cw6+gXn4xs1c5ra</latexit>

execute policy π to generate sample trajectory {(st, at)}t≥0

∀(s, a) ∈ S ×A : V π,P (s) : = Eπ,P

[ ∞∑

t=0

γtr
(
st, at

) ∣∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor; • P : any transition kernel
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Value function: discounted infinite-horizon MDP
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execute policy π to generate sample trajectory {(st, at)}t≥0

∀(s, a) ∈ S ×A : V π,P (s) : = Eπ,P
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γtr
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Robust value function: infinite-horizon robust
MDP

• Classical value-function/Q-function:

V π,P (s) : = Eπ,P

[ ∞∑

t=0

γtr
(
st, at

) ∣∣∣ s0 = s

]

Qπ,P (s, a) : = Eπ,P

[ ∞∑

t=0

γtr(st, at)
∣∣∣ s0 = s, a0 = a

]

• Robust value function/Q-function:

V π,σ(s) : = inf
P∈Uσ(P o)

V π,P (s), Qπ,σ(s, a) : = inf
P∈Uσ(P o)

Qπ,P (s, a)

• Optimal robust policy π?: arg maxπ V
π,σ

• Optimal robust values: V ?,σ : = V π?,σ = maxπ V
π,σ
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Robust value function: infinite-horizon robust
MDP

• Classical value-function/Q-function:

V π,P (s) : = Eπ,P

[ ∞∑

t=0

γtr
(
st, at

) ∣∣∣ s0 = s
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Classical MDP v.s robust MDP (RMDP)

• Robust MDP: Mrob = {U(P o), r,S,A, γ}

I P o: unknown nominal transition kernel
I U(P o): an uncertainty set around P o

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Observed samples

Classical MDP
(st, at)

<latexit sha1_base64="RdNXf8Lb3JANB2R4pK2/TDrES2g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkumi+eEdvGsWyi6ZXcGsky8jBQhQ61b+Or0YpZGXCGT1Ji25yboj6lGwSSf5Dup4QllQ9rnbUsVjbjxx7OLJ+TUKj0SxtqWQjJTf0+MaWTMKApsZ0RxYBa9qfif104xvPbHQiUpcsXmi8JUEozJ9H3SE5ozlCNLKNPC3krYgGrK0IaUtyF4iy8vk0al7F2UK/eXxepNFkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzse8dcXJZo7gD5zPHzsrj/k=</latexit>

{(st, at, r(st, at), st+1)}
<latexit sha1_base64="heTeBuoJw4SuUy+tx43MCD608bI=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKi6UkVdBl0Y3LCvYCTQiT6aQdOrkwcyKU0Ddw46u4caGIW7fufBuTNoi2Hpjh4//PYeb8biS4AsP40paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47us78zj2TiofBHYwjZvtkEHCPUwKp5OgnVoLLyoEqJtklf7hSxcpJ4NScVKxJ0dFLRs2YFl4EM4cSyqvp6J9WP6SxzwKggijVM40I7IRI4FSwSdGKFYsIHZEB66UYEJ8pO5nuM8HHqdLHXijTEwCeqr8nEuIrNfbdtNMnMFTzXib+5/Vi8C7thAdRDCygs4e8WGAIcRYO7nPJKIhxCoRKnv4V0yGRhEIaYRaCOb/yIrTrNfOsVr89LzWu8jgK6BAdoTIy0QVqoBvURC1E0QN6Qi/oVXvUnrU37X3WuqTlMwfoT2kf35I4mdc=</latexit>

P o
<latexit sha1_base64="rcCwRLHVs7Iw5DKXkmrmANv8Yso=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVZIq6LLoxmUF+4A2lsnkph06eTBzI5YQ8FfcuFDErd/hzr8xSbPQ1gMXDufcO3fucSLBFZrmt7a0vLK6tl7ZqG5ube/s6nv7HRXGkkGbhSKUPYcqEDyANnIU0IskUN8R0HUm17nffQCpeBjc4TQC26ejgHucUcykoX44QHjE4p1EgpsmrfswrQ71mlk3CxiLxCpJjZRoDfWvgRuy2IcAmaBK9S0zQjuhEjkTkFYHsYKIsgkdQT+jAfVB2UmxNjVOMsU1vFBmFaBRqL8nEuorNfWdrNOnOFbzXi7+5/Vj9C7thAdRjBCw2SIvFgaGRp6F4XIJDMU0I5RJnv3VYGMqKcMssTwEa/7kRdJp1K2zeuP2vNa8KuOokCNyTE6JRS5Ik9yQFmkTRhLyTF7Jm/akvWjv2sesdUkrZw7IH2ifP+TrlhM=</latexit>

st+1 ⇠ P o(· | st, at)
<latexit sha1_base64="HqzV+U6EK37t9ynI1I5eAdRsBeg=">AAACIHicbVBNS8NAEN34bf2qevSyWARFKUkV6rHoxWMFq4Wmhs1mqou72bA7EUvIT/HiX/HiQRG96a8xrT2o9cHA472Z3ZkXJlJYdN0PZ2Jyanpmdm6+tLC4tLxSXl07tzo1HFpcS23aIbMgRQwtFCihnRhgKpRwEd4cD/yLWzBW6PgM+wl0FbuKRU9whoUUlOs2yHDXy6lvhaI+wh0OH80MRHnWvNT5ts8jjdRXIqI2wD3KAtwpBeWKW3WHoOPEG5EKGaEZlN/9SPNUQYxcMms7nptgN2MGBZeQl/zUQsL4DbuCTkFjpsB2s+EuOd0qlIj2tCkqRjpUf05kTFnbV2HRqRhe27/eQPzP66TYO+xmIk5ShJh/f9RLJUVNB2nRSBjgKPsFYdyIYlfKr5lhHItMByF4f08eJ+e1qrdfrZ0eVBpHozjmyAbZJNvEI3XSICekSVqEk3vySJ7Ji/PgPDmvztt364Qzmlknv+B8fgENyqLZ</latexit>

Goal: learn an optimal policy
for M = {P o, r, S, A, �}

<latexit sha1_base64="6nyB5p0k7m9maF8XWD56O/YOqO0="></latexit>
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Classical MDP v.s robust MDP (RMDP)

• Robust MDP: Mrob = {U(P o), r,S,A, γ}
I P o: unknown nominal transition kernel

I U(P o): an uncertainty set around P o

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Observed samples

Classical MDP

Robust MDP

(st, at)
<latexit sha1_base64="RdNXf8Lb3JANB2R4pK2/TDrES2g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkumi+eEdvGsWyi6ZXcGsky8jBQhQ61b+Or0YpZGXCGT1Ji25yboj6lGwSSf5Dup4QllQ9rnbUsVjbjxx7OLJ+TUKj0SxtqWQjJTf0+MaWTMKApsZ0RxYBa9qfif104xvPbHQiUpcsXmi8JUEozJ9H3SE5ozlCNLKNPC3krYgGrK0IaUtyF4iy8vk0al7F2UK/eXxepNFkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzse8dcXJZo7gD5zPHzsrj/k=</latexit>

{(st, at, r(st, at), st+1)}
<latexit sha1_base64="heTeBuoJw4SuUy+tx43MCD608bI=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKi6UkVdBl0Y3LCvYCTQiT6aQdOrkwcyKU0Ddw46u4caGIW7fufBuTNoi2Hpjh4//PYeb8biS4AsP40paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47us78zj2TiofBHYwjZvtkEHCPUwKp5OgnVoLLyoEqJtklf7hSxcpJ4NScVKxJ0dFLRs2YFl4EM4cSyqvp6J9WP6SxzwKggijVM40I7IRI4FSwSdGKFYsIHZEB66UYEJ8pO5nuM8HHqdLHXijTEwCeqr8nEuIrNfbdtNMnMFTzXib+5/Vi8C7thAdRDCygs4e8WGAIcRYO7nPJKIhxCoRKnv4V0yGRhEIaYRaCOb/yIrTrNfOsVr89LzWu8jgK6BAdoTIy0QVqoBvURC1E0QN6Qi/oVXvUnrU37X3WuqTlMwfoT2kf35I4mdc=</latexit>

P o
<latexit sha1_base64="rcCwRLHVs7Iw5DKXkmrmANv8Yso=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVZIq6LLoxmUF+4A2lsnkph06eTBzI5YQ8FfcuFDErd/hzr8xSbPQ1gMXDufcO3fucSLBFZrmt7a0vLK6tl7ZqG5ube/s6nv7HRXGkkGbhSKUPYcqEDyANnIU0IskUN8R0HUm17nffQCpeBjc4TQC26ejgHucUcykoX44QHjE4p1EgpsmrfswrQ71mlk3CxiLxCpJjZRoDfWvgRuy2IcAmaBK9S0zQjuhEjkTkFYHsYKIsgkdQT+jAfVB2UmxNjVOMsU1vFBmFaBRqL8nEuorNfWdrNOnOFbzXi7+5/Vj9C7thAdRjBCw2SIvFgaGRp6F4XIJDMU0I5RJnv3VYGMqKcMssTwEa/7kRdJp1K2zeuP2vNa8KuOokCNyTE6JRS5Ik9yQFmkTRhLyTF7Jm/akvWjv2sesdUkrZw7IH2ifP+TrlhM=</latexit>

st+1 ⇠ P o(· | st, at)
<latexit sha1_base64="HqzV+U6EK37t9ynI1I5eAdRsBeg=">AAACIHicbVBNS8NAEN34bf2qevSyWARFKUkV6rHoxWMFq4Wmhs1mqou72bA7EUvIT/HiX/HiQRG96a8xrT2o9cHA472Z3ZkXJlJYdN0PZ2Jyanpmdm6+tLC4tLxSXl07tzo1HFpcS23aIbMgRQwtFCihnRhgKpRwEd4cD/yLWzBW6PgM+wl0FbuKRU9whoUUlOs2yHDXy6lvhaI+wh0OH80MRHnWvNT5ts8jjdRXIqI2wD3KAtwpBeWKW3WHoOPEG5EKGaEZlN/9SPNUQYxcMms7nptgN2MGBZeQl/zUQsL4DbuCTkFjpsB2s+EuOd0qlIj2tCkqRjpUf05kTFnbV2HRqRhe27/eQPzP66TYO+xmIk5ShJh/f9RLJUVNB2nRSBjgKPsFYdyIYlfKr5lhHItMByF4f08eJ+e1qrdfrZ0eVBpHozjmyAbZJNvEI3XSICekSVqEk3vySJ7Ji/PgPDmvztt364Qzmlknv+B8fgENyqLZ</latexit>

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Observed samples

(st, at)
<latexit sha1_base64="RdNXf8Lb3JANB2R4pK2/TDrES2g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkumi+eEdvGsWyi6ZXcGsky8jBQhQ61b+Or0YpZGXCGT1Ji25yboj6lGwSSf5Dup4QllQ9rnbUsVjbjxx7OLJ+TUKj0SxtqWQjJTf0+MaWTMKApsZ0RxYBa9qfif104xvPbHQiUpcsXmi8JUEozJ9H3SE5ozlCNLKNPC3krYgGrK0IaUtyF4iy8vk0al7F2UK/eXxepNFkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzse8dcXJZo7gD5zPHzsrj/k=</latexit>

{(st, at, r(st, at), st+1)}
<latexit sha1_base64="heTeBuoJw4SuUy+tx43MCD608bI=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKi6UkVdBl0Y3LCvYCTQiT6aQdOrkwcyKU0Ddw46u4caGIW7fufBuTNoi2Hpjh4//PYeb8biS4AsP40paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47us78zj2TiofBHYwjZvtkEHCPUwKp5OgnVoLLyoEqJtklf7hSxcpJ4NScVKxJ0dFLRs2YFl4EM4cSyqvp6J9WP6SxzwKggijVM40I7IRI4FSwSdGKFYsIHZEB66UYEJ8pO5nuM8HHqdLHXijTEwCeqr8nEuIrNfbdtNMnMFTzXib+5/Vi8C7thAdRDCygs4e8WGAIcRYO7nPJKIhxCoRKnv4V0yGRhEIaYRaCOb/yIrTrNfOsVr89LzWu8jgK6BAdoTIy0QVqoBvURC1E0QN6Qi/oVXvUnrU37X3WuqTlMwfoT2kf35I4mdc=</latexit>

P o
<latexit sha1_base64="rcCwRLHVs7Iw5DKXkmrmANv8Yso=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVZIq6LLoxmUF+4A2lsnkph06eTBzI5YQ8FfcuFDErd/hzr8xSbPQ1gMXDufcO3fucSLBFZrmt7a0vLK6tl7ZqG5ube/s6nv7HRXGkkGbhSKUPYcqEDyANnIU0IskUN8R0HUm17nffQCpeBjc4TQC26ejgHucUcykoX44QHjE4p1EgpsmrfswrQ71mlk3CxiLxCpJjZRoDfWvgRuy2IcAmaBK9S0zQjuhEjkTkFYHsYKIsgkdQT+jAfVB2UmxNjVOMsU1vFBmFaBRqL8nEuorNfWdrNOnOFbzXi7+5/Vj9C7thAdRjBCw2SIvFgaGRp6F4XIJDMU0I5RJnv3VYGMqKcMssTwEa/7kRdJp1K2zeuP2vNa8KuOokCNyTE6JRS5Ik9yQFmkTRhLyTF7Jm/akvWjv2sesdUkrZw7IH2ifP+TrlhM=</latexit>

st+1 ⇠ P o(· | st, at)
<latexit sha1_base64="HqzV+U6EK37t9ynI1I5eAdRsBeg=">AAACIHicbVBNS8NAEN34bf2qevSyWARFKUkV6rHoxWMFq4Wmhs1mqou72bA7EUvIT/HiX/HiQRG96a8xrT2o9cHA472Z3ZkXJlJYdN0PZ2Jyanpmdm6+tLC4tLxSXl07tzo1HFpcS23aIbMgRQwtFCihnRhgKpRwEd4cD/yLWzBW6PgM+wl0FbuKRU9whoUUlOs2yHDXy6lvhaI+wh0OH80MRHnWvNT5ts8jjdRXIqI2wD3KAtwpBeWKW3WHoOPEG5EKGaEZlN/9SPNUQYxcMms7nptgN2MGBZeQl/zUQsL4DbuCTkFjpsB2s+EuOd0qlIj2tCkqRjpUf05kTFnbV2HRqRhe27/eQPzP66TYO+xmIk5ShJh/f9RLJUVNB2nRSBjgKPsFYdyIYlfKr5lhHItMByF4f08eJ+e1qrdfrZ0eVBpHozjmyAbZJNvEI3XSICekSVqEk3vySJ7Ji/PgPDmvztt364Qzmlknv+B8fgENyqLZ</latexit>

Goal: learn an optimal policy
for M = {P o, r, S, A, �}

<latexit sha1_base64="6nyB5p0k7m9maF8XWD56O/YOqO0="></latexit>
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Classical MDP v.s robust MDP (RMDP)

• Robust MDP: Mrob = {U(P o), r,S,A, γ}
I P o: unknown nominal transition kernel
I U(P o): an uncertainty set around P o

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Observed samples

Goal: Learn an optimal policy
for Mrob = {U(P o), r, S, A, �}

<latexit sha1_base64="xGfna0qIr6BLqnsypt+tRkC/weo="></latexit>

Classical MDP

Robust MDP

P o
<latexit sha1_base64="W1cOfpEvMtOw6xtBxa5KpBX0fLM=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbBT1JwIvHCOYByRpmJ51kyOyDmV4xLAv+ihcPinj1O7z5N042OWhiQUNR1T09XX4shUbH+baWlldW19YLG8XNre2dXXtvv6GjRHGo80hGquUzDVKEUEeBElqxAhb4Epr+6HriNx9AaRGFdziOwQvYIBR9wRkaqWsf0g7CI+YPpQp6WVq7j7KuXXLKTg66SNwZKZEZal37q9OLeBJAiFwyrduuE6OXMoWCS8iKnURDzPiIDaBtaMgC0F6ab83oiVF6tB8pUyHSXP09kbJA63Hgm86A4VDPexPxP6+dYP/SS0UYJwghny7qJ5JiRCdZ0J5QwFGODWFcCfNXyodMMY4msaIJwZ0/eZE0KmX3rFy5PS9Vr2ZxFMgROSanxCUXpEpuSI3UCScpeSav5M16sl6sd+tj2rpkzWYOyB9Ynz//B5Yl</latexit>

=
<latexit sha1_base64="RnIlr2rYwpv++q/69okByRFlw/8=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9KwIvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4znjME=</latexit> 2

<latexit sha1_base64="BMsStL4YAIYwEKXBIx9FlDgX8O0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKDz0u++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMyI3L</latexit>

U(P o)
<latexit sha1_base64="XRaN4IEAJb4f7sbjsjxBhwTxv3Y=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGITdiNglYSsLGMYB6QxDA7uUmGzD6YuSuGZXsbf8XGQhFbf8DOv3GySaGJBwYO59w7c+a4oRQabfvbyqysrq1vZDdzW9s7u3v5/YOGDiLFoc4DGaiWyzRI4UMdBUpohQqY50pouuOrqd+8B6VF4N/iJISux4a+GAjO0Ei9fIF2EB4wvShW0E/ijsdwxJmM60mpdhecJL180S7bKegyceakSOao9fJfnX7AIw985JJp3XbsELsxUyi4hCTXiTSEjI/ZENqG+swD3Y3TCAk9NkqfDgJljo80VX9vxMzTeuK5ZnIaVC96U/E/rx3h4KIbCz+MEHw+e2gQSYoBnRZD+0IBRzkxhHElTFbKR0wxjqa+nCnBWfzyMmlUys5puXJzVqxezuvIkiNSICXikHNSJdekRuqEk0fyTF7Jm/VkvVjv1sdsNGPNdw7JH1ifP8Ohm3s=</latexit>

2
<latexit sha1_base64="BMsStL4YAIYwEKXBIx9FlDgX8O0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKDz0u++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMyI3L</latexit>

2
<latexit sha1_base64="BMsStL4YAIYwEKXBIx9FlDgX8O0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZKDz0u++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QNMyI3L</latexit>

(st, at)
<latexit sha1_base64="RdNXf8Lb3JANB2R4pK2/TDrES2g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkumi+eEdvGsWyi6ZXcGsky8jBQhQ61b+Or0YpZGXCGT1Ji25yboj6lGwSSf5Dup4QllQ9rnbUsVjbjxx7OLJ+TUKj0SxtqWQjJTf0+MaWTMKApsZ0RxYBa9qfif104xvPbHQiUpcsXmi8JUEozJ9H3SE5ozlCNLKNPC3krYgGrK0IaUtyF4iy8vk0al7F2UK/eXxepNFkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzse8dcXJZo7gD5zPHzsrj/k=</latexit>

{(st, at, r(st, at), st+1)}
<latexit sha1_base64="heTeBuoJw4SuUy+tx43MCD608bI=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKi6UkVdBl0Y3LCvYCTQiT6aQdOrkwcyKU0Ddw46u4caGIW7fufBuTNoi2Hpjh4//PYeb8biS4AsP40paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47us78zj2TiofBHYwjZvtkEHCPUwKp5OgnVoLLyoEqJtklf7hSxcpJ4NScVKxJ0dFLRs2YFl4EM4cSyqvp6J9WP6SxzwKggijVM40I7IRI4FSwSdGKFYsIHZEB66UYEJ8pO5nuM8HHqdLHXijTEwCeqr8nEuIrNfbdtNMnMFTzXib+5/Vi8C7thAdRDCygs4e8WGAIcRYO7nPJKIhxCoRKnv4V0yGRhEIaYRaCOb/yIrTrNfOsVr89LzWu8jgK6BAdoTIy0QVqoBvURC1E0QN6Qi/oVXvUnrU37X3WuqTlMwfoT2kf35I4mdc=</latexit>

P o
<latexit sha1_base64="rcCwRLHVs7Iw5DKXkmrmANv8Yso=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVZIq6LLoxmUF+4A2lsnkph06eTBzI5YQ8FfcuFDErd/hzr8xSbPQ1gMXDufcO3fucSLBFZrmt7a0vLK6tl7ZqG5ube/s6nv7HRXGkkGbhSKUPYcqEDyANnIU0IskUN8R0HUm17nffQCpeBjc4TQC26ejgHucUcykoX44QHjE4p1EgpsmrfswrQ71mlk3CxiLxCpJjZRoDfWvgRuy2IcAmaBK9S0zQjuhEjkTkFYHsYKIsgkdQT+jAfVB2UmxNjVOMsU1vFBmFaBRqL8nEuorNfWdrNOnOFbzXi7+5/Vj9C7thAdRjBCw2SIvFgaGRp6F4XIJDMU0I5RJnv3VYGMqKcMssTwEa/7kRdJp1K2zeuP2vNa8KuOokCNyTE6JRS5Ik9yQFmkTRhLyTF7Jm/akvWjv2sesdUkrZw7IH2ifP+TrlhM=</latexit>

st+1 ⇠ P o(· | st, at)
<latexit sha1_base64="HqzV+U6EK37t9ynI1I5eAdRsBeg=">AAACIHicbVBNS8NAEN34bf2qevSyWARFKUkV6rHoxWMFq4Wmhs1mqou72bA7EUvIT/HiX/HiQRG96a8xrT2o9cHA472Z3ZkXJlJYdN0PZ2Jyanpmdm6+tLC4tLxSXl07tzo1HFpcS23aIbMgRQwtFCihnRhgKpRwEd4cD/yLWzBW6PgM+wl0FbuKRU9whoUUlOs2yHDXy6lvhaI+wh0OH80MRHnWvNT5ts8jjdRXIqI2wD3KAtwpBeWKW3WHoOPEG5EKGaEZlN/9SPNUQYxcMms7nptgN2MGBZeQl/zUQsL4DbuCTkFjpsB2s+EuOd0qlIj2tCkqRjpUf05kTFnbV2HRqRhe27/eQPzP66TYO+xmIk5ShJh/f9RLJUVNB2nRSBjgKPsFYdyIYlfKr5lhHItMByF4f08eJ+e1qrdfrZ0eVBpHozjmyAbZJNvEI3XSICekSVqEk3vySJ7Ji/PgPDmvztt364Qzmlknv+B8fgENyqLZ</latexit>

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

Observed samples

(st, at)
<latexit sha1_base64="RdNXf8Lb3JANB2R4pK2/TDrES2g=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkumi+eEdvGsWyi6ZXcGsky8jBQhQ61b+Or0YpZGXCGT1Ji25yboj6lGwSSf5Dup4QllQ9rnbUsVjbjxx7OLJ+TUKj0SxtqWQjJTf0+MaWTMKApsZ0RxYBa9qfif104xvPbHQiUpcsXmi8JUEozJ9H3SE5ozlCNLKNPC3krYgGrK0IaUtyF4iy8vk0al7F2UK/eXxepNFkcOjuEESuDBFVThDmpQBwYKnuEV3hzjvDjvzse8dcXJZo7gD5zPHzsrj/k=</latexit>

{(st, at, r(st, at), st+1)}
<latexit sha1_base64="heTeBuoJw4SuUy+tx43MCD608bI=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxKi6UkVdBl0Y3LCvYCTQiT6aQdOrkwcyKU0Ddw46u4caGIW7fufBuTNoi2Hpjh4//PYeb8biS4AsP40paWV1bX1gsbxc2t7Z1dfW+/rcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47us78zj2TiofBHYwjZvtkEHCPUwKp5OgnVoLLyoEqJtklf7hSxcpJ4NScVKxJ0dFLRs2YFl4EM4cSyqvp6J9WP6SxzwKggijVM40I7IRI4FSwSdGKFYsIHZEB66UYEJ8pO5nuM8HHqdLHXijTEwCeqr8nEuIrNfbdtNMnMFTzXib+5/Vi8C7thAdRDCygs4e8WGAIcRYO7nPJKIhxCoRKnv4V0yGRhEIaYRaCOb/yIrTrNfOsVr89LzWu8jgK6BAdoTIy0QVqoBvURC1E0QN6Qi/oVXvUnrU37X3WuqTlMwfoT2kf35I4mdc=</latexit>

P o
<latexit sha1_base64="rcCwRLHVs7Iw5DKXkmrmANv8Yso=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkVwVZIq6LLoxmUF+4A2lsnkph06eTBzI5YQ8FfcuFDErd/hzr8xSbPQ1gMXDufcO3fucSLBFZrmt7a0vLK6tl7ZqG5ube/s6nv7HRXGkkGbhSKUPYcqEDyANnIU0IskUN8R0HUm17nffQCpeBjc4TQC26ejgHucUcykoX44QHjE4p1EgpsmrfswrQ71mlk3CxiLxCpJjZRoDfWvgRuy2IcAmaBK9S0zQjuhEjkTkFYHsYKIsgkdQT+jAfVB2UmxNjVOMsU1vFBmFaBRqL8nEuorNfWdrNOnOFbzXi7+5/Vj9C7thAdRjBCw2SIvFgaGRp6F4XIJDMU0I5RJnv3VYGMqKcMssTwEa/7kRdJp1K2zeuP2vNa8KuOokCNyTE6JRS5Ik9yQFmkTRhLyTF7Jm/akvWjv2sesdUkrZw7IH2ifP+TrlhM=</latexit>

st+1 ⇠ P o(· | st, at)
<latexit sha1_base64="HqzV+U6EK37t9ynI1I5eAdRsBeg=">AAACIHicbVBNS8NAEN34bf2qevSyWARFKUkV6rHoxWMFq4Wmhs1mqou72bA7EUvIT/HiX/HiQRG96a8xrT2o9cHA472Z3ZkXJlJYdN0PZ2Jyanpmdm6+tLC4tLxSXl07tzo1HFpcS23aIbMgRQwtFCihnRhgKpRwEd4cD/yLWzBW6PgM+wl0FbuKRU9whoUUlOs2yHDXy6lvhaI+wh0OH80MRHnWvNT5ts8jjdRXIqI2wD3KAtwpBeWKW3WHoOPEG5EKGaEZlN/9SPNUQYxcMms7nptgN2MGBZeQl/zUQsL4DbuCTkFjpsB2s+EuOd0qlIj2tCkqRjpUf05kTFnbV2HRqRhe27/eQPzP66TYO+xmIk5ShJh/f9RLJUVNB2nRSBjgKPsFYdyIYlfKr5lhHItMByF4f08eJ+e1qrdfrZ0eVBpHozjmyAbZJNvEI3XSICekSVqEk3vySJ7Ji/PgPDmvztt364Qzmlknv+B8fgENyqLZ</latexit>

Goal: learn an optimal policy
for M = {P o, r, S, A, �}

<latexit sha1_base64="6nyB5p0k7m9maF8XWD56O/YOqO0="></latexit>
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Robust Bellman’s optimality equation

(Iyengar. ’05, Nilim and El Ghaoui. ’05)

Robust Bellman’s optimality equation: the optimal robust policy π?

and optimal robust value V ?,σ := V π?,σ satisfy

Q?,σ(s, a) = r(s, a) + γ inf
Ps,a∈Uσ(P os,a)

〈Ps,a, V ?,σ〉 ,

V ?,σ(s) = max
a

Q?,σ(s, a)

Robust value iteration:

Q(s, a)← r(s, a) + γ inf
Ps,a∈Uσ(P os,a)

〈Ps,a, V 〉,

where V (s) = maxa Q(s, a).
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Learning distributionally robust MDPs

Nominal Transition 
kernel

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0P o(·|s, a)
<latexit sha1_base64="DvOoLsl3GotrsAEJDKH+HcfdCLs="></latexit>

Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model

Observed: {st, at, rt}Œ
t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix

15/ 25

arbitrary

Goal of robust RL: given D := {(si, ai, s′i)}Ni=1 from the nominal
environment P 0, find an ε-optimal robust policy π̂ obeying

V ?,σ(ρ)− V π̂,σ(ρ) ≤ ε
— in a sample-efficient manner
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Learning distributionally robust MDPs

Nominal Transition 
kernel

<latexit sha1_base64="bj87cvTnb6hXBoIzdSqp5ErWEzs=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbRU0ikmnorevFYxX5AG8pmu2mXbjZhdyOU0H/gxYMiXv1H3vw3btsIKvpg4PHeDDPzgoQzpR3nwyosLa+srhXXSxubW9s75d29lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8dXMb99TqVgs7vQkoX6Eh4KFjGBtpFt13C9XHNvzahdVFzm2M4ch7pnr1arIzZUK5Gj0y++9QUzSiApNOFaq6zqJ9jMsNSOcTku9VNEEkzEe0q6hAkdU+dn80ik6MsoAhbE0JTSaq98nMhwpNYkC0xlhPVK/vZn4l9dNdVjzMyaSVFNBFovClCMdo9nbaMAkJZpPDMFEMnMrIiMsMdEmnJIJ4etT9D9pndruue3cVCv1yzyOIhzAIZyACx7U4Roa0AQCITzAEzxbY+vRerFeF60FK5/Zhx+w3j4BmuaNaw==</latexit>

s0P o(·|s, a)
<latexit sha1_base64="DvOoLsl3GotrsAEJDKH+HcfdCLs="></latexit>

Sample trajectory and behavior policy

(s, a) sÕ P (·|s, a) generative model
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t=0¸ ˚˙ ˝

Markovian trajectory

generated by behavior policy fib

Goal: estimate optimal value function V ı based on sample trajectory

Key quantities of sample trajectory
• minimum state-action occupancy probability

µmin := min µfib(s, a)¸ ˚˙ ˝
stationary distribution• mixing time: tmix

15/ 25

arbitrary

Goal of robust RL: given D := {(si, ai, s′i)}Ni=1 from the nominal
environment P 0, find an ε-optimal robust policy π̂ obeying

V ?,σ(ρ)− V π̂,σ(ρ) ≤ ε
— in a sample-efficient manner
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A curious question

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

original MDP empirical MDP perturbed empirical MDP
18/ 34

Learn the robust policy 
around the nominal MDP?

Learn the optimal policy of 
the nominal MDP?

Robustness-statistical trade-off? Is there a statistical premium that
one needs to pay in quest of additional robustness?
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When the uncertainty set is TV

Upper & minimax lower bound
(this work)

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> O(1)

<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Standard MDPs
upper & minimax lower bound

Sample complexity

SA

(1� �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1� �)2"2
<latexit sha1_base64="Cfmxvc91Cz2VgHX3RpVjogO67Hg=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbRREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FAqe5CYn59ybe+/xI0aVdpxvK7W0vLK6ll7PbGxube9kd/eqKowlJhUcslDWfVCEUUEqmmpG6pEkwH1Gan7/ZuzXBkQqGooHPYxIk0NX0IBi0EZqZ4+8QAJO7q9GSd499brAOZy0it4AJIkUZaFoFUftbM4pOBPYi8SdkRyaodzOfnmdEMecCI0ZKNVwnUg3E5CaYkZGGS9WJALchy5pGCqAE9VMJt+M7GOjdOwglKaEtifq74kEuFJD7ptODrqn5r2x+J/XiHVw2UyoiGJNBJ4uCmJm69AeR2N3qCRYs6EhgCU1t9q4ByYebQLMmBDc+ZcXSbVYcM8KxbvzXOl6FkcaHaBDlEcuukAldIvKqIIwekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5A8Rxm2A=</latexit>

SA(1� �)

"2
<latexit sha1_base64="UGsWZXxryTW2MB/f2AKkIsGR5ho=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3WXBO/G7wDkcj1J/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCFqpq8</latexit>

Lower bound [Yang et al.]

SA

(1� �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Upper bound [Clavier et al.]

SA(1� �)

�4"2
<latexit sha1_base64="qdMcaYtxdW+rygPqQ5a2mnz0QsU=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAoYtiNgh6jXjxGNImQXUPvZDYOmZldZmaFsOQjvPgrXjwo4tWDN//GyePgq6ChqOqmuytKOdPG8z6dqemZ2bn5wkJxcWl5ZdVdW2/oJFOE1knCE3UdgaacSVo3zHB6nSoKIuK0GfXOhn7zjirNEnll+ikNBXQlixkBY6W2uxfECkh+ebLj7wddEAJ2B3mgWVfAzWFwB4qmmvFE3lTwoO2WvLI3Av5L/AkpoQlqbfcj6CQkE1QawkHrlu+lJsxBGUY4HRSDTNMUSA+6tGWpBEF1mI+eGuBtq3RwnChb0uCR+n0iB6F1X0S2U4C51b+9ofif18pMfBzmTKaZoZKMF8UZxybBw4RwhylKDO9bAkQxeysmt2BTMjbHog3B//3yX9KolP2DcuXisFQ9ncRRQJtoC+0gHx2hKjpHNVRHBN2jR/SMXpwH58l5dd7GrVPOZGYD/YDz/gUNv541</latexit>

SA

(1� �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

O(1� �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

RMDPs are easier to learn than standard MDPs.
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When the uncertainty set is TV

Upper & minimax lower bound
(this work)

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> O(1)

<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

�
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Standard MDPs
upper & minimax lower bound

Sample complexity

SA

(1� �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1� �)2"2
<latexit sha1_base64="Cfmxvc91Cz2VgHX3RpVjogO67Hg=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbRREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FAqe5CYn59ybe+/xI0aVdpxvK7W0vLK6ll7PbGxube9kd/eqKowlJhUcslDWfVCEUUEqmmpG6pEkwH1Gan7/ZuzXBkQqGooHPYxIk0NX0IBi0EZqZ4+8QAJO7q9GSd499brAOZy0it4AJIkUZaFoFUftbM4pOBPYi8SdkRyaodzOfnmdEMecCI0ZKNVwnUg3E5CaYkZGGS9WJALchy5pGCqAE9VMJt+M7GOjdOwglKaEtifq74kEuFJD7ptODrqn5r2x+J/XiHVw2UyoiGJNBJ4uCmJm69AeR2N3qCRYs6EhgCU1t9q4ByYebQLMmBDc+ZcXSbVYcM8KxbvzXOl6FkcaHaBDlEcuukAldIvKqIIwekTP6BW9WU/Wi/VufUxbU9ZsZh/9gfX5A8Rxm2A=</latexit>

SA(1� �)

"2
<latexit sha1_base64="UGsWZXxryTW2MB/f2AKkIsGR5ho=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3WXBO/G7wDkcj1J/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCFqpq8</latexit>

Lower bound [Yang et al.]

SA

(1� �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Upper bound [Clavier et al.]

SA(1� �)

�4"2
<latexit sha1_base64="qdMcaYtxdW+rygPqQ5a2mnz0QsU=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAoYtiNgh6jXjxGNImQXUPvZDYOmZldZmaFsOQjvPgrXjwo4tWDN//GyePgq6ChqOqmuytKOdPG8z6dqemZ2bn5wkJxcWl5ZdVdW2/oJFOE1knCE3UdgaacSVo3zHB6nSoKIuK0GfXOhn7zjirNEnll+ikNBXQlixkBY6W2uxfECkh+ebLj7wddEAJ2B3mgWVfAzWFwB4qmmvFE3lTwoO2WvLI3Av5L/AkpoQlqbfcj6CQkE1QawkHrlu+lJsxBGUY4HRSDTNMUSA+6tGWpBEF1mI+eGuBtq3RwnChb0uCR+n0iB6F1X0S2U4C51b+9ofif18pMfBzmTKaZoZKMF8UZxybBw4RwhylKDO9bAkQxeysmt2BTMjbHog3B//3yX9KolP2DcuXisFQ9ncRRQJtoC+0gHx2hKjpHNVRHBN2jR/SMXpwH58l5dd7GrVPOZGYD/YDz/gUNv541</latexit>

SA

(1� �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

1<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

O(1� �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

RMDPs are easier to learn than standard MDPs.
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When the uncertainty set is χ2 divergence

Lower bound [Yang et al.]

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> �

<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Sample complexity

SA

(1� �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1� �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Lower bound
(this work)

SA

(1� �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

Upper bound
(this work)

SA

(1� �)"2
<latexit sha1_base64="4ek4e8akM8lGKAuhDuJHgXpf554=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3eUoLXgnfhc4h2N/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCJPpq8</latexit>

O(1� �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

O(1)
<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

O
�
1/(1� �)

�
<latexit sha1_base64="FYzsFqRK5UYyKBkhvC7sH9X+oc0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0C6sSRV0WXTjzgr2AU0ok+kkHTozCTMToZRu/BU3LhRx62e482+ctFlo9cCFwzn3cu89QcKo0o7zZRWWlldW14rrpY3Nre0de3evreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zgORisbiXo8T4nMUCRpSjLSR+vbBrRfQqOKeVtwTL0Kco2omVPt22ak5M8C/xM1JGeRo9u1PbxDjlBOhMUNK9Vwn0f4ESU0xI9OSlyqSIDxCEekZKhAnyp/MHpjCY6MMYBhLU0LDmfpzYoK4UmMemE6O9FAtepn4n9dLdXjpT6hIUk0Eni8KUwZ1DLM04IBKgjUbG4KwpOZWiIdIIqxNZiUTgrv48l/Srtfcs1r97rzcuMrjKIJDcAQqwAUXoAFuQBO0AAZT8ARewKv1aD1bb9b7vLVg5TP74Besj28BNJS/</latexit>

Standard MDPs
upper & minimax lower bound

SA�

"2
<latexit sha1_base64="SrrFa9hdgImnyzzRbopUlIJIjIk=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLqxmVF+4Amlsl00g6dR5iZFErIzo2/4saFIm79BXf+jdM2C209cOFwzr3ce08YU6K0635bhaXlldW14nppY3Nre8fe3WsqkUiEG0hQIdshVJgSjhuaaIrbscSQhRS3wuH1xG+NsFRE8Hs9jnHAYJ+TiCCojdS1D/1IQpTeXfqK9BnMUn8EJY4VoYI/VLOuXXYr7hTOIvFyUgY56l37y+8JlDDMNaJQqY7nxjpIodQEUZyV/EThGKIh7OOOoRwyrIJ0+kfmHBul50RCmuLamaq/J1LIlBqz0HQyqAdq3puI/3mdREcXQUp4nGjM0WxRlFBHC2cSitMjEiNNx4ZAJIm51UEDaILRJrqSCcGbf3mRNKsV77RSvT0r167yOIrgAByBE+CBc1ADN6AOGgCBR/AMXsGb9WS9WO/Wx6y1YOUz++APrM8f4A6Z8w==</latexit>

SA�

(1� �)4"2
<latexit sha1_base64="PnoXARxSyvSWgCjMjK+9f+tFBrc=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoMQBcNuDOgx6sVjRPOAbBJ6J7PJkJnZZWY2EJb8gxd/xYsHRbx68ebfOHkcNFrQUFR1093lR4wq7ThfVmppeWV1Lb2e2djc2t7J7u7VVBhLTKo4ZKFs+KAIo4JUNdWMNCJJgPuM1P3B9cSvD4lUNBT3ehSRFoeeoAHFoI3UyZ54gQSc3F16ivY4jJO8e+r1gHM4bpe8IUgSKcpC0S6OO9mcU3CmsP8Sd05yaI5KJ/vpdUMccyI0ZqBU03Ui3UpAaooZGWe8WJEI8AB6pGmoAE5UK5n+NLaPjNK1g1CaEtqeqj8nEuBKjbhvOjnovlr0JuJ/XjPWwUUroSKKNRF4tiiIma1DexKQ3aWSYM1GhgCW1Nxq4z6YkLSJMWNCcBdf/ktqxYJ7VijelnLlq3kcaXSADlEeuegcldENqqAqwugBPaEX9Go9Ws/Wm/U+a01Z85l99AvWxzexDJ4L</latexit>

SA�

(1� �)4(1 + �)4
<latexit sha1_base64="kq2J+3rOs5DZjAiybXgtzT6aPsk=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIlWKZqQVdVt24rGgv0KnlTJppQ5OZIckIZehDuPFV3LhQxK0Ld76N6WWhrT8EPv5zDifn9yLOlLbtbyu1tLyyupZez2xsbm3vZHf36iqMJaE1EvJQNj1QlLOA1jTTnDYjSUF4nDa8wdW43nigUrEwuNPDiLYF9ALmMwLaWJ1swfUlkOT2AruK9QTgUZJ3TtweCAHH9+W8U5j6hkedbM4u2hPhRXBmkEMzVTvZL7cbkljQQBMOSrUcO9LtBKRmhNNRxo0VjYAMoEdbBgMQVLWTyVEjfGScLvZDaV6g8cT9PZGAUGooPNMpQPfVfG1s/ldrxdo/bycsiGJNAzJd5Mcc6xCPE8JdJinRfGgAiGTmr5j0waSkTY4ZE4Izf/Ii1EtF57RYuinnKpezONLoAB2iPHLQGaqga1RFNUTQI3pGr+jNerJerHfrY9qasmYz++iPrM8f5BGc0g==</latexit>

S2A

(1� �)4"2
<latexit sha1_base64="svKhLBS26ZdXIQh8p2LEVl+GhSg=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoOoheEuClpGbSwjGhPIJWFus5cs7u4du3uBcOQn2PhXbCwUsbW089+4+Sg0+mDg8d4MM/OCmDNtXPfLyczNLywuZZdzK6tr6xv5za07HSWK0CqJeKTqAWjKmaRVwwyn9VhREAGnteD+cuTX+lRpFslbM4hpU0BXspARMFZq5/f9UAFJb1ql82F64B35XRACDlsn2O+DorFmPJKt0rCdL7hFdwz8l3hTUkBTVNr5T78TkURQaQgHrRueG5tmCsowwukw5yeaxkDuoUsblkoQVDfT8UNDvGeVDg4jZUsaPFZ/TqQgtB6IwHYKMD09643E/7xGYsKzZspknBgqyWRRmHBsIjxKB3eYosTwgSVAFLO3YtIDm5CxGeZsCN7sy3/JXanoHRdL1yeF8sU0jizaQbvoAHnoFJXRFaqgKiLoAT2hF/TqPDrPzpvzPmnNONOZbfQLzsc3Yn2cMA==</latexit>

Upper bound
[Panaganti and Kalathil]

S2A�

(1� �)4"2
<latexit sha1_base64="aWrwfQqjZh86oyaOBs1lU9Li4ow=">AAACFnicbVA9SwNBEN3zM8avqKXNYhBiYbg7BS2jNpaKxgRylzC32YtLdveO3T0hHPkVNv4VGwtFbMXOf+MmplDjg4HHezPMzItSzrRx3U9nZnZufmGxsFRcXlldWy9tbN7oJFOE1knCE9WMQFPOJK0bZjhtpoqCiDhtRP2zkd+4o0qzRF6bQUpDAT3JYkbAWKlT2g9iBSS/avsngWY9AcO84u0HPRAC9tqHOLgDRVPNeCLb/rBTKrtVdww8TbwJKaMJLjqlj6CbkExQaQgHrVuem5owB2UY4XRYDDJNUyB96NGWpRIE1WE+fmuId63SxXGibEmDx+rPiRyE1gMR2U4B5lb/9Ubif14rM/FxmDOZZoZK8r0ozjg2CR5lhLtMUWL4wBIgitlbMbkFm5OxSRZtCN7fl6fJjV/1Dqr+5WG5djqJo4C20Q6qIA8doRo6Rxeojgi6R4/oGb04D86T8+q8fbfOOJOZLfQLzvsXUeWe2Q==</latexit>

RMDPs can be harder to learn than standard MDPs.
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When the uncertainty set is χ2 divergence

Lower bound [Yang et al.]

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> �

<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>

Sample complexity

SA

(1� �)3"2
<latexit sha1_base64="GVUvvY8NbBf8KVRJmKyVLOAZ0FY=">AAACDXicbVC7TgJBFJ3FF+ILtbTZiCZYSHbBREvUxhKjPBIWyN1hFibMzG5mZknIhh+w8VdsLDTG1t7Ov3F4FIqe5CYn59ybe+/xI0aVdpwvK7W0vLK6ll7PbGxube9kd/dqKowlJlUcslA2fFCEUUGqmmpGGpEkwH1G6v7geuLXh0QqGop7PYpIi0NP0IBi0EbqZI+8QAJO7i7HSd499XrAOZy0S94QJIkUZaFoF8edbM4pOFPYf4k7Jzk0R6WT/fS6IY45ERozUKrpOpFuJSA1xYyMM16sSAR4AD3SNFQAJ6qVTL8Z28dG6dpBKE0JbU/VnxMJcKVG3DedHHRfLXoT8T+vGevgopVQEcWaCDxbFMTM1qE9icbuUkmwZiNDAEtqbrVxH0w82gSYMSG4iy//JbViwS0VirdnufLVPI40OkCHKI9cdI7K6AZVUBVh9ICe0At6tR6tZ+vNep+1pqz5zD76BevjG8YDm2E=</latexit>

SA

(1� �)4"2
<latexit sha1_base64="lvxLq+JmMo8y9RUGzA8rlf5SrQY=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAS0MOzGgJY+GsuIJhGya7g7mY1DZmaXmVkhLPkCG3/FxkIRW2s7/8bJo/B14MLhnHu5954o5Uwbz/t0Zmbn5hcWC0vF5ZXVtXV3Y7Opk0wR2iAJT9R1BJpyJmnDMMPpdaooiIjTVtQ/G/mtO6o0S+SVGaQ0FNCTLGYEjJU6bjmIFZD88mSY7/r7QQ+EgL2bGg7uQNFUM57Im+qw45a8ijcG/kv8KSmhKeod9yPoJiQTVBrCQeu276UmzEEZRjgdFoNM0xRIH3q0bakEQXWYj98Z4rJVujhOlC1p8Fj9PpGD0HogItspwNzq395I/M9rZyY+CnMm08xQSSaL4oxjk+BRNrjLFCWGDywBopi9FZNbsPkYm2DRhuD/fvkvaVYr/kGlelErHZ9O4yigbbSDdpGPDtExOkd11EAE3aNH9IxenAfnyXl13iatM850Zgv9gPP+BSbMm4w=</latexit>

Lower bound
(this work)

SA

(1� �)2"2�
<latexit sha1_base64="FaN5+UvF/GStN7WymUxgpvmTHsI=">AAACFHicbVDLSgNBEJz1GeMr6tHLYBAUMexGQY9RLx4jGiNk19A7mY1DZmaXmdlAWPYjvPgrXjwo4tWDN//GyePgq6ChqOqmuytMONPGdT+dqemZ2bn5wkJxcWl5ZbW0tn6t41QR2iAxj9VNCJpyJmnDMMPpTaIoiJDTZtg7G/rNPlWaxfLKDBIaCOhKFjECxkrt0p4fKSDZ5Ume7Xj7fheEgN3bqt8HRRPNeCxvq9jXrCsgb5fKbsUdAf8l3oSU0QT1dunD78QkFVQawkHrlucmJshAGUY4zYt+qmkCpAdd2rJUgqA6yEZP5XjbKh0cxcqWNHikfp/IQGg9EKHtFGDu9G9vKP7ntVITHQcZk0lqqCTjRVHKsYnxMCHcYYoSwweWAFHM3orJHdiUjM2xaEPwfr/8l1xXK95BpXpxWK6dTuIooE20hXaQh45QDZ2jOmoggu7RI3pGL86D8+S8Om/j1ilnMrOBfsB5/wIKl54z</latexit>

Upper bound
(this work)

SA

(1� �)"2
<latexit sha1_base64="4ek4e8akM8lGKAuhDuJHgXpf554=">AAACC3icbVC7SgNBFJ31GeNr1dJmSRBiYdiNgpZRG8uI5gHZGO5OZpMhM7PLzGwgLOlt/BUbC0Vs/QE7/8bJo9DEAxcO59zLvfcEMaNKu+63tbS8srq2ntnIbm5t7+zae/s1FSUSkyqOWCQbASjCqCBVTTUjjVgS4AEj9aB/PfbrAyIVjcS9HsakxaEraEgxaCO17ZwfSsDp3eUoLXgnfhc4h2N/AJLEirJIPJRGbTvvFt0JnEXizUgezVBp219+J8IJJ0JjBko1PTfWrRSkppiRUdZPFIkB96FLmoYK4ES10skvI+fIKB0njKQpoZ2J+nsiBa7UkAemk4PuqXlvLP7nNRMdXrRSKuJEE4Gni8KEOTpyxsE4HSoJ1mxoCGBJza0O7oEJR5v4siYEb/7lRVIrFb3TYun2LF++msWRQYcohwrIQ+eojG5QBVURRo/oGb2iN+vJerHerY9p65I1mzlAf2B9/gCJPpq8</latexit>

O(1� �)
<latexit sha1_base64="rtUspSwy1wy/TEfSyOQH1/V5oO0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYhDiwbAbBT0GvXgzgnnAZgmzk9lkyDyWmV4hLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMgOd9Oyura+sbm4Wt4vbO7t5+6eCwZVSqCW0SxZXuRNhQziRtAgNOO4mmWESctqPR7dRvP1FtmJKPME5oKPBAspgRDFYK7iv+eXeAhcBnvVLZq3ozuMvEz0kZ5Wj0Sl/dviKpoBIIx8YEvpdAmGENjHA6KXZTQxNMRnhAA0slFtSE2ezkiXtqlb4bK21LgjtTf09kWBgzFpHtFBiGZtGbiv95QQrxdZgxmaRAJZkvilPugnKn/7t9pikBPrYEE83srS4ZYo0J2JSKNgR/8eVl0qpV/Ytq7eGyXL/J4yigY3SCKshHV6iO7lADNRFBCj2jV/TmgPPivDsf89YVJ585Qn/gfP4Ay6mQSQ==</latexit>

O(1)
<latexit sha1_base64="vYw1rolKFbWhKKxatwiCqzx9dIQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdV73xQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynZELzll1dJu17zLmr1h8tK4yaPowgncApV8OAKGnAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8f3pqNdw==</latexit>

O
�
1/(1� �)

�
<latexit sha1_base64="FYzsFqRK5UYyKBkhvC7sH9X+oc0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0C6sSRV0WXTjzgr2AU0ok+kkHTozCTMToZRu/BU3LhRx62e482+ctFlo9cCFwzn3cu89QcKo0o7zZRWWlldW14rrpY3Nre0de3evreJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wus78zgORisbiXo8T4nMUCRpSjLSR+vbBrRfQqOKeVtwTL0Kco2omVPt22ak5M8C/xM1JGeRo9u1PbxDjlBOhMUNK9Vwn0f4ESU0xI9OSlyqSIDxCEekZKhAnyp/MHpjCY6MMYBhLU0LDmfpzYoK4UmMemE6O9FAtepn4n9dLdXjpT6hIUk0Eni8KUwZ1DLM04IBKgjUbG4KwpOZWiIdIIqxNZiUTgrv48l/Srtfcs1r97rzcuMrjKIJDcAQqwAUXoAFuQBO0AAZT8ARewKv1aD1bb9b7vLVg5TP74Besj28BNJS/</latexit>

Standard MDPs
upper & minimax lower bound

SA�

"2
<latexit sha1_base64="SrrFa9hdgImnyzzRbopUlIJIjIk=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwVZIq6LLqxmVF+4Amlsl00g6dR5iZFErIzo2/4saFIm79BXf+jdM2C209cOFwzr3ce08YU6K0635bhaXlldW14nppY3Nre8fe3WsqkUiEG0hQIdshVJgSjhuaaIrbscSQhRS3wuH1xG+NsFRE8Hs9jnHAYJ+TiCCojdS1D/1IQpTeXfqK9BnMUn8EJY4VoYI/VLOuXXYr7hTOIvFyUgY56l37y+8JlDDMNaJQqY7nxjpIodQEUZyV/EThGKIh7OOOoRwyrIJ0+kfmHBul50RCmuLamaq/J1LIlBqz0HQyqAdq3puI/3mdREcXQUp4nGjM0WxRlFBHC2cSitMjEiNNx4ZAJIm51UEDaILRJrqSCcGbf3mRNKsV77RSvT0r167yOIrgAByBE+CBc1ADN6AOGgCBR/AMXsGb9WS9WO/Wx6y1YOUz++APrM8f4A6Z8w==</latexit>

SA�

(1� �)4"2
<latexit sha1_base64="PnoXARxSyvSWgCjMjK+9f+tFBrc=">AAACE3icbVDLSgNBEJyNrxhfUY9eFoMQBcNuDOgx6sVjRPOAbBJ6J7PJkJnZZWY2EJb8gxd/xYsHRbx68ebfOHkcNFrQUFR1093lR4wq7ThfVmppeWV1Lb2e2djc2t7J7u7VVBhLTKo4ZKFs+KAIo4JUNdWMNCJJgPuM1P3B9cSvD4lUNBT3ehSRFoeeoAHFoI3UyZ54gQSc3F16ivY4jJO8e+r1gHM4bpe8IUgSKcpC0S6OO9mcU3CmsP8Sd05yaI5KJ/vpdUMccyI0ZqBU03Ui3UpAaooZGWe8WJEI8AB6pGmoAE5UK5n+NLaPjNK1g1CaEtqeqj8nEuBKjbhvOjnovlr0JuJ/XjPWwUUroSKKNRF4tiiIma1DexKQ3aWSYM1GhgCW1Nxq4z6YkLSJMWNCcBdf/ktqxYJ7VijelnLlq3kcaXSADlEeuegcldENqqAqwugBPaEX9Go9Ws/Wm/U+a01Z85l99AvWxzexDJ4L</latexit>

SA�

(1� �)4(1 + �)4
<latexit sha1_base64="kq2J+3rOs5DZjAiybXgtzT6aPsk=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIlWKZqQVdVt24rGgv0KnlTJppQ5OZIckIZehDuPFV3LhQxK0Ld76N6WWhrT8EPv5zDifn9yLOlLbtbyu1tLyyupZez2xsbm3vZHf36iqMJaE1EvJQNj1QlLOA1jTTnDYjSUF4nDa8wdW43nigUrEwuNPDiLYF9ALmMwLaWJ1swfUlkOT2AruK9QTgUZJ3TtweCAHH9+W8U5j6hkedbM4u2hPhRXBmkEMzVTvZL7cbkljQQBMOSrUcO9LtBKRmhNNRxo0VjYAMoEdbBgMQVLWTyVEjfGScLvZDaV6g8cT9PZGAUGooPNMpQPfVfG1s/ldrxdo/bycsiGJNAzJd5Mcc6xCPE8JdJinRfGgAiGTmr5j0waSkTY4ZE4Izf/Ii1EtF57RYuinnKpezONLoAB2iPHLQGaqga1RFNUTQI3pGr+jNerJerHfrY9qasmYz++iPrM8f5BGc0g==</latexit>

S2A

(1� �)4"2
<latexit sha1_base64="svKhLBS26ZdXIQh8p2LEVl+GhSg=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoOoheEuClpGbSwjGhPIJWFus5cs7u4du3uBcOQn2PhXbCwUsbW089+4+Sg0+mDg8d4MM/OCmDNtXPfLyczNLywuZZdzK6tr6xv5za07HSWK0CqJeKTqAWjKmaRVwwyn9VhREAGnteD+cuTX+lRpFslbM4hpU0BXspARMFZq5/f9UAFJb1ql82F64B35XRACDlsn2O+DorFmPJKt0rCdL7hFdwz8l3hTUkBTVNr5T78TkURQaQgHrRueG5tmCsowwukw5yeaxkDuoUsblkoQVDfT8UNDvGeVDg4jZUsaPFZ/TqQgtB6IwHYKMD09643E/7xGYsKzZspknBgqyWRRmHBsIjxKB3eYosTwgSVAFLO3YtIDm5CxGeZsCN7sy3/JXanoHRdL1yeF8sU0jizaQbvoAHnoFJXRFaqgKiLoAT2hF/TqPDrPzpvzPmnNONOZbfQLzsc3Yn2cMA==</latexit>

Upper bound
[Panaganti and Kalathil]

S2A�

(1� �)4"2
<latexit sha1_base64="aWrwfQqjZh86oyaOBs1lU9Li4ow=">AAACFnicbVA9SwNBEN3zM8avqKXNYhBiYbg7BS2jNpaKxgRylzC32YtLdveO3T0hHPkVNv4VGwtFbMXOf+MmplDjg4HHezPMzItSzrRx3U9nZnZufmGxsFRcXlldWy9tbN7oJFOE1knCE9WMQFPOJK0bZjhtpoqCiDhtRP2zkd+4o0qzRF6bQUpDAT3JYkbAWKlT2g9iBSS/avsngWY9AcO84u0HPRAC9tqHOLgDRVPNeCLb/rBTKrtVdww8TbwJKaMJLjqlj6CbkExQaQgHrVuem5owB2UY4XRYDDJNUyB96NGWpRIE1WE+fmuId63SxXGibEmDx+rPiRyE1gMR2U4B5lb/9Ubif14rM/FxmDOZZoZK8r0ozjg2CR5lhLtMUWL4wBIgitlbMbkFm5OxSRZtCN7fl6fJjV/1Dqr+5WG5djqJo4C20Q6qIA8doRo6Rxeojgi6R4/oGb04D86T8+q8fbfOOJOZLfQLzvsXUeWe2Q==</latexit>

RMDPs can be harder to learn than standard MDPs.
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Outline (Part 2)

Four variants of our basics settings to illustrate the approaches so far:

• Offline / batch RL

• RL with Markovian samples

• Robust RL

• Multi-agent RL
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Background: two-player zero-sum Markov games

0 -1 1

1 0 -1

-1 1 0



Two-player zero-sum Markov games

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

1

max-player

min-player

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1

• S = [S]: state space • A = [A]: action space of max-player

• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) ∈ [0, 1]

immediate reward:

min-player −r(s, a, b)
• µ : S × [H]→ ∆(A): policy of max-player
ν : S × [H]→ ∆(B): policy of min-player

• Ph(· | s, a, b): unknown transition probabilities
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Two-player zero-sum Markov games

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

action ah

action bh

1

• S = [S]: state space • A = [A]: action space of max-player

• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) ∈ [0, 1]

immediate reward:

min-player −r(s, a, b)

• µ : S × [H]→ ∆(A): policy of max-player
ν : S × [H]→ ∆(B): policy of min-player

• Ph(· | s, a, b): unknown transition probabilities

2-38



Two-player zero-sum Markov games

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

agent environment st at st+1 rt+1 reward state action

1

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action

1

• S = [S]: state space • A = [A]: action space of max-player

• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) ∈ [0, 1]

immediate reward:

min-player −r(s, a, b)
• µ : S × [H]→ ∆(A): policy of max-player
ν : S × [H]→ ∆(B): policy of min-player

• Ph(· | s, a, b): unknown transition probabilities
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Two-player zero-sum Markov games

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

agent environment st at st+1 rt+1 reward state action

1

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

• S = [S]: state space • A = [A]: action space of max-player

• H: horizon • B = [B]: action space of min-player

• immediate reward: max-player r(s, a, b) ∈ [0, 1]

immediate reward:

min-player −r(s, a, b)
• µ : S × [H]→ ∆(A): policy of max-player
ν : S × [H]→ ∆(B): policy of min-player

• Ph(· | s, a, b): unknown transition probabilities
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Value function & Q-function

…
rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

sh+1
<latexit sha1_base64="ZfT6YP2aEEUpm0t5a5+PNask+AA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEErSCnosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6phBNr7yZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvXq1drDdaVRy+MowhmcwyV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/x+Y9C</latexit>

sh
<latexit sha1_base64="oVl32VAwC/umrIklSS9RQN/K1po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSbwb5eDao1ty6uwBZJ15BalCgNah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPbIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ20G3Xvqt54uK41G0UcZTiDc7gED26gCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz8Yvo7S</latexit>

sh+2
<latexit sha1_base64="rPK+ZOXiw9HTggeBKNiy5HHIlUA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmioMeCF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1Fiprfv56NKf9itVt+bOQVaJV5AqFGj0K1+9QcKyGKVhgmrd9dzUBDlVhjOB03Iv05hSNqZD7FoqaYw6yOfnTsm5VQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0W2Qc5lmBiVbLIoyQUxCZr+TAVfIjJhYQpni9lbCRlRRZmxCZRuCt/zyKmn5Ne+q5j9cV+t+EUcJTuEMLsCDG6jDPTSgCQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AHzfo9D</latexit>

sH
<latexit sha1_base64="P+GMOR+y3+TBuUlZeS9dFBktZyw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw0mMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5n/udJ1SaJ/LRTFMMYjqSPOKMGiv5epA3Z4NK1a25C5B14hWkCgVag8pXf5iwLEZpmKBa9zw3NUFOleFM4KzczzSmlE3oCHuWShqjDvLFsTNyaZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQX5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT9mG4K2+vE7a9Zp3Xas/3FQb9SKOEpzDBVyBB7fQgCa0wAcGHJ7hFd4c6bw4787HsnXDKWbO4A+czx/oD46y</latexit>

rh<latexit sha1_base64="4pl7QP4dm4375Se8qUF9gIeBWmU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3owHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBUNI3L</latexit>

rh+1
<latexit sha1_base64="+ygye+EPvnkLty8s++TAN+4picM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTXIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/yPY9H</latexit>

rh+2
<latexit sha1_base64="mx95/d+zx7Jxx+pPBIrECKJh6J0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6uhBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/zwo9I</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>ah<latexit sha1_base64="r0+UtYphj7TrxJD94raOKxsCU9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfy0UwT5kc4kjzkFI2VHnAwHpQrbtVdgKwTLycVyNEclL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny1OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easO5nXCapYZIuF4WpICYm87/JkCtGjZhaglRxeyuhY1RIjU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwA6To26</latexit>

ah+1
<latexit sha1_base64="tKrUsVefmbOCwxkYmz2vbbCciyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTrIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/YE482</latexit>

ah+2
<latexit sha1_base64="kvJPdSfLXNBNkZ4Jsr9RicgeEYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6tBBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/ZmI83</latexit>

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>agent environment st at st+1 rt+1 reward state action

1

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action

1

Value function of policy pair (µ, ν):

V µ,ν
1 (s) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s

]

Qµ,ν1 (s, a, b) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s, a1 = a, b1 = b

]

• (a1, b1, s2, · · · ): generated when max-player and min-player execute
policies µ and ν independently (i.e., no coordination)
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Value function & Q-function

…
rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

sh+1
<latexit sha1_base64="ZfT6YP2aEEUpm0t5a5+PNask+AA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEErSCnosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6phBNr7yZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvXq1drDdaVRy+MowhmcwyV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/x+Y9C</latexit>

sh
<latexit sha1_base64="oVl32VAwC/umrIklSS9RQN/K1po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSbwb5eDao1ty6uwBZJ15BalCgNah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPbIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ20G3Xvqt54uK41G0UcZTiDc7gED26gCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz8Yvo7S</latexit>

sh+2
<latexit sha1_base64="rPK+ZOXiw9HTggeBKNiy5HHIlUA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmioMeCF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1Fiprfv56NKf9itVt+bOQVaJV5AqFGj0K1+9QcKyGKVhgmrd9dzUBDlVhjOB03Iv05hSNqZD7FoqaYw6yOfnTsm5VQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0W2Qc5lmBiVbLIoyQUxCZr+TAVfIjJhYQpni9lbCRlRRZmxCZRuCt/zyKmn5Ne+q5j9cV+t+EUcJTuEMLsCDG6jDPTSgCQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AHzfo9D</latexit>

sH
<latexit sha1_base64="P+GMOR+y3+TBuUlZeS9dFBktZyw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw0mMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5n/udJ1SaJ/LRTFMMYjqSPOKMGiv5epA3Z4NK1a25C5B14hWkCgVag8pXf5iwLEZpmKBa9zw3NUFOleFM4KzczzSmlE3oCHuWShqjDvLFsTNyaZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQX5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT9mG4K2+vE7a9Zp3Xas/3FQb9SKOEpzDBVyBB7fQgCa0wAcGHJ7hFd4c6bw4787HsnXDKWbO4A+czx/oD46y</latexit>

rh<latexit sha1_base64="4pl7QP4dm4375Se8qUF9gIeBWmU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3owHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBUNI3L</latexit>

rh+1
<latexit sha1_base64="+ygye+EPvnkLty8s++TAN+4picM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTXIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/yPY9H</latexit>

rh+2
<latexit sha1_base64="mx95/d+zx7Jxx+pPBIrECKJh6J0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6uhBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/zwo9I</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>ah<latexit sha1_base64="r0+UtYphj7TrxJD94raOKxsCU9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfy0UwT5kc4kjzkFI2VHnAwHpQrbtVdgKwTLycVyNEclL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny1OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easO5nXCapYZIuF4WpICYm87/JkCtGjZhaglRxeyuhY1RIjU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwA6To26</latexit>

ah+1
<latexit sha1_base64="tKrUsVefmbOCwxkYmz2vbbCciyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTrIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/YE482</latexit>

ah+2
<latexit sha1_base64="kvJPdSfLXNBNkZ4Jsr9RicgeEYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6tBBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/ZmI83</latexit>

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>agent environment st at st+1 rt+1 reward state action

1

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action

1

Value function of policy pair (µ, ν):

V µ,ν
1 (s) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s

]

Qµ,ν1 (s, a, b) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s, a1 = a, b1 = b

]

• (a1, b1, s2, · · · ): generated when max-player and min-player execute
policies µ and ν independently (i.e., no coordination)
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Value function & Q-function

…
rH<latexit sha1_base64="C4ZHdlRRbtsjJMi8ZCTjO+J9Dh0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHstHM03Qj+hI8pAzaqz0oAaNQansVtwFyDrxclKGHM1B6as/jFkaoTRMUK17npsYP6PKcCZwVuynGhPKJnSEPUsljVD72eLUGbm0ypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmrPkZl0lqULLlojAVxMRk/jcZcoXMiKkllClubyVsTBVlxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYMRPMMrvDnCeXHenY9l64aTz5zBHzifPyO0jas=</latexit>

sh+1
<latexit sha1_base64="ZfT6YP2aEEUpm0t5a5+PNask+AA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEErSCnosePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6phBNr7yZoNyxa26C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8W587IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz1M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvXq1drDdaVRy+MowhmcwyV4cAMNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/x+Y9C</latexit>

sh
<latexit sha1_base64="oVl32VAwC/umrIklSS9RQN/K1po=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74STu7nfeeLaiEQ94jTlQUxHSkSCUbSSbwb5eDao1ty6uwBZJ15BalCgNah+9YcJy2KukElqTM9zUwxyqlEwyWeVfmZ4StmEjnjPUkVjboJ8ceyMXFhlSKJE21JIFurviZzGxkzj0HbGFMdm1ZuL/3m9DKPbIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9eZ20G3Xvqt54uK41G0UcZTiDc7gED26gCffQAh8YCHiGV3hzlPPivDsfy9aSU8ycwh84nz8Yvo7S</latexit>

sh+2
<latexit sha1_base64="rPK+ZOXiw9HTggeBKNiy5HHIlUA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmioMeCF48V7Ae0oWy2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O2vrG5tb26Wd8u7e/sFh5ei4pZNMMWyyRCSqE1KNgktsGm4EdlKFNA4FtsPx3cxvP6HSPJGPZpJiENOh5BFn1Fiprfv56NKf9itVt+bOQVaJV5AqFGj0K1+9QcKyGKVhgmrd9dzUBDlVhjOB03Iv05hSNqZD7FoqaYw6yOfnTsm5VQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0W2Qc5lmBiVbLIoyQUxCZr+TAVfIjJhYQpni9lbCRlRRZmxCZRuCt/zyKmn5Ne+q5j9cV+t+EUcJTuEMLsCDG6jDPTSgCQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AHzfo9D</latexit>

sH
<latexit sha1_base64="P+GMOR+y3+TBuUlZeS9dFBktZyw=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw0mMF0xbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/nY3Nre2d3dJeef/g8Oi4cnLa1kmmGPosEYnqhlSj4BJ9w43AbqqQxqHATji5n/udJ1SaJ/LRTFMMYjqSPOKMGiv5epA3Z4NK1a25C5B14hWkCgVag8pXf5iwLEZpmKBa9zw3NUFOleFM4KzczzSmlE3oCHuWShqjDvLFsTNyaZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQX5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT9mG4K2+vE7a9Zp3Xas/3FQb9SKOEpzDBVyBB7fQgCa0wAcGHJ7hFd4c6bw4787HsnXDKWbO4A+czx/oD46y</latexit>

rh<latexit sha1_base64="4pl7QP4dm4375Se8qUF9gIeBWmU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3owHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBUNI3L</latexit>

rh+1
<latexit sha1_base64="+ygye+EPvnkLty8s++TAN+4picM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTXIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/yPY9H</latexit>

rh+2
<latexit sha1_base64="mx95/d+zx7Jxx+pPBIrECKJh6J0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6uhBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/zwo9I</latexit>

aH<latexit sha1_base64="oxk85o2xgXIeESsVJIR1j2AVVtI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV7LHgpceK9gPaUCbbTbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqKGvRWMSqG6BmgkvWMtwI1k0UwygQrBNM7uZ+54kpzWP5aKYJ8yMcSR5yisZKDzhoDEplt+IuQNaJl5My5GgOSl/9YUzTiElDBWrd89zE+Bkqw6lgs2I/1SxBOsER61kqMWLazxanzsilVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNWPMzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTtCF4qy+vk3a14l1Xqvc35Xotj6MA53ABV+DBLdShAU1oAYURPMMrvDnCeXHenY9l64aTz5zBHzifPwnOjZo=</latexit>ah<latexit sha1_base64="r0+UtYphj7TrxJD94raOKxsCU9Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FLx4r2g9oQ5lsN+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfy0UwT5kc4kjzkFI2VHnAwHpQrbtVdgKwTLycVyNEclL/6w5imEZOGCtS657mJ8TNUhlPBZqV+qlmCdIIj1rNUYsS0ny1OnZELqwxJGCtb0pCF+nsiw0jraRTYzgjNWK96c/E/r5easO5nXCapYZIuF4WpICYm87/JkCtGjZhaglRxeyuhY1RIjU2nZEPwVl9eJ+1a1buq1u6vK416HkcRzuAcLsGDG2jAHTShBRRG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwA6To26</latexit>

ah+1
<latexit sha1_base64="tKrUsVefmbOCwxkYmz2vbbCciyo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8NNME/YiOJA85o8ZKHTrIxlfebFCuuFV3AbJOvJxUIEdzUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4d0YurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCet+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdq3rX1drDTaVRz+MowhmcwyV4cAsNuIcmtIDBBJ7hFd6cxHlx3p2PZWvByWdO4Q+czx/YE482</latexit>

ah+2
<latexit sha1_base64="kvJPdSfLXNBNkZ4Jsr9RicgeEYM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBXssePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6tBBNr6qzQblilt1FyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tzp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYlj3M6GSFLliy0VhKgnGZP47GQrNGcqpJZRpYW8lbEw1ZWgTKtkQvNWX10m7VvWuq7WHm0qjnsdRhDM4h0vw4BYacA9NaAGDCTzDK7w5ifPivDsfy9aCk8+cwh84nz/ZmI83</latexit>

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

bh bh+1 bh+2 bH

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>agent environment st at st+1 rt+1 reward state action

1

max-player

min-player

1

max-player

min-player

1

max-player

min-player

reward rh

reward � rh

1

max-player

min-player

reward rh

reward

reward -rh

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

1

agent environment st at st+1 rt+1 reward state action

1

sh<latexit sha1_base64="pTqn7lmu+TPP8RbJ/EyxwmlgSPc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2YwHpQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK41GHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBYIo3U</latexit>

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

max-player

min-player

reward rh

reward

reward -rh

sh+1 ⇠ Ph(· | sh, ah, bh)

ah ⇠ µh(· | sh)

bh ⇠ ⌫h(· | sh)

1

agent environment st at st+1 rt+1 reward state action

1

Value function and Q function of policy pair (µ, ν):

V µ,ν
1 (s) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s

]

Qµ,ν1 (s, a, b) := E

[
H∑

t=1

r(st, at, bt)
∣∣∣ s1 = s, a1 = a, b1 = b

]

• (a1, b1, s2, · · · ): generated when max-player and min-player execute
policies µ and ν independently (i.e., no coordination)
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Optimal policy?
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b

1

• Each agent seeks optimal policy maximizing her own value

• But two agents have conflicting goals . . .
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Compromise: Nash equilibrium (NE)

John von Neumann John Nash

An NE policy pair (µ?, ν?) obeys

max
µ

V µ,ν? = V µ?,ν? = min
ν
V µ?,ν

• no unilateral deviation is beneficial

• no coordination between two agents (they act independently)
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Compromise: Nash equilibrium (NE)

John von Neumann John Nash

An ε-NE policy pair (µ̂, ν̂) obeys

max
µ

V µ, ν̂ − ε ≤ V µ̂, ν̂ ≤ min
ν
V µ̂, ν + ε

• no unilateral deviation is beneficial

• no coordination between two agents (they act independently)

2-41



Sampling mechanism: a generative
model / simulator

— Kearns, Singh ’99
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Sampling mechanism: a generative model / simulator

— Kearns, Singh ’99

One can query the generative model with any state-action-step
combination (s, a, b, h), and obtain sÕ ind.≥ Ph(sÕ | s, a, b)
Ph(· | s, a, b)

11/ 13

One can query generative model w/ state-action-step tuple (s, a, b, h),

and obtain s′ ind.∼ Ph(s′ | s, a, b)
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Question: how many samples are sufficient to

learn an ε-Nash policy pair?



Multi-agent reinforcement learning (MARL)
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Challenges

In MARL, agents learn by probing the (shared) environment

• unknown or changing environment

• delayed feedback

• explosion of dimensionality

• curse of multiple agents
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Model-based approach w/ non-adaptive sampling

— Zhang, Kakade, Başar, Yang ’20

for any (s, h)

1

1. for each (s, a, b, h), call generative models N times

2. build empirical model P̂

, and run classical planning algorithms

sample complexity: H4SAB
ε2
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for any (s, h)

for each (a, b)

empirical model bP

1

1. for each (s, a, b, h), call generative models N times

2. build empirical model P̂ , and run classical planning algorithms

sample complexity: H4SAB
ε2
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Curse of multiple agents

1 player: A

2 players: AB 3 players: A1A2A3

Let’s look at the size of joint action space . . .
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Curse of multiple agents

1 player: A 2 players: AB 3 players: A1A2A3

The number of joint actions blows up geometrically in # players!
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Breaking curse of multi-agents?

— Song, Mei, Bai ’21, Jin, Liu, Wang, Yu ’21, . . .

V-learning: overcomes curse of multi-agents in online RL

• estimate V-function only (much lower-dimensional than Q)

• adaptive sampling: take sample based on current policy iterates

• adversarial learning subroutine: Follow-the-Regularized-Leader

sample complexity: H6S(A+B)
ε2

samples or H5S(A+B)
ε2

episodes
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curse of multi-agents & barrier of long horizon?
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Our algorithm

Key ingredients:

• for each player, estimate only one-sided objects
I e.g. Q(s, a) as opposed to Q(s, a, b)

• adaptive sampling
I sampling based on current policy iterates

• adversarial learning subroutine for policy updates
I e.g. Follow-the-Regularized-Leader (FTRL)

• optimism principle in value estimation
I upper confidence bounds (UCB)
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Main result (two-player zero-sum Markov games)

Theorem (Li, Chi, Wei, Chen ’22)

For any 0 < ε ≤ H, the policy pair (µ̂, ν̂) returned by the proposed
algorithm is ε-Nash, with sample complexity at most

Õ

(
H4S(A+B)

ε2

)

• minimax lower bound: Ω̃
(H4S(A+B)

ε2

)

• breaks curse of multi-agents & long-horizon barrier at once!

• full ε-range (no burn-in cost)

• other features: Markov policy, decentralized, . . .
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for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1� ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1



Extension: m-player general-sum Markov games

Theorem (Li, Chi, Wei, Chen ’22)

For any 0 < ε ≤ H, the joint policy π̂ returned by the proposed
algorithm is ε-CCE, with sample complexity at most

Õ

(
H4S

∑
iAi

ε2

)

• minimax lower bound: Ω̃
(
H4Smaxi Ai

ε2

)

• near-optimal when number of players m is fixed
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• near-optimal when number of players m is fixed
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Overcomes curse of multi-agents and long-horizon barrier simultaneously
in the presence of generative model!
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for each (s, a)

bk ⇠ µk
h(· | s)

s0 ⇠ Ph(· | s, a, bk)

(adaptive) sampling

Q-learning update

1. build reward vector rk 2 RSA

empirical transition P k 2 RSA⇥S

2. Qk+1
h = (1� ↵k)Qk

h + ↵k(rk + P k bVh+1)

one-sided Q-function : RSA

use samples in this round to update

Follow-the-regularized-leader (FTRL)

policy update via adversarial learning

µk+1
h (· | s) / exp

�
⌘k+1Q

k
h(s, ·)

�

bµh(· | s) =

KX

k=1

↵K
k µk

h(· | s)

bVh(s) = min

⇢ KX

k=1

↵K
k

D
µk

h(·|s), qk
h(s, ·)

E
+ UCB, H � h + 1

�

output policy : mixture of policy iterates

V -estimate : upper confidence bound

our algorithm

1

Future directions:

• optimal sample complexity for CCE when # players is large

• optimal sample complexity for online RL
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Summary of this part

Four variants of our basics settings:
offline RL / RL with Markovian samples / robust RL / multi-agent RL
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Recall: three approaches

Model-based approach (“plug-in”)

• build an empirical estimate P̂ for P

• planning based on the empirical P̂

Value-based approach
— learning w/o estimating the model explicitly

Policy-based approach
— optimization in the space of policies
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Policy optimization in practice

maximizeθ value(policy(θ))

• directly optimize the policy, which is the quantity of interest

• allow flexible differentiable parameterizations of the policy

• work with both continuous and discrete problems

hidden layer input layer output layer

1

xhidden layer input layer output layer

x y W � � y

1

hidden layer input layer output layer

x y W � � y

1

hidden layer input layer output layer
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1

hidden layer input layer output layer

1

y
hidden layer input layer output layer

x y W � � y

1
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1
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1
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1
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1

hidden layer input layer output layer
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1

hidden layer input layer output layer

x y W � � y

1

W 1
W 2 W 3

W 4
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Theoretical challenges: non-concavity

Little understanding on the global convergence of policy gradient
methods until very recently, e.g. (Fazel et al., 2018; Bhandari and Russo, 2019;

Agarwal et al., 2019; Mei et al. 2020), and many more.

Our goal:

• understand finite-time convergence rates of popular heuristics

• design fast-convergent algorithms that scale for finding policies with
desirable properties
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Outline

• Backgrounds and basics
I policy gradient method

• Convergence guarantees of single-agent policy optimization
I (natural) policy gradient methods
I finite-time rate of global convergence
I entropy regularization and beyond

• Concluding remarks
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Backgrounds: policy optimization in tabular
Markov decision processes



Searching for the optimal policy

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

P, r

Goal: find the optimal policy π? that maximize V π(s)

• optimal value / Q function: V ? := V π? , Q? := Qπ
?
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Policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

Parameterization:

π := πθ

maximizeθ V πθ(ρ) := Es∼ρ [V πθ(s)]

Policy gradient method (Sutton et al., 2000)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η∇θV π

(t)
θ (ρ)

where η is the learning rate.
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Softmax policy gradient methods

Given an initial state distribution s ∼ ρ, find policy π such that

maximizeπ V π(ρ) := Es∼ρ [V π(s)]

softmax parameterization:

πθ(a|s) ∝ exp(θ(s, a))

maximizeθ V πθ(ρ) := Es∼ρ [V πθ(s)]

Policy gradient method (Sutton et al., 2000)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η∇θV π

(t)
θ (ρ)

where η is the learning rate.

3-8



Finite-time global convergence guarantees



Global convergence of the PG method?

• (Agarwal et al., 2019) showed that softmax PG converges
asymptotically to the global optimal policy.

• (Mei et al., 2020) Softmax PG converges to global opt in

c
(
|S|, |A|, 1

1−γ , · · ·
)

O
(
1
ε

)
iterations

Is the rate of PG good, bad or ugly?
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A negative message

Theorem (Li, Wei, Chi, Chen, 2021)

There exists an MDP s.t. it takes softmax PG at least

1

η
|S|2

Θ( 1
1−γ )

iterations

to achieve ‖V (t) − V ?‖∞ ≤ 0.15.

• Softmax PG can take (super)-exponential time to converge
(in problems w/ large state space & long effective horizon)!

• Also hold for average sub-opt gap 1
|S|
∑

s∈S
[
V (t)(s)− V ?(s)

]
.
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MDP construction for our lower bound

Summary of Part 2
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⇡
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Key ingredients: for 3 ≤ s ≤ H � 1
1−γ ,

• π(t)(aopt | s) keeps decreasing until π(t)(aopt | s− 2) ≈ 1

3-12
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Key ingredients: for 3 ≤ s ≤ H � 1
1−γ ,

• π(t)(aopt | s) keeps decreasing until π(t)(aopt | s− 2) ≈ 1

3-12



MDP construction for our lower bound

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

S1 S2

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

S1 S2

1

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

1

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

1

Summary of Part 2

a1 a0 a2

�4 �3 �2 �1 0
log ⇡(a1)

�5

�4

�3

�2

�1

0

lo
g
⇡
(a

2
)

⇡?
⌧

⇡(0)

Natural Policy Gradient

0 1000 2000 3000 4000 5000
#iterations

10�12

10�10

10�8

10�6

10�4

10�2

100

102

� � �Q
? ⌧
�

Q
(t

)
⌧

� � � 1

⌘ = 0.01

⌘ = 0.1

⌘ = 1

• Softmax policy gradient can take exponential time to converge
• Entropy regularization & natural gradients help!

52/ 62

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

3 4 5 6 H

1 2 3 4 5 6 H

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

3 4 5 6 H

1 2 3 4 5 6 H 0

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

1 3 4 5 6 H

1 2 3 4 5 6 H 0

0.5

1� �

2.5
⇡(t)(a1 | 1) ⇡(t)(a1 | 3) ⇡(t)(a1 | 5)

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

1 3 4 5 6 H

1 2 3 4 5 6 H 0

0.5

1� �

2.5
⇡(t)(a1 | 1) ⇡(t)(a1 | 3) ⇡(t)(a1 | 5)

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

1 3 4 5 6 H

1 2 3 4 5 6 H 0

0.5

1� �

2.5
⇡(t)(a1 | 1) ⇡(t)(a1 | 3) ⇡(t)(a1 | 5)

1

max
⇡

V ⇡(⇢) := E
s⇠⇢

⇥
V ⇡(s)

⇤

max
✓

V ⇡✓ (⇢) := E
s⇠⇢

⇥
V ⇡✓ (s)

⇤

⇡✓(a|s) =
exp(✓(s, a))P
a exp(✓(s, a))

a1 a2

a1 a2 a0

bS1
bS2

bS1
bS2

bSH
bSH

1 3 4 5 6 H

1 2 3 4 5 6 H 0

0.5

1� �

2.5
⇡(t)(a1 | 1) ⇡(t)(a1 | 3) ⇡(t)(a1 | 5)

1

Key ingredients: for 3 ≤ s ≤ H � 1
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• π(t)(aopt | s) keeps decreasing until π(t)(aopt | s− 2) ≈ 1
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Convergence time for state s grows geometrically as s increases

convergence-time(s) &
(
convergence-time(s− 2)

)1.5
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Booster #1: natural policy gradient

=)Natural Gradient

Natural policy gradient (NPG) method (Kakade, 2002)

For t = 0, 1, · · ·
θ(t+1) = θ(t) + η(Fθρ )†∇θV π

(t)
θ (ρ)

where η is the learning rate and Fθρ is the Fisher information matrix:

Fθρ := E
[(
∇θ log πθ(a|s)

)(
∇θ log πθ(a|s)

)>]
.
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Connection with TRPO/PPO

TRPO/PPO (Schulman et al., 2015; 2017) are popular heuristics in training RL
algorithms, with KL regularization

KL(π
(t)
θ ‖πθ) ≈

1

2
(θ − θ(t))>Fθρ (θ − θ(t))

via constrained or proximal terms:

θ(t+1) = argmax
θ
V π

(t)
θ (ρ) + (θ − θ(t))>∇θV π

(t)
θ (ρ)− ηKL(π

(t)
θ ‖πθ)

≈ θ(t) + η(Fθρ )†∇θV π
(t)
θ (ρ),

leading to exactly NPG!

NPG ≈ TRPO/PPO!
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NPG in the tabular setting

Natural policy gradient (NPG) method (Tabular setting)

For t = 0, 1, · · · , NPG updates the policy via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

exp

(
ηQ(t)(s, ·)

1− γ

)

︸ ︷︷ ︸
soft greedy

where Q(t) := Qπ
(t)

is the Q-function of π(t), and η > 0.

• invariant with the choice of ρ

• Reduces to policy iteration (PI) when η =∞.
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Global convergence of NPG

Theorem (Agarwal et al., 2019)

Set π(0) as a uniform policy. For all t ≥ 0, we have

V (t)(ρ) ≥ V ?(ρ)−
(

log |A|
η

+
1

(1− γ)2

)
1

t
.

Implication: set η ≥ (1− γ)2 log |A|, we find an ε-optimal policy within
at most

2

(1− γ)2ε
iterations.

Global convergence at a sublinear rate independent of |S|, |A|!
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Booster #2: entropy regularization
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⇠ ⇠ ⇠ ⇠ ⇠

⇡(·|s0) ⇡(·|s1) ⇡(·|s2) ⇡(·|s3) ⇡(·|s4)

To encourage exploration, promote the stochasticity of the policy using
the “soft” value function (Williams and Peng, 1991):

∀s ∈ S : V π
τ (s) := E

[ ∞∑

t=0

γt
(
rt + τH(π(·|st)

) ∣∣ s0 = s

]

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

maximizeθ V πθ
τ (ρ) := Es∼ρ [V πθ

τ (s)]

3-19



Booster #2: entropy regularization

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt = r(st, at) reward next state action

1

agent environment st at st+1 ⇠ P (·|st, at) rt = r(st, at) reward
next state action

1

agent environment st at st+1 rt+1 reward state action

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

agent at ⇠ ⇡(·|st) environment st at st+1 ⇠ P (·|st, at) rt =
r(st, at) reward next state action

s0 a0 s1 a1 s2 a2 s3 a3 s4 a4 s5 a5 r0 r1 r2 r3 r4 r5

1

⇠ ⇠ ⇠ ⇠ ⇠

⇡(·|s0) ⇡(·|s1) ⇡(·|s2) ⇡(·|s3) ⇡(·|s4)

To encourage exploration, promote the stochasticity of the policy using
the “soft” value function (Williams and Peng, 1991):

∀s ∈ S : V π
τ (s) := E

[ ∞∑

t=0

γt
(
rt + τH(π(·|st)

) ∣∣ s0 = s

]

where H is the Shannon entropy, and τ ≥ 0 is the reg. parameter.

maximizeθ V πθ
τ (ρ) := Es∼ρ [V πθ

τ (s)]

3-19



Entropy-regularized natural gradient helps!

Toy example: a bandit with 3 arms of rewards 1, 0.9 and 0.1.
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Can we justify the efficacy of entropy-regularized NPG?
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V (t)
⌧

V (t+1)
⌧

How to characterize the efficiency of

entropy-regularized NPG in tabular settings?



Entropy-regularized NPG in the tabular setting

Entropy-regularized NPG (Tabular setting)

For t = 0, 1, · · · , the policy is updated via

π(t+1)(·|s) ∝ π(t)(·|s)︸ ︷︷ ︸
current policy

1− ητ
1−γ exp(Q(t)

τ (s, ·)/τ)︸ ︷︷ ︸
soft greedy

ητ
1−γ

where Q
(t)
τ := Qπ

(t)

τ is the soft Q-function of π(t), and 0 < η ≤ 1−γ
τ .

• invariant with the choice of ρ

• Reduces to soft policy iteration (SPI) when η = 1−γ
τ .
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Linear convergence with exact gradient

Exact oracle: perfect evaluation of Qπ
(t)

τ given π(t);

Theorem (Cen, Cheng, Chen, Wei, Chi, 2020)

For any learning rate 0 < η ≤ (1− γ)/τ , the entropy-regularized NPG
updates satisfy

• Linear convergence of soft Q-functions:

‖Q?τ −Q(t+1)
τ ‖∞ ≤ C1γ (1− ητ)t

for all t ≥ 0, where Q?τ is the optimal soft Q-function, and

C1 = ‖Q?τ −Q(0)
τ ‖∞ + 2τ

(
1− ητ

1− γ

)
‖ log π?τ − log π(0)‖∞.
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Implications

To reach ‖Q?τ −Q(t+1)
τ ‖∞ ≤ ε, the iteration complexity is at most

• General learning rates (0 < η < 1−γ
τ ):

1

ητ
log

(
C1γ

ε

)

• Soft policy iteration (η = 1−γ
τ ):

1

1− γ log

(
‖Q?τ −Q(0)

τ ‖∞γ
ε

)

Global linear convergence of entropy-regularized NPG
at a rate independent of |S|, |A|!
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Comparisons with entropy-regularized PG
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(Mei et al., 2020) showed entropy-regularized PG achieves

V ?τ (ρ)− V
(t)
τ (ρ) ≤

(
V ?τ (ρ)− V

(0)
τ (ρ)

)

· exp



− (1− γ)4t
(8/τ + 4 + 8 log |A|)|S|

∥∥∥∥∥
d
π?τ
ρ

ρ

∥∥∥∥∥

−1

∞

min
s
ρ(s)

(
inf

0≤k≤t−1
min
s,a

π(k)(a|s)
)2

︸ ︷︷ ︸
can be exponential in |S| and 1

1−γ




Much faster convergence of entropy-regularized NPG
at a dimension-free rate!
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Comparison with unregularized NPG

Regularized NPG Vanilla NPG
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Ours (Agarwal et al. 2019)

Entropy regularization enables fast convergence!
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So far, we assume complete knowledge of Q-function for each πt...



Entropy-regularized NPG with inexact gradients

Inexact oracle: inexact evaluation of Q
(t)
τ , which returns Q̂

(t)
τ s.t.

∥∥Q̂(t)
τ −Q(t)

τ

∥∥
∞ ≤ δ,

e.g. using sample-based estimators

Inexact entropy-regularized NPG:

π(t+1)(a|s) ∝
(
π(t)(a|s)

)1− ητ
1−γ exp

(ηQ̂(t)
τ (s, a)

1− γ
)

Question: stability vis-à-vis inexact gradient evaluation?

3-28



Entropy-regularized NPG with inexact gradients

Inexact oracle: inexact evaluation of Q
(t)
τ , which returns Q̂

(t)
τ s.t.

∥∥Q̂(t)
τ −Q(t)

τ

∥∥
∞ ≤ δ,

e.g. using sample-based estimators

Inexact entropy-regularized NPG:

π(t+1)(a|s) ∝
(
π(t)(a|s)

)1− ητ
1−γ exp

(ηQ̂(t)
τ (s, a)

1− γ
)
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Linear convergence with inexact gradients

∥∥Q̂(t)
τ −Q(t)

τ

∥∥
∞ ≤ δ

Theorem (Cen, Cheng, Chen, Wei, Chi ’22)

For any stepsize 0 < η ≤ (1− γ)/τ , entropy-regularized NPG attains
∥∥Q?τ −Q(t+1)

τ

∥∥
∞ ≤ γ(1− ητ)tC1 + C2

• C1 = ‖Q?τ −Q(0)
τ ‖∞ + 2τ

(
1− ητ

1− γ

)
‖ log π?τ − log π(0)‖∞

• C2 =
2γ
(
1 + γ

ητ

)
(1− γ)2 δ : error floor

• converges linearly at the same rate until an error floor is hit

• sample complexity Õ
(
|S||A|
(1−γ)8 ε

2
)

(sub-optimal)
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Returning to the original MDP?

How to employ entropy-regularized NPG to find an ε-optimal policy for
the original (unregularized) MDP?

• suffices to find an ε
2 -optimal policy of regularized MDP

w/ regularization parameter τ = (1−γ)ε
4 log |A|

• iteration complexity is the same as before (up to log factor)
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A warm-up analysis when η = 1−γ
τ



A key lemma: monotonic performance
improvement

V (t)
⌧

V (t+1)
⌧

V (t+1)
τ (ρ)− V (t)

τ (ρ) = E
s∼d(t+1)

ρ

[(
1

η
− τ

1− γ

)
KL
(
π(t+1)(·|s)

∥∥π(t)(·|s)
)

︸ ︷︷ ︸
KL divergence

+
1

η
KL
(
π(t)(·|s)

∥∥π(t+1)(·|s)
)

︸ ︷︷ ︸
KL divergence

]

≥ 0
(
if 0 < η ≤ 1− γ

τ

)
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A key operator: soft Bellman operator

Soft Bellman operator

Tτ (Q)(s, a) := r(s, a)︸ ︷︷ ︸
immediate reward

+ γ E
s′∼P (·|s,a)

[
max
π(·|s′)

E
a′∼π(·|s′)

[
Q(s′, a′)︸ ︷︷ ︸

next state’s value

− τ log π(a′|s′)︸ ︷︷ ︸
entropy

]]
,

Soft Bellman equation: Q?τ is unique solution to

Tτ (Q?τ ) = Q?τ

γ-contraction of soft Bellman operator:

‖Tτ (Q1)− Tτ (Q2)‖∞ ≤ γ‖Q1 −Q2‖∞ Richard Bellman
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Analysis of soft policy iteration (η = 1−γ
τ )

Policy iteration

evaluate

evaluate

gree
dy

gre
edy

⇡(0)

⇡(1)

⇡(2)
...

Q⇡(0)

Q⇡(1)

Q?

⇡?

Bellman operator

Soft policy iteration

evaluate

evaluate

Q⇡(0)

⌧

soft
gree

dy

sof
t gr

eed
y

⇡(0)

⇡(1)

⇡(2)
...

Q?
⌧

⇡?
⌧

Q⇡(1)

⌧

Soft Bellman operator
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A key linear system: general learning rates

Let xt :=

[ ∥∥Q?τ −Q(t)
τ

∥∥
∞∥∥Q?τ − τ log ξ(t)
∥∥
∞

]
and y :=

[∥∥Q(0)
τ − τ log ξ(0)

∥∥
∞

0

]
,

where ξ(t) ∝ π(t) is an auxiliary sequence, then

xt+1 ≤ Axt + γ

(
1− ητ

1− γ

)t+1

y,

where

A :=

[
γ
1

]
·
[
ητ
1−γ 1− ητ

1−γ
]

is a rank-1 matrix with a non-zero eigenvalue 1− ητ︸ ︷︷ ︸
contraction rate!

.
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Beyond entropy regularization

Leverage regularization to promote structural properties of the learned
policy.

For further details, see: (Lan, PMD 2021) and (Zhan et al, GPMD 2021)

3-36



Summary of this part
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However, “asymptotic convergence” might mean “takes forever”
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• Softmax policy gradient can take exponential time to converge

• Entropy regularization & natural gradients help!

Future directions:

• optimal sample complexity bound

• function approximation
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Concluding remarks

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward state action

1

agent environment st at st+1 rt+1 reward next state action

1

Understanding non-asymptotic performances of RL algorithms is a
fruitful playground!

Promising directions:

• function approximation

• multi-agent/federated RL

• hybrid RL

• many more...

Thank you for your attention! https://yutingwei.github.io/
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