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Ubiquity of sample-starved information discovery

The explosive growth of features outpaces the growth of data samples
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Example: statistical inference in genomics

More variables (i.e., genetic variants) than observations (i.e., individuals)

• lessons from modern statistics: exploit signal sparsity
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Example: statistical inference in genomics

True signals might NOT be ultra-sparse

−→ we have to deal with the sample-limited regime
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Example: reinforcement learning (RL)

In RL, an agent learns by interacting with an environment

• decision making in the face of uncertainty (unknown environments)

• enormous state and action spaces
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Example: reinforcement learning (RL)

Collecting data samples might be expensive or time-consuming

clinical trials online ads

Calls for design of sample-efficient RL algorithms!
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A central theme of this talk

Enabling trustworthy inference and learning in sample-starved scenarios

-
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Two vignettes:

1. Distribution of Lasso with general designs
— sample-efficient inference via a precise distributional theory

2. Reinforcement learning with a generative model
— optimal sample efficiency via a model-based approach
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The first vignette: Distribution of Lasso with general designs

Michael Celentano

Stanford Stat

Andrea Montanari

Stanford Stat & EE

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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Lasso estimator

θ̂ : = argmin
θ∈Rp

{1

2
‖y −Xθ‖22 + λ‖θ‖1

}
[Tibshirani, 1996]

Statistical inference tasks: test θ?j = 0, or construct a confidence

interval of θ?j , based on the Lasso estimate θ̂.
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Prior work: Lasso estimation risk

Suppose θ? is s-sparse, z ∼ N (0, σ2In). Under certain conditions
of design matrix X,

‖θ̂ − θ?‖2 ≤ Cσ
√
s log(p)

n

• unspecified (and possibly enormous) constant

• no distributional characterization of θ̂

— inadequate for inference and uncertainty quantification︸ ︷︷ ︸
e.g., confidence intervals, hypothesis testing
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Prior work: inference for Lasso

Construction of confidence intervals via de-biased Lasso

Tackling the most challenging regime (n � s) via exact asymptoticsQuestion: can we develop a distributional theory that covers
both correlated design & linear sparsity n/s = const?
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Prior work: confidence interval

Define debiased Lasso estimator: b✓d
i = b✓ + MX>(y � X b✓). If

s ⌧ p
n/log p and M is su�ciently close to ⌃�1 = E[xix>

i ]�1,
then

b✓d
i ⇡ N(✓⇤

i ,
�2

n
).

•
[Zhang and Zhang, 2014]
[Van de Geer et al., 2014]
[Javanmard and Montanari, 2014a]
[Cai et al., 2017]
[Bellec and Zhang, 2019a]
[Bellec and Zhang, 2019b]
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eigenvalue condition of design matrix X ,

kb✓ � ✓⇤k2  C�

r
s log(p)

n
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• no distributional characterization of b✓: inadequate for inference

[Zhao and Yu, 2006]
[Candes and Tao, 2006]
[Bickel et al., 2009]
[Zhang et al., 2008]
[Bühlmann and Van De Geer, 2011]
[Raskutti et al., 2011]
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[Bühlmann and Van De Geer, 2011]
[Raskutti et al., 2011]

10 / 51

Exact aysmptotics under i.i.d designs
i.i.d. Gaussian design: xi ⇠ N (0, Ip)

• exact risk estimation: tuning �
[Bayati et al., 2013, Thrampoulidis et al., 2015]

• debiasing the lasso
[Javanmard et al., 2018, Miolane and Montanari, 2018]

• exact distributional characterization
[Miolane and Montanari, 2018]

• precise FDP-TPP tradeo↵ for the Lasso
[Su et al., 2017, Wang et al., 2020]

[Bayati et al., 2013]
[Javanmard and Montanari, 2014b]
[Thrampoulidis et al., 2015]
[Su et al., 2017]
[Miolane and Montanari, 2018]

What happens with general Gaussian design xi ⇠ N (0,⌃)?

— di�culty: non-isometry of k · k1 penalty.

12 / 51

estimation risk inference via debiased Lasso i.i.d. design

exact asymptotics unspecified preconstants n & s2 log2 p no distributional theory

sample size requirement :

distribution theory of Lasso confidence interval

linear sparsity : n ⇣ s ⇣ p

1
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Settings

• θ? ∈ Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ∼ N (0, σ2In); Gaussian design: xi ∼ N (0,Σ/n︸︷︷︸
known

)
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Key observation

fixed design model b✓f original model b✓

1

fixed design model b✓f original model b✓

1

• original model (random design): y = Xθ? + z

θ̂ : = argmin
θ

{1

2
‖y −Xθ‖22 + λ‖θ‖1

}
• (auxiliary) fixed design model: yf = Σ1/2θ? + τ?g, g ∼ N (0, Ip)

θ̂f : = argmin
θ

{
1

2
‖yf −Σ1/2θ‖22 +

λ

ζ?
‖θ‖1

}

— τ?: effective risk level ζ?: effective non-sparsity
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Random designs behave like fixed design

Histogram of {θ̂j} vs. histogram of {θ̂fj }

Settings: auto-regressive design with n = 1280, p = 2000, s = 256, active
coordinates = 1, λ chosen via cross validation.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)

When θ? is sparse enough, for any 1-Lipschitz function φ and ε > 0

∣∣∣φ
( θ̂λ√

p
,
θ?√
p

)
− E

[
φ
( θ̂fλ√

p
,
θ?√
p

)]∣∣∣ ≤ ε,

with probability at least 1− C
ε4
e−cnε

4
.

• informally, empirical-distribution(θ̂λ) ≈ empirical-distribution(θ̂fλ)

• a direct consequence:

‖θ̂λ − θ?‖2 ≈ E
[
‖θ̂fλ − θ?‖2

]

• uniform control over regularization parameter λ

— useful for model selection
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Main result: properties for Lasso

• Lasso residual

P

(∣∣∣‖y −Xθ̂‖2√
n

− τ?ζ?
∣∣∣ > ε

)
≤ C

ε2
e−cnε

4
.

• Lasso sparsity

P

(∣∣∣‖θ̂‖0
n
− (1− ζ?)

∣∣∣ > ε

)
≤ C

ε3
e−cnε

6
.
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Debiased Lasso for statistical inference

D
en

si
ty

−10 −5 0 5 10

0.
00
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0.
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θ̂

M : surrogate for Σ−1 = E[xix
>
i ]−1M : modified version Σ−1 = E[xix
>
i ]−1

[Zhang and Zhang, 2014, Van de Geer et al., 2014, Javanmard and Montanari, 2014a][Javanmard et al., 2018, Bellec and Zhang, 2019a, Bellec and Zhang, 2019b]
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Debiased Lasso
• classical debiased Lasso

θ̂d0 = θ̂ +MX>(y −Xθ̂), M = Σ−1

• debiased Lasso with degrees-of-freedom (DOF) adjustment

θ̂d : = θ̂ +MX>(y −Xθ̂), M =
Σ−1

1− ‖θ̂‖0/n
[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Our result: distribution of θ̂d ≈ distribution of θ? + τ?Σ−1/2g

— generalize prior result to general Σ
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Debiased Lasso with DOF adjustment

Settings: p = 100, n = 25, s = 20, Σij = 0.5|i−j|, σ = 1

19 / 51
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Degree-of-freedom adjustment is successful

Theorem (Celetano, Montanari, Wei ’20)

When θ? is moderately sparse, false coverage proportion (FCP) satisfies

P (|FCP− α| > ε) ≤ C(ε)e−c(ε)n

for the target level α > 0.

FCP :=
1

p

p∑

j=1

1
{
θ?j /∈ confidence-intervalj

}

— coverage only in the average sense!

confidence-intervalj :=
[
θ̂dj ± Σ

−1/2
j|−j τ̂ · z1−α/2

]
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Confidence interval for a single coordinate

• regress Xj on X−j

−→ residual X⊥j

• obtain leave-jth-coordinate-out Lasso θ̂loo

• construct confidence interval CIlooj :=
[
ξj ± ŝd · z1−α/2

]

ξj = scaled correlation between X⊥j and y −X−j θ̂loo

Our theory: Pθ∗j
(
θ∗j 6∈ CIlooj

)
≈ α
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Confidence interval for a single coordinate
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Summary of this part

• distributional theory of Lasso & debiased Lasso
I general designs
I sample-limited regime

• fine-grained confidence intervals with mis-coverage rate control

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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The second vignette: RL with a generative model

Gen Li

Tsinghua EE

Yuejie Chi

CMU ECE

Yuantao Gu

Tsinghua EE

Yuxin Chen

Princeton EE

“Breaking the sample size barrier in model-based reinforcement learning with a

generative model,” G. Li, Y. Wei, Y. Chi, Y. Gu, Y. Chen, NeurIPS 2020
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Understanding sample efficiency of modern RL requires a modern suite of
non-asymptotic statistical framework
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Background: Markov decision processes



Markov decision process (MDP)

• S: state space

• A: action space

• r(s, a) ∈ [0, 1]: immediate reward
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Value function

Value of policy π: cumulative discounted reward

∀s ∈ S : V π(s) := E

[ ∞∑

t=0

γtr(st, at)
∣∣ s0 = s

]

• γ ∈ [0, 1): discount factor

I take γ → 1 to approximate long-horizon MDPs

I effective horizon: 1
1−γ
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Optimal policy

• optimal policy π?: maximizing value function maxπ V
π(s)

• How to find this π??
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When the model is known . . .

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P

18/ 34

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle
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perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

e.g. policy iteration

Q-value iteration

MDP specification

1

Planning: computing the optimal policy π? given the MDP specification

In practice, do not know transition matrix P !
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This work: sampling from a generative model

— [Kearns and Singh, 1999]

• Sampling: for each (s, a), collect N samples {(s, a, s′(i))}1≤i≤N

• construct π̂ depending on samples (in total |S||A| ×N)

32 / 51



This work: sampling from a generative model

— [Kearns and Singh, 1999]

• Sampling: for each (s, a), collect N samples {(s, a, s′(i))}1≤i≤N
• construct π̂ depending on samples (in total |S||A| ×N)

32 / 51



Sample complexity: how many samples are required to

learn an ε-optimal policy︸ ︷︷ ︸
∀s: V π̂(s)≥V ?(s)−ε

?



An incomplete list of prior art

• [Kearns and Singh, 1999]

• [Kakade, 2003]

• [Kearns et al., 2002]

• [Azar et al., 2012]

• [Azar et al., 2013]

• [Sidford et al., 2018a]

• [Sidford et al., 2018b]

• [Wang, 2019]

• [Agarwal et al., 2019]

• [Wainwright, 2019a]

• [Wainwright, 2019b]

• [Pananjady and Wainwright, 2019]

• [Yang and Wang, 2019]

• [Khamaru et al., 2020]

• [Mou et al., 2020]

• . . .
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An even shorter list of prior art

algorithm sample size range sample complexity ε-range

Empirical QVI [ |S|2|A|
(1−γ)2 ,∞)

|S||A|
(1−γ)3ε2

(0, 1√
(1−γ)|S|

]
[Azar et al., 2013]

Sublinear randomized VI [ |S||A|
(1−γ)2 ,∞)

|S||A|
(1−γ)4ε2

(
0, 1

1−γ
]

[Sidford et al., 2018b]

Variance-reduced QVI [ |S||A|
(1−γ)3 ,∞)

|S||A|
(1−γ)3ε2 (0, 1]

[Sidford et al., 2018a]

Randomized primal-dual [ |S||A|
(1−γ)2 ,∞)

|S||A|
(1−γ)4ε2 (0, 1

1−γ ][Wang, 2019]

Empirical MDP + planning [ |S||A|
(1−γ)2 ,∞)

|S||A|
(1−γ)3ε2 (0, 1√

1−γ ][Agarwal et al., 2019]

important parameters:

• |S|: # states , |A|: # actions

• 1
1−γ : effective horizon

• ε ∈ [0, 1
1−γ ]: approximation error
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All prior theory requires sample size & |S||A|
(1−γ)2

Question: is it possible to break this sample size barrier?
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Our algorithm: Model based RL

Model-based approach (“plug-in”)

1. build an empirical estimate P̂ for P

2. planning based on empirical P̂
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Model estimation

Sampling: for each (s, a), collect N ind. samples {(s, a, s′(i))}1≤i≤N

Empirical estimates: estimate P̂ (s′|s, a) by
1

N

N∑

i=1

1{s′(i) = s′}
︸ ︷︷ ︸

empirical frequency
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Model-based (plug-in) estimator

— [Azar et al., 2013, Agarwal et al., 2019, Pananjady and Wainwright, 2019]
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Two approaches
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Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

1

Run planning algorithms based on the empirical MDP
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Our method: plug-in estimator + perturbation

— [Li et al., 2020a]
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p
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e.g. policy iteration

Q-value iteration
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rewards perturb

1

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

e.g. policy iteration

Q-value iteration

MDP specification

rewards perturb

1

Planning based on the empirical MDP with slightly perturbed rewards
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Challenges in the sample-starved regime

truth: P ∈ R|S||A|×|S| empirical estimate: P̂

• If sample size � |S|2|A|, then we cannot recover P faithfully.

• Can we trust our π̂ when P̂ is not accurate?
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Main result: `∞-based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen ’20)

For any 0 < ε ≤ 1
1−γ , the optimal policy π̂?p of perturbed empirical MDP

achieves

‖V π̂?p − V ?‖∞ ≤ ε

with sample complexity at most

Õ

( |S||A|
(1− γ)3ε2

)

• ε ∈
(
0, 1

1−γ ] → sample size range [ |S||A|1−γ ,∞
)

• minimax lower bound: Ω̃( |S||A|
(1−γ)3ε2 ) [Azar et al., 2013]
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A glimpse of the key analysis ideas



Notation and Bellman equation

• V π: value function under policy π
I Bellman equation: V π = (I − Pπ)−1r

• V̂ π: empirical version value function under policy π

I Bellman equation: V̂ π = (I − P̂π)−1r

• π?: optimal policy for V π

• π̂?: optimal policy for V̂ π
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Main steps

Elementary decomposition:

V ? − V π̂? =
(
V ? − V̂ π?

)
+
(
V̂ π? − V̂ π̂?

)
+
(
V̂ π̂? − V π̂?

)

≤
(
V π? − V̂ π?

)
+ 0 +

(
V̂ π̂? − V π̂?

)

• Step 1: control V π − V̂ π for a fixed π (called “policy evaluation”)
(high-order decomposition + Bernstein inequality)

• Step 2: extend it to control V̂ π̂? − V π̂? (π̂? depends on samples)
(decouple statistical dependency)
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Key idea 1: a peeling argument (for fixed policy)

[Agarwal et al., 2019] first-order expansion

V̂ π − V π = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
V̂ π

Ours: higher-order expansion + Bernstein −→ tighter control

V̂ π − V π = γ
(
I − γPπ

)−1(
P̂π − Pπ

)
V π+

+ γ
(
I − γPπ

)−1(
P̂π − Pπ

)(
V̂ π − V π

)

+ γ3
(

(I − γPπ
)−1(

P̂π − Pπ)
)3
V π

+ . . .
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Key idea 2: leave-one-out analysis for (V̂ π̂?−V π̂?)s,a

— inspired by [Agarwal et al., 2019] but quite different . . .

Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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rewards perturb

leave-one-out bP (s,a) r(s,a)
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1

• define π̂?(s,a) −→ (P̂ (s,a), r(s,a))

— decouple dependency by dropping randomness for each (s, a)

• works under the separation condition

∀s ∈ S, Q̂?(s, π̂?(s))− max
a: a6=π̂?(s)

Q̂?(s, a) > 0
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Key idea 3: tie-breaking via reward perturbation

• How to ensure separation between the optimal policy and others?

∀s ∈ S, Q̂?(s, π̂?(s))− max
a: a6=π̂?(s)

Q̂?(s, a) > 0

• Solution: slightly perturb rewards r =⇒ π̂?p
I ensures π̂?p can be differentiated from others

I V π̂
?
p ≈ V π̂?
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Summary of this part

Model-based RL is minimax optimal and does not suffer from a sample
size barrier!
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Summary of this part
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Other directions we have explored:

• Model-free approach: [Li et al., 2020b]

— sharpened sample complexity of Q-learning on Markovian data

• Policy-based approach: [Cen et al., 2020]

— linear convergence of entropy-regularized NPG methods
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Concluding remarks

Modern statistical thinking plays a major role in breaking the sample
complexity barrier in big-data applications

-
|| ||min 2

=<latexit sha1_base64="CPTzy1FUoUJUZNiEB8om9FcnlVk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6mT9ICS3s0G54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni3Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzxMy6T1KBky0VhKoiJyfx3MuQKmRFTSyhT3N5K2JgqyoxNqGRD8FZfXiftWtW7qtYe6pVGPY+jCGdwDpfgwTU04B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8A0myPLw==</latexit> +
<latexit sha1_base64="marj3H0c2M9tWxv3HwkIkMUlOlc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSC3osePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6mT9ICRXs0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66Rdq3rX1dpDvdKo53EU4QzO4RI8uIEG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+3Eo8d</latexit>

fi
xed

d
esig

n
m

o
d
el b✓

f
orig

in
al

m
o
d
el b✓⇡

d
istrib

u
tio

n

|
{z

}

1

fixed design model b✓f
original model b✓

⇡

distribution

| {z }

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z p n

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }
y X ✓? z p n

1

Thanks for your attention!
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Other technical details
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Key parameters via fixed point equations

(τ?, ζ?)
solution−→

τ2 = σ2 + R(τ2, ζ)

ζ = 1− df(τ2, ζ)

R(τ2, ζ) : =
1

n
E
[∥∥Σ1/2(θ̂f (τ, ζ)− θ?)

∥∥2
2

]
︸ ︷︷ ︸

in-sample prediction risk

df(τ2, ζ) : =
1

n
E
[∥∥θ̂f (τ, ζ)

∥∥
0

]
︸ ︷︷ ︸

degrees of freedom

Property: solution is unique and bounded for moderately sparse θ?

(Gaussian width <
√
n/p)
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Coverage and power

Theorem (Celetano, Montanari, Wei ’20)

There exist constants C, c, c′ > 0 such that for all ε < c′,
∣∣∣Pθ∗j

(
θ 6∈ CIlooj

)
− Pθ∗j

(
|θ∗j + τ∗looG− θ| > τ∗looz1−α/2

) ∣∣∣ ≤

C

(
(1 + |θ∗j |)ε+

1

ε3
e−cnε

6
+

1

nε2

)
,

where G ∼ N(0, 1).

CIlooj :=
[
ξj ± ŝd · z1−α/2

]

ξj = scaled correlation between X⊥j and y −X−j θ̂loo
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Universality

Settings: auto-regressive design with n = 1280, p = 2000, s = .128p, active
coordinates = 1, fixed λcv, plot histogram of θ̂j vs. θ̂fj
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Intuition for DOF adjustment

• original model: y = Xθ + z

θ̂ : = argmin
θ∈Rp

{1

2
‖y −Xθ‖22 + λ‖θ‖1

}

• fixed design model: yf = Σ1/2θ? + τ?g

θ̂f : = argmin
θ∈Rp

{
ζ?

2
‖yf −Σ1/2θ‖22 + λ‖θ‖1

}

• Original model

model: y = X✓ + �z

Lasso estimator: b✓ : = arg min
✓2Rp

n1

2
ky � X✓k2

2 + �k✓k1

o

• Fixed design model

model: y f = ⌃1/2✓⇤ + ⌧⇤g

Lasso estimator: b✓f : = arg min
✓2Rp

⇢
⇣⇤

2
ky f �⌃1/2✓k2

2 + �k✓k1

�

• debiased Lasso with DOF

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

s (1)
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Debiased Lasso

• popular debiased Lasso

b✓d
0 = b✓ + ⌃�1X>(y � X b✓) .

• debiased Lasso with degree-of-freedom adjustment (DOF)

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ⇡ ✓⇤ + ⌧⇤⌃�1/2g

10 / 19
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Debiased Lasso

• popular debiased Lasso

b✓d
0 = b✓ + ⌃�1X>(y � X b✓) .

• debiased Lasso with degree-of-freedom adjustment (DOF)

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]
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Debiased Lasso

• popular debiased Lasso

b✓d
0 = b✓ + ⌃�1X>(y � X b✓) .

• debiased Lasso with degree-of-freedom adjustment (DOF)

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ⇡ ✓⇤ + ⌧⇤⌃�1/2g
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Step 1: improved theory for policy evaluation

Model-based policy evaluation:

— given a fixed policy π, estimate V π via the plug-in estimate V̂ π
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Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
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(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
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2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

Prior art for asynchronous Q-learning

Question: how many samples are needed to ensure Î ‚Q≠QıÎŒ Æ Á?

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tcover)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03
!

t1+3Ê
cover

(1≠“)4Á2

" 1
Ê +

!
tcover
1≠“

" 1
1≠Ê poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3cover|S||A|
(1≠“)5Á2 constant

Qu & Wierman ’20 tmix
µ2

min(1≠“)5Á2 rescaled linear

paper sample complexity learning rate

Even-Dar & Mansour ’03 (tmix|S||A|)
1

1≠“

(1≠“)4Á2 linear: 1
t

Even-Dar & Mansour ’03 (tmix|S||A|)4.29
(1≠“)5Á2 poly: 1

tÊ , Ê œ ( 1
2 , 1)

Beck & Srikant ’12 t3mix|S|
3|A|3

(1≠“)5Á2 constant

Qu & Wierman ’20 tmix|S|2|A|2
(1≠“)5Á2 rescaled linear

if we take µmin ® 1
|S||A| , tcover ® tmix

µmin

All prior results require a sample size of at least tmix|S|2|A|2!

19/ 28

ori
gin

al
M
DP:

(P
, r
)

em
pir

ica
l M

DP:
(
bP , r

)

pe
rtu

rb
ed

em
pir

ica
l M

DP:
(
bP , r

p
)

⇡
?

b⇡?
b⇡? p

pl
an

ni
ng

or
ac
le

e.g
. p

ol
icy

ite
ra
tio

n

Q
-va

lu
e
ite

ra
tio

n

M
DP

sp
ec
ifi
ca
tio

n

re
wa

rd
s pe

rtu
rb

lea
ve
-on

e-o
ut
bP
(s

,a
)

r
(s

,a
)

de
co

up
le

de
pe

nd
en

cy

0
1

1�
�

pr
ior

wo
rk

1

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

e.g. policy iteration

Q-value iteration

MDP specification

rewards perturb

leave-one-out bP (s,a) r(s,a)

decouple dependency

0 1
1��

prior work

|S|
(1 � �)2

|S|
1 � �

1

original MDP: (P, r) empirical MDP: ( bP , r)

perturbed empirical MDP: ( bP , rp)

⇡? b⇡? b⇡?
p

planning oracle

e.g. policy iteration

Q-value iteration

MDP specification

rewards perturb

leave-one-out bP (s,a) r(s,a)

decouple dependency

0 1
1��

prior work

|S|
(1 � �)2

|S|
1 � �

1

• A sample size barrier |S|
(1−γ)2 already appeared in prior work

(Agarwal et al. ’19, Pananjady & Wainwright ’19, Khamaru et al. ’20)

Theorem (Li, Wei, Chi, Gu, Chen’20)

Fix any policy π. For 0 < ε ≤ 1
1−γ , the plug-in estimator V̂ π obeys

‖V̂ π − V π‖∞ ≤ ε

with sample complexity at most

Õ
( |S|

(1− γ)3ε2

)

• Minimax optimal for all ε (Azar et al. ’13, Pananjady & Wainwright ’19)
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• A sample size barrier |S|
(1−γ)2 already appeared in prior work

(Agarwal et al. ’19, Pananjady & Wainwright ’19, Khamaru et al. ’20)

Theorem (Li, Wei, Chi, Gu, Chen’20)

Fix any policy π. For 0 < ε ≤ 1
1−γ , the plug-in estimator V̂ π obeys

‖V̂ π − V π‖∞ ≤ ε

with sample complexity at most

Õ
( |S|

(1− γ)3ε2

)

• Minimax optimal for all ε (Azar et al. ’13, Pananjady & Wainwright ’19)
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Key idea 2: leave-one-out analysis
Two approaches

Model-based approach (“plug-in”)
1. build empirical estimate ‚P for P
2. planning based on empirical ‚P

Model-free approach (e.g. Q-learning, SARSA)
— learning w/o constructing model explicitly

truth: P r empirical ‚P perburbed reward: r
‚P r ‚P
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1

1. embed all randomness from P̂s,a into a single scalar (i.e. r
(s,a)
s,a )

2. build an ε-net for this scalar

3. π̂? can be determined by this ε-net under separation condition

∀s ∈ S, Q̂?(s, π̂?(s))− max
a: a6=π̂?(s)

Q̂?(s, a) > 0

Our decoupling argument vs. [Agarwal et al., 2019]

• [Agarwal et al., 2019]: dependency btw value V̂ & samples

• Ours: dependency btw policy π̂ & samples
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