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Ubiquity of sample-starved information discovery

The explosive growth of features outpaces the growth of data samples
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Example: statistical inference in genomics

GWAS: Genome-wide Association v SHEETS
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More variables (i.e., genetic variants) than observations (i.e., individuals)
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Example: statistical inference in genomics

GWAS: Genome-wide Association HEETS
iduals with disease  Individuals without disease
cases controls 5 5 500500- 3 illon Py
ii ii Variant with ii i i
¥ higher frequency ¥
in cases than
I!!!!!!::::ffi?:::::!!!!!!l
1

More variables (i.e., genetic variants) than observations (i.e., individuals)

® |essons from modern statistics: exploit signal sparsity
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Example: statistical inference in genomics

Leading Edge
Cell

An Expanded View of Complex Traits:
From Polygenic to Omnigenic

Evan A. Boyle,"* Yang |. Li,"* and Jonathan K. Pritchard’-2%*
TDepartment of Genetics

jg:g[zﬂ:ﬁ;‘:‘ggim stiute matin regions of immune cells (Maurano et al.; 2012; Farh et al.,
Stanford University, Stanford, CA 94305, USA 201 5’ Kundaje et al_, 201 5)

These observations are generally interpreted in a paradigm in
which complex disease is driven by an accumulation of weak
effects on the key genes and regulatory pathways that drive
disease risk (Furlong, 2013; Chakravarti and Turner, 2016).
This model has motivated many studies that aim to dissect
the functional impacts of individual disease-associated variants

True signals might NOT be ultra-sparse

— we have to deal with the sample-limited regime
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Example: reinforcement learning (RL)

In RL, an agent learns by interacting with an environment

¢ decision making in the face of uncertainty (unknown environments)

® enormous state and action spaces
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Example: reinforcement learning (RL)

Collecting data samples might be expensive or time-consuming

clinical trials

online ads

Calls for design of sample-efficient RL algorithms!
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A central theme of this talk

Enabling trustworthy inference and learning in sample-starved scenarios
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1. Distribution of Lasso with general designs
— sample-efficient inference via a precise distributional theory
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A central theme of this talk

Enabling trustworthy inference and learning in sample-starved scenarios

0 generative model

Two vignettes:
1. Distribution of Lasso with general designs
— sample-efficient inference via a precise distributional theory

2. Reinforcement learning with a generative model
— optimal sample efficiency via a model-based approach
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The first vignette: Distribution of Lasso with general designs

—at i
N A

Michael Celentano Andrea Montanari
Stanford Stat Stanford Stat & EE

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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https://arxiv.org/abs/2007.13716

Lasso estimator

p

0*

6:= argmm {—||y X603+ )61 } [Tibshirani, 1996]
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Lasso estimator

p

0*

6:= argmm {—||y X603+ )61 } [Tibshirani, 1996]

Statistical inference tasks: test 9; = 0, or construct a confidence

interval of 03*-, based on the Lasso estimate 6.
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Prior work: Lasso estimation risk

Suppose 0* is s-sparse, z ~ N(0,021,). Under certain conditions
of design matrix X,

~ 1
16 6% < oy 215
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Prior work: Lasso estimation risk

Suppose 0* is s-sparse, z ~ N(0,021,). Under certain conditions
of design matrix X,

~ 1
16 6% < oy 215

® unspecified (and possibly enormous) constant
e no distributional characterization of 6

— inadequate for inference and uncertainty quantification

-~
e.g., confidence intervals, hypothesis testing
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Prior work: inference for Lasso

Construction of confidence intervals via de-biased Lasso

- “
Va AY
{ézzze‘“;":n:“ﬁ?(’;]me] ! sample size reqL21|rement
; ‘ 2
[Bickel et al., 2009] n 2 slog”p

[Zhang et al., 2008]
[Biihimann and Van De Geer, 2011]
[Raskutti et al., 2011]

estimation f‘> inference via
risk debiased Lasso
[Zhang and Zhang, 2014]

[Van de Geer et al., 2014]

unspecified preconstants [Ja\{anmard and Montanari, 2014a]
[Cai et al., 2017] ]

no distributional theory ‘\\ /
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Prior work: inference for Lasso

Tackling the most challenging regime (n < s) via exact asymptotics

- ~

- N
4 A Y
. . ’ .
[Zhao and Yu, 2006] sample size requirement [Bayati et al., 2013] \
[C.andes and Tao, 2006] S 2 2 [Javanmard and Montanari, 2014b]
[Bickel et al., 2009] n 2 s log”p [Thrampoulidis et al., 2015]
[Zhang et al., 2008] [Su et al., 2017]

[Biihimann and Van De Geer, 2011]
[Raskutti et al., 2011]

estimation
risk

inference via
debiased Lasso

[Miolane and Montanari, 2018]
[Zhang and Zhang, 2014]

exact
asymptotics
[Van de Geer et al., 2014]

unspecified preconstants [Ja\{anmard and Montanari, 2014a] .i.d. design
[Cai et al., 2017] !

no distributional theory \\1inear sparsity : n < s = Dy
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Prior work: exact asymptotics

Question: can we develop a distributional theory that covers
both correlated design & linear sparsity n/s = const?

[Zhao and Yu, 2006] sa | H H [Bayati et al., 2013]

mple size requirement Y '
[C.andes and Tao, 2006] P > 2 q2 [Javanmard and Montanari, 2014b]
[Bickel et al., 2009] nss log p [Thrampoulidis et al., 2015]

[Zhang et al., 2008]
{ﬁ:::zltiinzta;d \2/8;1;139 Geer, 2011] [Miolane and Montanari, 2018]
[Zhang and Zhang, 2014]

estimation exact
risk asymptotics
[Van de Geer et al., 2014]

unspecified preconstants [Ja\{anmard and Montanari, 2014a] .i.d. design
[Cai et al., 2017]

no distributional theory linear sparsity : n < s < p

[Su et al., 2017]

inference via
debiased Lasso
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Settings

p

0*

® 0* ¢ RP: s-sparse
® proportional regime: p/n = const, s/p = const

® Gaussian noise: z ~ N(0,02I,,); Gaussian design: =; ~ N (0, X/n)
~—~—

known
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distributional theory
Lasso
distributional theory
debiased Lasso

inference
confidence interval
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Key observation

original model
6

¢ original model (random design): y = X6* + 2
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Key observation

original model fixed design model
6 of

¢ original model (random design): y = X6* + 2

* (auxiliary) fixed design model: y/ = 3/20* 4 t*g, g ~ N(0,1,)
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Key observation

original model dlS‘:@thn fixed design model
8 ~ of

¢ original model (random design): y = X6* + 2
~ . 1
0:= argmin {5“1/ - X0|3+ )\||9||1}

* (auxiliary) fixed design model: y/ = 3/20* 4 t*g, g ~ N(0,1,)
0" = argjn { 5lly’ - 5613 + el |

— 7" effective risk level (*: effective non-sparsity
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Key observation

v_v',‘ v - »
& —_

. distribution
original model ~
A ~~

U

its distribution is much easier to track!

¢ original model (random design): y = X6* + z
~ . 1
0:= argmin {§||y - X0|3+ )\||9||1}

* (auxiliary) fixed design model: y/ = =/20* + 7*g, g ~ N(0,1,)
~ . 1 A
0" = argjn { 5lly’ - 5613 + el |

— 7*: effective risk level (*: effective non-sparsity
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Random designs behave like fixed design

inactive coordinates active coordinates

100 100

75 75
Model Model

50 [0 Random 50 [ Random
B Fixed B Fixed

25 25

o = 0

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Histogram of {é\]} vs. histogram of {é\f}

Settings: auto-regressive design with n = 1280, p = 2000, s = 256, active
coordinates = 1, A chosen via cross validation.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)
When 6* is sparse enough, for any 1-Lipschitz function ¢ and € > 0

o2 %) —eo(%, 2] <

with probability at least 1 — %6_0"64.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)
When 6* is sparse enough, for any 1-Lipschitz function ¢ and € > 0

o2 %) —eo(%, 2] <

with probability at least 1 — %6—0"64_

e informally, empirical-distribution(8)) ~ empirical—distribution(gf)

® a direct consequence:

105 — 612 ~ E[16] — 67|l
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)
When 6* is sparse enough, for any 1-Lipschitz function ¢ and € > 0

YA € [Amin> Amax), ‘¢(\} 3*—) E[ <0f 0*)”— ©

with probability at least 1 — %6—0"64_

e informally, empirical-distribution(8)) ~ empirical—distribution(@{)

® a direct consequence:
VA€ Domins Amacly (183 = 6*l2 ~ E |16 — 6|2

® uniform control over regularization parameter A

— useful for model selection
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Main result: properties for Lasso

® | asso residual

P ‘ ly — X602 — ¢
T

C 7C’I’L€4
> €> S ?e .

® | asso sparsity

(|-
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distributional theory
Lasso
distributional theory
debiased Lasso

inference
confidence interval
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Debiased Lasso for statistical inference

Density

0.05 0.10 0.15

0.00

\

5 10
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Debiased Lasso for statistical inference

Density

[ T T 1
-10 -5 0 5 10

=0+ MX"(y— X6)
M: surrogate for 7! = E[z;x, ]~}

i

[Zhang and Zhang, 2014, Van de Geer et al., 2014, Javanmard and Montanari, 2014a]
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Debiased Lasso for statistical inference

0.15
|
~
P

Density
0.05 0.10
| |
N
e
A

0.00
L

T T T 1
-10 -5 0 5 10

0=0+ MX'(y— X0)
M': modified version 7! = E[z;z,; ]~}
[Javanmard et al., 2018, Bellec and Zhang, 2019a, Bellec and Zhang, 2019b]
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Debiased Lasso

® classical debiased Lasso

0l =60+MX (y—X6), M=x"
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Debiased Lasso

® classical debiased Lasso
0l =60+MX (y—X6), M=x"
® debiased Lasso with degrees-of-freedom (DOF) adjustment

2—1

69:=6+MX ' (y— X0), ==
1—|0]lo/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 20193,

Bellec and Zhang, 2019b]

Our result: distribution of 8¢ ~ distribution of 8* + *3-1/2g

— generalize prior result to general X
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Debiased Lasso with DOF adjustment

0.03

Density

0.001

Sample quantiles

Theoretlcal quantlles

0,--25 0,=25 0,-0
. 0.03 : ?
1 1 0V03_
i '
' "
i |
0.02
\ 0.02+
0.01 0014
"'.'" L. 0.00 -l I“.'" Jooo{ -l |
10 0 100 -100 0 100 200 400 0 100 200
4 |
2 0 2 4 4 2 44 2 0 2 4

DOF
adjustment

. No
. Yes

DOF
adjustment

No
Yes

Settings: p = 100, n = 25, s = 20, &;; = 0.5/ o =1
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distributional theory
Lasso
distributional theory
debiased Lasso

inference
confidence interval
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Degree-of-freedom adjustment is successful

Theorem (Celetano, Montanari, Wei '20)

When 6* is moderately sparse, false coverage proportion (FCP) satisfies

P (JFCP — a| > €) < C(e)e "

for the target level o > 0.

P
FCP := Z 1 {0; ¢ confidence-intervalj}
j=1

S =

. . . [nd —-1/2~
confidence-interval; := [9‘7 + Zj|_j T zl_a/g]
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Degree-of-freedom adjustment is successful

Theorem (Celetano, Montanari, Wei '20)

When 6* is moderately sparse, false coverage proportion (FCP) satisfies

P (JFCP — a| > €) < C(e)e "

for the target level o > 0.

P
FCP := Z 1 {0; ¢ confidence-intervalj}
j=1

S =

— coverage only in the average sense!

. . . [nd —-1/2~
confidence-interval; := [9‘7 + Zj|_j T zl_a/g]
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Confidence interval for a single coordinate

()
_l\_l\ (o uu I

N IU |
_I | %l JFI_I_I
=R H 5
) )

® regress X; on X_;
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Confidence interval for a single coordinate

[ (0 (e
J )
J Y
o

Jﬁl
) |
)

® regress X; on X_;
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Confidence interval for a single coordinate

[ (B () %
i IU\ || II_I\ ||
(SR (]

|
JW = DIIU\_IU\J
3

® regress X;jon X_; — residual Xj-
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Confidence interval for a single coordinate

) SN
NS || (5] |
S
)| IJDIIJ_HJ

)=
)

® regress X;jon X_; — residual Xj-

® obtain leave-j*"-coordinate-out Lasso 0},
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Confidence interval for a single coordinate

J ) )
) )

|
_l\_lU! |\_l\_l\ |

I\ II i
\_I\ P |
o I\_I\

\.X_jJ

® regress X;jon X_; — residual Xj-

® obtain leave-j*"-coordinate-out Lasso 0},

e construct confidence interval CI;00 =1 £ sd - Z1—a/2]

§j = scaled correlation between XjL and y — X_jéloo
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Confidence interval for a single coordinate

J ) )
) )

|
_l\_lU! |\_l\_l\ |

I\ II i
\_I\ P |
o I\_I\

\.X_jJ

® regress X;jon X_; — residual Xj-

® obtain leave-j*"-coordinate-out Lasso 0},

e construct confidence interval CI;00 =1 £ sd - Z1—a/2]

Our theory: Py- (0 ¢ CI°) ~ J
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Confidence interval for a single coordinate

-100+

DOF adjusted not DOF adjusted

—s

[ S— ]

Method — CIf — CIP® — cI*"™®"
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Confidence interval for a single coordinate

-100+

DOF adjusted

not DOF adjusted

[ ——]

Method — CIf — CIP® — cI*"™®"
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Summary of this part

e distributional theory of Lasso & debiased Lasso
> general designs
» sample-limited regime

® fine-grained confidence intervals with mis-coverage rate control

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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The second vignette: RL with a generative model

Gen Li Yuejie Chi Yuantao Gu Yuxin Chen
Tsinghua EE CMU ECE Tsinghua EE Princeton EE

“Breaking the sample size barrier in model-based reinforcement learning with a
generative model,” G. Li, Y. Wei, Y. Chi, Y. Gu, Y. Chen, NeurlPS 2020



Statistical foundation of reinforcement learning

asymptotic
analysy
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Statistical foundation of reinforcement

learning

N ﬁ»? 6 finite-sample
%’ 9 analysis «

asymptotic
analysis

STATISTICAL
FOUNDATIONS OF
DATA SCIENCE

Understanding sample efficiency of modern RL requires a modern suite of

non-asymptotic statistical framework
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Background: Markov decision processes



Markov decision process (MDP)

state s¢ action a;
| agent -1

environment [« — —J

y W N

e §S: state space

e A: action space
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Markov decision process (MDP)

state s;

14
»

reward

y W N

e S: state space

e A: action space

agent

(T = T(St, ag

¢ r(s,a) € [0,1]: immediate reward

action a;
—

I

I

environment [« — —J
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Markov decision process (MDP)

state s¢

1

1

i

+ reward
PiTe =TS, At

S: state space

A: action space

r(s,a) € [0,1]: immediate reward

7(+|s): policy (or action selection rule)

action

:jat ~ 7([s4)
e ———— , agent ——1

environment |« — —J
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Markov decision process (MDP)

action
state s;

[ jat ~ m([st)
R ) agent ——7

]

| |
+ reward

1iTt = T\(St, Q¢ |
[

environment |« — —J

next state
st41 ~ P(|st, at)

S: state space

A: action space

r(s,a) € [0,1]: immediate reward
7(+|s): policy (or action selection rule)

P(-|s,a): unknown transition probabilities
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Value function

action

state s ~ (.
_W(] Is¢) o - - - P4

reward I :> So ‘I S1 ‘I S2 ‘I S3 ‘I Sa ‘I
re =7(st, ar ] ] Cog Co o

4 N’ N’ N’ AN Nt

4-=1 environment j¢~ —! ag ar az az ay

<

si1 ~ P(|st,ar)

Value of policy 7: cumulative discounted reward

VseS: V™(s):=E nytr(st,at) |so=s
=0
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Value function

action
state s
a; ~ (-|st)
_______ S agent —-I To T1 T2 T3 T4
| |
reward :> S0 S1 I So S3 S4
re =7(st, ar I 0 b ) { b v % 4]
< ~ ~—e’ N’ g Nt N
1”77 environment — ag ai as a3 an
<

si1 ~ P(|st,ar)

Value of policy 7: cumulative discounted reward

VseS: V™(s):=E nytr(st,at) |so=s

t=0

® ~ € 10,1): discount factor
> take v — 1 to approximate long-horizon MDPs
1

> effective horizon: —
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Optimal policy

¢ optimal policy 7*: maximizing value function max, V" (s)

® How to find this ©*7
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When the model is known . ..

[/ MDP specification

N n
n
n
n ) N
[ | planning T
] oracle
n
[ e.g. policy iteration
n
| m

[5

Planning: computing the optimal policy 7 given the MDP specification
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When the model is known . ..

[/ MDP specification

N n
n
n
n ) N
[ | planning T
] oracle
n
[ e.g. policy iteration
n
| m

[5

Planning: computing the optimal policy 7 given the MDP specification

In practice, do not know transition matrix P! J
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This work: sampling from a generative model

— [Kearns and Singh, 1999]

generative model

e Sampling: for each (s,a), collect N samples {(s,a,s’(i))}lgiSN
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This work: sampling from a generative model

— [Kearns and Singh, 1999]

generative model

e Sampling: for each (s,a), collect N samples {(s,a,s’(i))}lgiSN

e construct 7 depending on samples (in total |S||A| x N)
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Sample complexity: how many samples are required to

learn an e-optimal policy ?

-~

Vs: V() >V*(s)—e



An incomplete list of prior art

[Kearns and Singh, 1999]
[Kakade, 2003]

[Kearns et al., 2002]
[Azar et al., 2012]

[Azar et al., 2013]
[Sidford et al., 2018a]
[Sidford et al., 2018b]
[Wang, 2019]

[Agarwal et al., 2019]
[Wainwright, 2019a]
[Wainwright, 2019b]
[Pananjady and Wainwright, 2019]
[Yang and Wang, 2019]
[Khamaru et al., 2020]
[Mou et al., 2020]
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An even shorter list of prior art

algorithm sample size range | sample complexity e-range
Empirical QVI [\5\2\,4\ o0) IS]1A] (0, 1 ]
[Azar et al., 2013] (1-v)2%° (1—v)3e? V(A=7)[S|
Sublinear randomized VI [ |S||A ) |S||A (0 #J
[Sidford et al., 2018b] (1-7)2> (1—-7)%e2 P 1y
Variance-reduced QVI |S||A |S||A
[Sidford et al., 2018a] [ ) (1—)3e? 0,1]
Randomized primal-dual |S||A |S||A 1
[Wang, 2019] [r=y> ) (1—y)1e? © 1]
Empirical MDP + planning [ |S|1A] ) ISIIAl ©, 1 ]
[Agarwal et al., 2019] (1-y)2> (1—v)3e2 T—y

® |S|: # states, |A|: # actions

important parameters: ° % effective horizon
-

e - c |0, ﬁ] approximation error
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sample
complexity

SIIA]
(T=7)

ISIMA] [~

1—-7)?

0
3

N
&
& o ’
<@ — Sidford et al."18a

xS

Agarwal et al.'19

\\\} \\J \\/
Js 17%
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sample
complexity

0
3

N
&
> .
<@ — Sidford et al."18a

8

S
o
(Ilsll':j)IQ ~/ Agarwal et al.’19 \ﬂ?’( ©
- ©)
4 «@*\
.\(\\
s «
1 - 1 1 1 > —
@\\ é‘\\ @\\/ 52
< 7
7
5 BN
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sample
complexity

5114
=0 [

o
(k%ﬁig /ﬁ;;waufii/ig,
+
7 \«“
_/

[SIIA]
1-v L 1 1 >
@\\ é‘\\ @\\/ 52
< 7
7
: ; ; ASIAL
All prior theory requires sample size = E=E
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sample
complexity

SIIA|
1-73f-

d G
(|18_||~'":)|2 A/garwal etal/lg
+
7 \«“
- °

1—7 | ; :

< &
N A AR g2

< %
Js 1(7%

All prior theory requires sample size = (‘15”;;‘

v

Question: is it possible to break this sample size barrier? ]
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Our algorithm: Model based RL

ey model Ply

e (ie. P e RISIAIXIS]y ~\‘u;19
/ wodel-based

\\
samples value function
(experience) policy

Model-based approach (“plug-in")
1. build an empirical estimate Pfor P

2. planning based on empirical P

37/51



Model estimation

generative model

Sampling: for each (s,a), collect N ind. samples {(s, a, S/(i))}lsiSN
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Model estimation

generative model

Sampling: for each (s,a), collect N ind. samples {(s, a, s ) )}1<Z<N

Empirical estimates: estimate (s/|s,a) by —Z]l{s

empirical frequency
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Model-based (plug-in) estimator

— [Azar et al., 2013, Agarwal et al., 2019, Pananjady and Wainwright, 2019]

[ empirical MDP

H E N
|| [ |
| | |
. u planning =%
T
= .. = oracle
| [ |
.. . e.g. policy iteration
H E R
| |
r

empirical P

Run planning algorithms based on the empirical MDP
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Our method: plug-in estimator + perturbation

— [Li et al., 2020a]
[ empirical MDP / \
HEN HEE
| [ | ] B
B B B | perturb | H H B
|| B | rewards || B . ~
H N [ | H N B planning ﬂ;
|| | N | |:> || nE oracle
| [ | | ]
| | ] B .... = e.g. policy iteration
HE_ BN
| | H B
empirical P r empirical P 7p

Planning based on the empirical MDP with slightly perturbed rewards
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Challenges in the sample-starved regime

L]
H N
H |
truth: P € RISIMIXIS] empirical estimate: P

* If sample size < |S|?|A

, then we cannot recover P faithfully.
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Challenges in the sample-starved regime

L]
H N
H |
truth: P € RISIMIXIS] empirical estimate: P

* If sample size < |S|?|A

, then we cannot recover P faithfully.

e Can we trust our ™ when P is not accurate?

40/51



Main result: /. -based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen’20)

For any 0 < e < ﬁ the optimal policy 7?; of perturbed empirical MDP
achieves

[V = V¥l < &

with sample complexity at most

o(a-a)
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Main result: /. -based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen’20)

For any 0 < e < ﬁ the optimal policy 7?; of perturbed empirical MDP
achieves

[V = V¥l < &

with sample complexity at most
5 ISIA|
o) ki
((1 —7)%e?

°* c€(0,7=] — sample size range [‘f‘fl“jl,oo)
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Main result: /. -based sample complexity

Theorem (Li, Wei, Chi, Gu, Chen’20)

For any 0 < e < ﬁ the optimal policy 7?; of perturbed empirical MDP
achieves

[V —V*||oo < €

with sample complexity at most
5 ISIA|
o) ki
((1 —7)%e?

ISIIA|
1—vy >

e c€(0,7£] — sample size range |

) ﬁ
ISIIA| )
(1—y)3e?

)

® minimax lower bound: Q( [Azar et al., 2013]
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sample

complexity
F
o~
&ﬁ>' ‘,1"”
IS]]A| 57 s
(1—7)3 t';‘é — Sidford et al.’18a
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A glimpse of the key analysis ideas



Notation and Bellman equation

® V7 value function under policy 7
> Bellman equation: V™ = (I — P;)"!r

e /™. empirical version value function under policy 7

> Bellman equation: V™ = (I — P,)~1r
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Notation and Bellman equation

V™. value function under policy 7
> Bellman equation: V™ = (I — P;)"!r

V™. empirical version value function under policy 7
» Bellman equation: V™ = (I — P;)~!r

7 optimal policy for V™

T*: optimal policy for v
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Main steps

Elementary decomposition:

V* o V%* — (V* o ‘771'*) + (‘77T* o ?%*) + (‘7%* o V%*)
< (V™ V™) 40+ (VE V™)
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Main steps

Elementary decomposition:

V* o V%* — (V* o ‘771'*) + (‘77T* o ?%*) + (‘7%* o V%*)
< (V™ V™) 40+ (VE V™)

e Step 1: control V™ — V™ for a fixed 7 (called “policy evaluation™)
(high-order decomposition + Bernstein inequality)

® Step 2: extend it to control VA v (7* depends on samples)
(decouple statistical dependency)
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Key idea 1: a peeling argument (for fixed policy)

[Agarwal et al., 2019] first-order expansion

VT VT = (I —4Py) (P — P VT
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Key idea 1: a peeling argument (for fixed policy)

[Agarwal et al., 2019] first-order expansion

VT — VT =y (I —P)  (Pr = Po)V™

Ours: higher-order expansion + Bernstein — tighter control

VT — VT =y (I —yPr) " (P — Pr)V™+
+y(I=vPs) " (Pr = Po) (VT = V7)

46 /51



Key idea 1: a peeling argument (for fixed policy)

[Agarwal et al., 2019] first-order expansion

VT — VT = (I —yP;)  (Pr — P)VT™

Ours: higher-order expansion + Bernstein — tighter control
VT V™ =(I —7Py) Py — Pr) V™ +
+92 <(I —vP) Py — 1D7r))2v7r
+ 92 (1= Pr) " (Pr - Pﬂ)>3V”
+o.

46 /51



Key idea 2: leave-one-out analysis for (V7" —V7),,

— inspired by [Agarwal et al., 2019] but quite different ...

l Sttt ——— L ~

— i H H = l. .i
decouple

dependency [ | o = -. u =

HE B HE B

H BB H B R

I | I |

| |

H EHNR H ENR

EE BN EE BN

empirical P r leave-one-out P(5:) (+:)

o define 77, | — (P, r(s9)

s,a
— decouple dependency by dropping randomness for each (s, a)
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Key idea 2: leave-one-out analysis for (V7" — V7)),

— inspired by [Agarwal et al., 2019] but quite different ...

(4
— i 0 HN [ i
decouple o .“= ““i. ----- i “='
dependency [ | ] B |
| HE B
H BB H B R
I | I |
| |
H EHNR H ENR
EE BN EE BN
empirical P r leave-one-out P(5:) (+:)

o define 77, | — (P, r(s9)

s,a

— decouple dependency by dropping randomness for each (s, a)

® works under the separation condition

VseS, Qf(s,7(s)) — .2@1‘( )@*(&a) >0
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Key idea 3: tie-breaking via reward perturbation

® How to ensure separation between the optimal policy and others?

VseS, Q(s,7*(s)) — max )@*(s, a) >0
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Key idea 3: tie-breaking via reward perturbation

® How to ensure separation between the optimal policy and others?
VseS, Q(s,7(s)— max Q*(s,a)>0
a: a7+ (s)

® Solution: slightly perturb rewards r = 77

> ensures T* can be differentiated from others

p
[ 2 V%; ~ V%* » y @
\ W"
\', \%*/ - d
\_/' 1% _Ir "
W
c‘ | | 7 ]
N ]7 | e —
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Summary of this part

Model-based RL is minimax optimal and does not suffer from a sample
size barrier!

sample
complexity
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Summary of this part

sample
complexity

ISIIA|

Other directions we have explored:

® Model-free approach: [Li et al., 2020b]
— sharpened sample complexity of Q-learning on Markovian data
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Summary of this part

Natural Policy Gradient

12 /S/'/A/4

sample [
complexity z

x

& -

1 (@70

o g
o ¥ \
\SIA
his work —
S]1Al
log m(az)

Other directions we have explored:
[Li et al., 2020b]

® Model-free approach:
— sharpened sample complexity of Q-learning on Markovian data

® Policy-based approach: [Cen et al., 2020]
— linear convergence of entropy-regularized NPG methods
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Concluding remarks

Modern statistical thinking plays a major role in breaking the sample
complexity barrier in big-data applications

=

Y X z

0* generative model

Thanks for your attention!
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Other technical details
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Key parameters via fixed point equations

(o s T =0 +RELQ
| ¢=1-df(r%¢)

R(%,¢) 1= [HEW CICASECRIN
in-sample prediction risk

df(r2,¢) : = %E |:||§f(7'7 C)HO}
—

degrees of freedom

Property: solution is unique and bounded for moderately sparse 6*

(Gaussian width < y/n/p)
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Coverage and power

Theorem (Celetano, Montanari, Wei '20)

There exist constants C, ¢, > 0 such that for all e < ¢/,
‘IP’@; (9 4 CI;-OO) Pe* (|9* + TiooG — 0| > Tigo21—a/2 ’

C <<1+ 167 1)e + fe 12>

where G ~ N(0, 1).

Cloo = [&; £ sd-21_a0]

&; = scaled correlation between XjL and y — X_ ;01
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Universality

1004

751

inactive coordinates

100

75

Model

25 [ Random
B Fixed
B Hvm

254 25

o= Ll 0

-1.0 -0.5 0.0 05 1.0
Settings:

active coordinates

coordinates = 1, fixed Ay, plot histogram of 9 Vs. 9

0.0

0.5

Model

! Random
B Fixed
B Hvm

auto-regressive design with n = 1280,p = 2000 s = .128p, active
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Intuition for DOF adjustment

® original model: y= X0+ z
~ 1
= argmin { = ly ~ X0/3+ 6], }
6 : = argmin {3 ly — X 6|13 + A|0]|
e fixed design model: y/ = X1/20* + g

Af.: . g f_21/202 Ao
07 s— argguin { Iy’ — =261 + Aol
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6 : = argmin {3 ly — X 6|13 + A|0]|
e fixed design model: y/ = X1/20* + g

Af.: . g f_21/202 Ao
07 s— argguin { Iy’ — =261 + Aol

»-1XT(y — X6)

6149 +
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Intuition for DOF adjustment

® original model: y= X0+ z
~ 1
= argmin { = ly ~ X0/3+ 6], }
6 : = argmin {3 ly — X 6|13 + A|0]|
e fixed design model: y/ = X1/20* + g

Af.: . g f_21/202 Ao
07 s— argguin { Iy’ — =261 + Aol

TN SIXT(y — X6
6.9 )+ ,_9_\)
G e IV

_——

o \‘c*
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Intuition for DOF adjustment

® original model: y= X0+ z
~ 1
6= argmin { - lly — X013+ 0] |
argmin {2 ly — X013 + Aol
e fixed design model: y/ = X1/20* + g

67 . arg;rel%erlo{ 5 lly 9||2+)\H‘9H1}

»Loml2(yf — 51297) = (=12 f - g
[ R
o (e 2XT(y - POR
o _7\0 )+ ~
S
d S
0 ¢
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Intuition for DOF adjustment

® original model: y= X0+ z
~ 1
6= argmin { - lly — X013+ 0] |
argmin {2 ly — X013 + Aol
e fixed design model: y/ = X1/20* + g

67 . arg;rel%erlo{ 5 lly 9||2+)\H‘9H1}

271 . C*21/2(yf _ 21/2§f) — C*(271/2yf _ é\f)

=y (3 X7 x0>
Od::{0/—|— 2 _L > ~ 0+ 72 1/2g
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Analysis for model-based RL
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Step 1: improved theory for policy evaluation

Model-based policy evaluation:

— given a fixed policy 7, estimate V7™ via the plug-in estimate VT
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Step 1: improved theory for policy evaluation

Model-based policy evaluation:

— given a fixed policy 7, estimate V7™ via the plug-in estimate VT

sample 1
complexity N
S
<
R
(N
,,,,,,,,, & e
S
51 =
(1—7)? W
< 9
o
.(\\
s < .
1—v 1 1 1 > —
@ BN @\\/ 82
7’ 7

® A sample size barrier % already appeared in prior work

(Agarwal et al.’'19, Pananjady & Wainwright '19, Khamaru et al. '20)
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Step 1: improved theory for policy evaluation

Model-based policy evaluation:

— given a fixed policy 7, estimate V7™ via the plug-in estimate VT

Theorem (Li, Wei, Chi, Gu, Chen’20)
Fix any policy w. For 0 < € < ﬁ the plug-in estimator v obeys

V™~ V™o <€

with sample complexity at most

0 ((1_“1362)

® Minimax optimal for all € (Azar et al.'13, Pananjady & Wainwright '19)
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Key idea 2: leave-one-out analysis

e m——_——
~
-

gmm——————= :-:--\ ‘I---\
T EAEE = m
i [ | | |
| | | | | |
|| | | |
HE B HE B
H BN H BN
HE | Hn |
| |

H EHNR H E R
Em E mEm B
empirical P 7 leave-one-out P(*:@) (50

(570'))

1. embed all randomness from P; , into a single scalar (i.e. rs
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Key idea 2: leave-one-out analysis

e m——_——
~
-

gmm——————= :-:--\ ‘I---\
i H E N | | JQRTI)
g 0 CRORE
| | | | | |
|| | | |
HE B HE B
H BN H BN
HE | Hn |
| |
H EHNR H E R
Em E mEm B
empirical P 7 leave-one-out P(*:@) (50

(57‘1))

1. embed all randomness from P; , into a single scalar (i.e. rs

2. build an e-net for this scalar
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Key idea 2: leave-one-out analysis

1. embed all randomness from Psa into a single scalar (i.e. rg

e m——_——
~
-

b
n
¥

’ hY [ gl Y
T m E . [ W} wwwy
e o o W0 L
[ | | N | [ | | N |
[ | [ | [ | [ |
HE B HE B
H EH B H E R
[ | [ | [ | [ |
H B H B
H BB H EH R
Em E mEm B
empirical P 7 leave-one-out P(=:®) p(%a)

(s, a))

2. build an e-net for this scalar

3. 7 can be determined by this e-net under separation condition

VseS, Qs ())—Ggﬁgc(s)Q(s ,a) >0
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Key idea 2: leave-one-out analysis

e m——_——
~
-

b
n
¥

! \ ===\

A EE m(E wy

g 0 W
| | | | | |
|| | | |
HE B HE B
H BN H BN
HE | Hn |
| |
H EHNR H E R
Em E mEm B
empirical P 7 leave-one-out P(*:@) (50

Our decoupling argument vs. [Agarwal et al., 2019]
e [Agarwal et al., 2019]: dependency btw value V& samples
® Qurs: dependency btw policy T & samples
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