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Lasso estimator

0*

~ 1
6 : = argmin {§||y — X053 + >\H0||1} [Tibshirani, 1996]
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Prior work: Lasso risk

Suppose 8* is s-sparse, z ~ N(0,2l,). Under restricted
eigenvalue condition of design matrix X,

18- 6712 < Cory £8P

[Bickel et al., 2009, Biihimann and Van De Geer, 2011, Negahban et al., 2012,

Zhao and Yu, 2006, Zhang and Zhang, 2014, Bellec et al., 2018]...
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Prior work: Lasso risk

Suppose 8* is s-sparse, z ~ N(0,2l,). Under restricted
eigenvalue condition of design matrix X,

18- 6712 < Cory £8P

® unspecified constant
e no distributional characterization of 8

® inadequate for statistical inference

[Bickel et al., 2009, Biihimann and Van De Geer, 2011, Negahban et al., 2012,

Zhao and Yu, 2006, Zhang and Zhang, 2014, Bellec et al., 2018]...
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Prior work: debiased Lasso

Density

a [}
. \ |
S} |
9 ]Z
o
e}
o 4
<}
o
8 J
° T T T ]
-10 -5 0 5 10

5/19



Prior work: debiased Lasso
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67 =6+ MX"(y — X6)
M surrogate for 71 = E[x;x;' ]!

[Zhang and Zhang, 2014, Van de Geer et al., 2014, Javanmard and Montanari, 2014a,

Javanmard and Montanari, 2014b]
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Prior work: debiased Lasso
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69 =6+ MX " (y — X6)
M scaled version of X! = E[x;x. |

[Javanmard et al., 2018, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]
5/19



Inadequacy of current theory

® not applicable for s/p = const regime

® precise characterization developed for uncorrelated designs
[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018]

e for correlated designs with n > p
[Bellec and Zhang, 2019a, Bellec and Zhang, 2019b]
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Towards a general design

Prior work: i.i.d. Gaussian design: x; ~ N(0,1,)
[Bayati and Montanari, 2011, Thrampoulidis et al., 2015, Miolane and Montanari, 2018]
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Towards a general design

Prior work: i.i.d. Gaussian design: x; ~ N(0,1,)
[Bayati and Montanari, 2011, Thrampoulidis et al., 2015, Miolane and Montanari, 2018]

What happens with general Gaussian design x; ~ A/(0, X)? J

— difficulty: non-isometry of || - ||1 penalty.
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This talk

y=X0"+z c¢R"

® 0* ¢ RP: s-sparse
® proportional regime: p/n = const, s/p = const

® Gaussian noise: z ~ N(0,02l,); Gaussian design: x; ~ N'(0, X )

known

Goal: a distributional theory for general Gaussian design )
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Key observation

original model
6

® original model: y = X0 + z

n._ : 1 2
6 :=argmin {Z[ly — X613 + A|6]: }
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Key observation

original model fixed design model
6 of

e original model: y = X0 + z

~ 1
i= in < =|ly — X0|> }
6 :=argmin {[ly — X0/3 + A[6];

e fixed design model: y’ = £1/20* + r*g, g ~ N(0,1,)

of . _ in 1 10f _ s2g)2
0 = arggnin { S ly" - =203 + Aol
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e original model: y = X0 + z

~ o1 )
6 :=argmin {>[ly — X613 + A6 }

e fixed design model: y’ = £1/20* + r*g, g ~ N(0,1,)
~ i C*
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Key observation

distributi
original model |srr|\5 N (fixed design model
é\ Y é\f

e original model: y = X0 + z
6= argmin { 2lly — X6I3+ X6l }
e fixed design model: y’ = £1/20* + r*g, g ~ N(0,1,)
0" = arggin { 5 Iy~ 52013+ Aol |

7" effective risk level, (*: effective non-sparsity
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Fixed point equations

( * C*) sou_ti?n T2 = 02 + R(T2a C)
o ¢=1-df(z%()
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Fixed point equations

i 2 =02+ R(1%,¢)
¢ =1-df(r%,0) J

R(2,0) = 1 B[||5/2@(r,¢) - 07)

]

in-sample prediction risk

di(,0) = TE (|87, 0)
T i)}

degrees of freedom
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Fixed point equations

solution =07 + R(7-2’ C)
¢ =1-df(r%,()

R(2,0) = 1 B[||5/2@(r,¢) - 07)

]

in-sample prediction risk
2 .1 AF
df(r*,¢) = ~E[|8"(r, Q)]
| S ——

degrees of freedom

Property: solution is unique and bounded for reasonably sparse 6*.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei '20)
Under mild conditions, for any 1-Lipschitz function ¢ and € > 0

D Dundmad, [o(2, ) -E[s( 5, 2] <

C —cne*

with probability at least 1 — e
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei '20)
Under mild conditions, for any 1-Lipschitz function ¢ and ¢ > 0

YA € [Amin; Amax], ‘QS(HA ) EMGA 9*)”<

Vb’ VP

—cne4

VP /P

with probability at least 1 — E%e

A direct consequence:

YA€ Pmins Amard 110 — 672 ~ B[ |65, — 67|
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Main result: properties for Lasso

® | asso residual

/n

® | asso sparsity
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Application: model selection
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0.09

0.08

0.07

0.06

0.05

0.04

0.03

0.02

0.01

)\ selection:

0
°
S0
3 00
AELICIPEN

s 0 + X

o

XEST .

—— MMSE

—— miny R.(A)

Lasso, A = AFST
550, A = ASURE

La
Lasso, A = Ak=CV
La

=minT(\) :

1550, A = 0y/ZTog N

€0 60004,

A

0.104
0.09 4
0.08 4

0.07 4

Risk

0.06 4

0.05 4

0.044

_ Vlly — X6]|>
n—16]lo

——
degrees of freedom

¥ Lasso, A = AFST

x
+  Lasso, A = ASURE
o Lasso, A= oy/2log N
©  Lasso, A = Ak=CV

— miny 40" — 62

0.1 0.2 0.3 04 0.5 0.6

(a) Independent columns

0.8

0.9

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9

(b) Correlated columns

[Miolane and Montanari, 2018]
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Debiased Lasso

® classical debiased Lasso

60 =6+MX"(y—X6), M=x"1
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Debiased Lasso

® classical debiased Lasso
60 =6+MX"(y—X6), M=x"1
® debiased Lasso with degrees-of-freedom (DOF) adjustment

271

0%:= 6+ MX"(y - X0), =
1—[6llo/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,
Bellec and Zhang, 2019b]

Main result: 69 behaves like 8* + 7* X~ 1/2g J
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Intuition for DOF adjustment

® original model: y = X0+ z
~ (1 )
6:=argmin {>|ly — X6|3+ |6, |
e fixed design model: y = X1/20* 4 r*g

of . : oy 1/2912
:=argm — 1295+ A0
6 argee]llg,{ 5 lly 12+ Al Hl}
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Intuition for DOF adjustment

® original model: y = X0+ z
~ (1 )
6:=argmin {>|ly — X6|3+ |6, |
e fixed design model: y = X1/20* 4 r*g

of . : oy 1/2912
:=argm -3 + A6
6 argee]llg,{ 5 lly 0112 + Al Hl}

271 . C*21/2(yf _ 21/2§f) — C*(271/2yf _ é\f)

oy Cgaxt x0>
Od::{0\/—|— L2 __(;!“ s ~0*+T*2*1/2g
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Debiased Lasso with DOF adjustment
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Confidence interval for a single coordinate
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Confidence interval for a single coordinate
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® regress X; on X_; — residual XjL

® obtain Ieave—jth—coordinate—out Lasso Oy,
® construct confidence interval

Clloo = [¢ + sd-z1_q0]

&j = correlation between ij_ and y — X_j§100
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Confidence interval for a single coordinate
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Confidence interval for a single coordinate
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Concluding remarks

Summary
o distributional theory of Lasso under general Gaussian design
® applications

> theoretical support for model selection
> study debiased Lasso and propose single confidence interval
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