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Lasso estimator

b✓ : = arg min
✓2Rp

n1

2
ky � X✓k2

2 + �k✓k1

o
[Tibshirani, 1996]
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Prior work: Lasso risk

Suppose ✓⇤ is s-sparse, z ⇠ N (0, �2
In). Under restricted

eigenvalue condition of design matrix X ,

kb✓ � ✓⇤k2  C�

r
s log(p)

n

• unspecified constant

• no distributional characterization of b✓
• inadequate for statistical inference

[Bickel et al., 2009, Bühlmann and Van De Geer, 2011, Negahban et al., 2012,

Zhao and Yu, 2006, Zhang and Zhang, 2014, Bellec et al., 2018]...
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Prior work: debiased Lasso

D
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M surrogate for ⌃�1 = E[xix>
i ]�1M scaled version of ⌃�1 = E[xix>

i ]�1

[Zhang and Zhang, 2014, Van de Geer et al., 2014, Javanmard and Montanari, 2014a,

Javanmard and Montanari, 2014b]

[Javanmard et al., 2018, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]
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Inadequacy of current theory

• not applicable for s/p = const regime

• precise characterization developed for uncorrelated designs
[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018]

• for correlated designs with n > p
[Bellec and Zhang, 2019a, Bellec and Zhang, 2019b]
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Towards a general design

Prior work: i.i.d. Gaussian design: xi ⇠ N (0, Ip)
[Bayati and Montanari, 2011, Thrampoulidis et al., 2015, Miolane and Montanari, 2018]

What happens with general Gaussian design xi ⇠ N (0,⌃)?

— di�culty: non-isometry of k · k1 penalty.
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This talk

y = X✓⇤ + z 2 Rn

• ✓⇤ 2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2
In); Gaussian design: xi ⇠ N (0, ⌃|{z}

known

)

Goal: a distributional theory for general Gaussian design

8 / 19



This talk

y = X✓⇤ + z 2 Rn

• ✓⇤ 2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2
In); Gaussian design: xi ⇠ N (0, ⌃|{z}

known

)

Goal: a distributional theory for general Gaussian design

8 / 19



This talk

y = X✓⇤ + z 2 Rn

• ✓⇤ 2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2
In); Gaussian design: xi ⇠ N (0, ⌃|{z}

known

)

Goal: a distributional theory for general Gaussian design

8 / 19



This talk

y = X✓⇤ + z 2 Rn

• ✓⇤ 2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2
In); Gaussian design: xi ⇠ N (0, ⌃|{z}

known

)

Goal: a distributional theory for general Gaussian design

8 / 19



This talk

y = X✓⇤ + z 2 Rn

• ✓⇤ 2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2
In); Gaussian design: xi ⇠ N (0, ⌃|{z}

known

)

Goal: a distributional theory for general Gaussian design

8 / 19



Key observation

• original model: y = X✓ + z

b✓ : = argmin
✓2Rp

n1

2
ky � X✓k2

2 + �k✓k1

o

• fixed design model: y f = ⌃1/2✓⇤ + ⌧⇤g , g ⇠ N (0, Ip)

b✓f : = argmin
✓2Rp

⇢
⇣⇤

2
ky f � ⌃1/2✓k2

2 + �k✓k1

�

⌧⇤: e↵ective risk level; ⇣⇤: e↵ective non-sparsity
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Fixed point equations

(⌧⇤, ⇣⇤)
solution�!

⌧2 = �2 + R(⌧2, ⇣)

⇣ = 1 � df(⌧2, ⇣)

R(⌧ 2, ⇣) : =
1
n

E
h��⌃1/2(b✓f (⌧, ⇣)� ✓⇤)

��2

2

i

| {z }
in-sample prediction risk

df(⌧ 2, ⇣) : =
1
n

E
h��b✓f (⌧, ⇣)

��
0

i

| {z }
degrees of freedom

Property: solution is unique and bounded for reasonably sparse ✓⇤.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)

Under mild conditions, for any 1-Lipschitz function � and ✏ > 0

8� 2 [�min, �max],
����
⇣ b✓�p

p
,

✓⇤
p

p

⌘
� E

h
�
⇣ b✓f

�p
p
,

✓⇤
p

p

⌘i���  ✏,

with probability at least 1 � C
✏4 e�cn✏4

.

A direct consequence:

8� 2 [�min, �max], kb✓� � ✓⇤k2 ⇡ E
h
kb✓f

� � ✓⇤k2

i
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Main result: properties for Lasso

• Lasso residual

P
 ���

ky � X b✓k2p
n

� ⌧⇤⇣⇤
��� > ✏

!
 C

✏2
e�cn✏4

.

• Lasso sparsity

P
 ���

kb✓k0

n
� (1 � ⇣⇤)

��� > ✏

!
 C

✏3
e�cn✏6

.

12 / 19



Application: model selection

� selection: b�EST : = min
�
b⌧(�) :=

p
nky � X b✓k2

n � kb✓k0| {z }
degrees of freedom
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Figure 1: Estimation risk of the Lasso for di�erent choices of �, as a function of �. N = 8000. In
both plots, � = 0.2. �e true coe�cients vector �� is chosen to be sN -sparse with s = 0.1. �e
entries on the support of �� are drawn i.i.d. N (0, 1). Cross-validation is carried out using 4 folds.
SURE is computed using the estimator �� for the plot on the le�, and the true value of � on the right.
Le�: A standard random design with (Xij) �iid N (0, 1/n).
Right: �e rows of the design matrix X are i.i.d. Gaussian, with correlation structure given by an
autoregressive process, see Eq. (20). Here we used � = 2.

Unfortunately, this analysis provides limited insight into the choice of the regularization parameter � which
–in practice– can impact signi�cantly the estimation accuracy. As an example, Fig. 3 reports the result of a small
simulation in which we compare four di�erent methods of selecting �. �e bound of Eq. (3) suggests to set � =
�
�
c0 logN . For the standard random design used in the le� frame, the optimal constant is expected to be c0 =

2 [16, 19]. We compare this method to three procedures that adapt the choice of � to the data: cross validation
(CV), Stein’s Unbiased Risk Estimate (SURE), and a procedure that minimizes an estimate of the risk (EST). We refer
to the next sections for further details on these methods. Note that all of these adaptive procedures signi�cantly
outperform the ‘theory driven’ �: over a broad range of sample sizes n, the resulting estimation error is 2 to 3
times smaller. Further, the error achieved by these methods is quite close to the Bayes optimum.

�ese empirical observations are not captured by the bound (3), or by similar results.
An alternative style of analysis postulates an idealized model for the data and derives asymptotically exact

results. �roughout this paper we will consider the simplest of such models, by assuming that design matrix to
have i.i.d. entries Xij � N (0, 1/n). While this assumption is likely to be violated in practice, it allows to derive
useful insights that are mathematically consistent, and susceptible of being generalized to a broader context. �is
type of analysis was �rst carried out in the context of the Lasso in [6] and then extended to a number of other
problems, see e.g. [29, 47, 14, 46, 22, 44]. As an example, Figure 1 reports the predictions of this analysis for the
risk of the three adaptive procedure for selecting �. �e agreement with the numerical simulations is excellent.

Unfortunately, the results in [6] (and in follow-up work) do not allow to derive in a mathematically rigorous
way curves such as the ones in Figure 1. In fact earlier results hold ‘pointwise’ over � and hence do not apply to
adaptive procedures to select �. Further they provide asymptotic estimates ‘pointwise’ over �, and hence do not
allow to compute –for instance– minimax risk.

In order to clarify these points, it is useful to overview informally the picture emerging from [6, 18]. Fix
� � RN , � � R>0, and let �(x; b) = (|x| � b)+sign(x) be the so� thresholding function. By the KKT conditions
the Lasso estimator ��� satis�es

��� = �
���d�;��

�
, ��d� = ��� + ��

�
XT(y �X���) , (4)

where the vector ��d� is also referred to as the ‘debiased Lasso’ [55, 51, 26]. �e above identity holds for arbitrary
�, � > 0. However, [6] predicts that the distribution of the debiased estimator ��d� simpli�es dramatically for
speci�c choices of these parameters.

Namely, let � be a random variable with distribution given by the empirical distribution of (�i)i�N (i.e., � = �i
with probability 1/N , for i � {1, . . . , N}) and let Z � N (0, 1) be independent of �. De�ne ��, �� to be the

2

[Miolane and Montanari, 2018]
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Debiased Lasso

• classical debiased Lasso

b✓d
0 = b✓ + MX>(y � X b✓), M = ⌃�1

• debiased Lasso with degrees-of-freedom (DOF) adjustment

b✓d : = b✓ + MX>(y � X b✓), M =
⌃�1

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ✓⇤ + ⌧⇤⌃�1/2g
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Intuition for DOF adjustment

• original model: y = X✓ + z

b✓ : = arg min
✓2Rp

n1

2
ky � X✓k2

2 + �k✓k1

o

• fixed design model: y f = ⌃1/2✓⇤ + ⌧⇤g

b✓f : = arg min
✓2Rp

⇢
⇣⇤

2
ky f � ⌃1/2✓k2

2 + �k✓k1

�
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• debiased Lasso with DOF

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

s (1)
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Debiased Lasso

• popular debiased Lasso

b✓d
0 = b✓ + ⌃�1X>(y � X b✓) .

• debiased Lasso with degree-of-freedom adjustment (DOF)

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ⇡ ✓⇤ + ⌧⇤⌃�1/2g

10 / 19
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Debiased Lasso with DOF adjustment

Here p = 100, n = 25, s = 20, ⌃ij = 0.5|i�j |, � = 1
16 / 19



Confidence interval for a single coordinate

• regress Xj on X�j

�! residual X?
j

• obtain leave-j th-coordinate-out Lasso b✓loo

• construct confidence interval

CIloo
j :=

⇥
⇠j ± bsd · z1�↵/2

⇤

⇠j = correlation between X?
j and y � X�j

b✓loo
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Concluding remarks

Summary

• distributional theory of Lasso under general Gaussian design

• applications

I theoretical support for model selection
I study debiased Lasso and propose single confidence interval

Future directions

• distributional theory beyond Gaussian design
[Bayati et al., 2015, Oymak and Tropp, 2018, Montanari and Nguyen, 2017]

• theoretical limit if ⌃ is unknown

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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