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High-dimensional statistical tasks

Statistical tasks: linear regression, generalized linear models, low-rank
matrix estimation, phase retrieval, tensor decomposition...

When problem sizes are large, computation complexity is an issue!
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Statistical accuracy vs. computation complexity

Problems with combinatorial nature (e.g. community detection,
planted cliques, sparse principal component analysis, structured matrix
models, sparse tensor models...)

“I can’t find  an efficient algorithm,  but neither can all these people.” 
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SNR

— see survey Bandeira, Perry, Wein (2018)
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Approximate message passing (AMP) algorithm

• AMP is a low-complexity, iterative algorithm
[Donoho, Maleki, Montanari (2009, 2010a, 2011b), Bayati & Montanari (2011)]

• Theoretically optimal vs. computationally feasible estimators
[Reeves, Pfister (2019), Barbier et al. (2017), Lelarge & Miolane (2019), Montanari &

Ramji (2019), Celentano & Montanari (2019)]

AMP in computing LASSO

Advantages of AMP:

• fast convergence

• asymptotically exact characterization

• easily combine with prior info on
signal structure

— tutorial, Feng, Venkataramanan, Rush, Samworth (2022)
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Prior theory of AMP

Exact asymptotics: for constant # iterations t (e.g. t = 20), empirical
distribution of the coordinates of AMP iterate xt is approximately
Gaussian (n→∞), with variance given by low-dimensional recursion:

state evolution: τt+1 = F (τt)

τt captures the variance at iteration t

[Bayati & Montanari (2011), Javanmard & Montanari (2013), Schniter & Rangan (2014)]

<latexit sha1_base64="IciRNWbxJLy9g7uEFqH3pwMbTkQ=">AAACEHicbVA9SwNBEN3z2/gVtbRZDKJVuJOgloKNZQSjQnIce5u5ZHFv99idk4QjP8HGv2JjoYitpZ3/xr0khV8PFt68N8PsvDiTwqLvf3ozs3PzC4tLy5WV1bX1jerm1pXVueHQ4lpqcxMzC1IoaKFACTeZAZbGEq7j27PSv74DY4VWlzjMIExZT4lEcIZOiqr7HYQBFn23SfcMS6lOKNfadIViCLYsR3QQYVSt+XV/DPqXBFNSI1M0o+pHp6t5noJCLpm17cDPMCyYQcEljCqd3ELG+C3rQdtRxVKwYTE+aET3nNKliTbuKaRj9ftEwVJrh2nsOlOGffvbK8X/vHaOyUlYCJXlCIpPFiW5pKhpmQ7tCgMc5dARxo1wf6W8zwzj6DKsuBCC3yf/JVeH9eCoHlw0aqeNaRxLZIfskgMSkGNySs5Jk7QIJ/fkkTyTF+/Be/JevbdJ64w3ndkmP+C9fwEx5Z1A</latexit>

histogram of coordinates of xt

Another benefit: AMP as a tool to analyze statistical procedures
[Donoho, Maleki, Montanari (2009), Donoho & Montanari (2016), Sur, Chen, Candès.

(2017), Bu et al. (2020), Fan & Wu (2021), Li & Wei (2021)...]
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Non-asymptotic analyses are quite limited so far...

• compare to other optimization methods

• compare to other analysis techniques



Non-asymptotic analysis?

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

AMP iterates

poly(𝑛)

Non-asymptotic result: Rush & Venkataramanan (2018)

#iterations = o(log n/ log logn) (based on state-evolution analysis)
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Non-asymptotic analysis?

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

This work

AMP iterates

poly(𝑛)

Question: Is it possible to develop non-asymptotic analysis of
AMP beyond o(log n/ log logn) iterations?
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AMP for signal recovery in spiked models



Spiked Wigner model
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M =

M = λv?v?> +W

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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Spiked Wigner model
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<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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Spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001),

Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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Spiked Wigner model

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

• Wij =Wji ∼ N (0, 1n) and Wii ∼ N (0, 2n)

• λ = SNR (signal-to-noise ratio) with ‖v?‖2 = 1

• Goal: estimate v? from M

• Phase transition at λ > 1: the top eigenvalue separates
from bulk, eigenvector correlates non-trivially with v?

Johnstone (2001), Johnstone & Lu (2004), Péché (2006), Baik & Silverstein (2006),

Capitaine, Donati-Martin & Féral (2009), Féral & Péché (2007)...
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Spiked Wigner model with structures

<latexit sha1_base64="htGLwYvh98p8uCeLXjExE2h8jzA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gjWWz3bRLN5uwOymU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDfzW2OujYjVI04S7kd0oEQoGEUrtcZPXYNU98oVt+rOQVaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzyaambGp5QNqID3rFU0YgbP5ufOyVnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8MbPhEpS5IotFoWpJBiT2e+kLzRnKCeWUKaFvZWwIdWUoU2oZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxiM4Ble4c1JnBfn3flYtBacfOYY/sD5/AGA/o+o</latexit>

v?

<latexit sha1_base64="js7BI9SUWDZsdI0wmap8CuO79NU=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBE8lURExVPBi8cK9gPaWDbbTbt0sxt3J4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwYVSqKatTJZRuhcQwwSWrI0fBWolmJA4Fa4bD26nfHDFtuJIPOE5YEJO+5BGnBK0UjB6zjkGiO6iSSbdU9ireDO4y8XNShhy1bumr01M0jZlEKogxbd9LMMiIRk4FmxQ7qWEJoUPSZ21LJYmZCbLZ0RP31Co9N1LalkR3pv6eyEhszDgObWdMcGAWvan4n9dOMboOMi6TFJmk80VRKlxU7jQBt8c1oyjGlhCqub3VpQOiCUWbU9GG4C++vEwa5xX/suLfX5SrN3kcBTiGEzgDH66gCndQgzpQeIJneIU3Z+S8OO/Ox7x1xclnjuAPnM8ffHGSiw==</latexit>

v?>

<latexit sha1_base64="J+yJ40SZAlVELKybNH2BSuCnyNI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5YMYJ+hEdSB5yRo2V6ue9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmhcV76ri1S/L1ds8jgIcwwmcgQfXUIV7qEEDGCA8wyu8OY/Oi/PufMxbV5x85gj+wPn8AXJJjLE=</latexit>

+
<latexit sha1_base64="5jwfFXXDkk6W4Ub99lms8vzybYY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6sJFwY3LCvYBbSiTyU07dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAwOGcc5l7T5AKro3rfjultfWNza3ydmVnd2//oHp41NZJphi2WCIS1Q2oRsEltgw3ArupQhoHAjvB+G7md55QaZ7IRzNJ0Y/pUPKIM2qs1OkLGw3poFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pl93Ss6sEpIoUfZJQ+bq74mcxlpP4sAmY2pGetmbif95vcxEN37OZZoZlGzxUZQJYhIyu52EXCEzYmIJZYrbXQkbUUWZsQ1VbAne8smrpH1R967q3sNlrXFb1FGGEziFc/DgGhpwD01oAYMxPMMrvDmp8+K8Ox+LaMkpZo7hD5zPHzzvj30=</latexit>

�

<latexit sha1_base64="ejFMOJCICTh+3neyYN8YozRGpkQ=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGOZgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWD2aSoB/RoeQhZ9RYqdHulytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoeldVr3FZqd3mcRThBE7hHDy4hhrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB7RfjNs=</latexit>

W

<latexit sha1_base64="NIF50sIdNn7iqlmz7PPysKPOF2Y=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1INCwYsXoYL9gDaUzXbTLt3dhN2NUEL/ghcPinj1D3nz37hpc9DWBwOP92aYmRcmnGnjed9OaWV1bX2jvFnZ2t7Z3XP3D1o6ThWhTRLzWHVCrClnkjYNM5x2EkWxCDlth+Pb3G8/UaVZLB/NJKGBwEPJIkawyaV7dIP6btWreTOgZeIXpAoFGn33qzeISSqoNIRjrbu+l5ggw8owwum00ks1TTAZ4yHtWiqxoDrIZrdO0YlVBiiKlS1p0Ez9PZFhofVEhLZTYDPSi14u/ud1UxNdBRmTSWqoJPNFUcqRiVH+OBowRYnhE0swUczeisgIK0yMjadiQ/AXX14mrbOaf1HzH86r9esijjIcwTGcgg+XUIc7aEATCIzgGV7hzRHOi/PufMxbS04xcwh/4Hz+ANLQjWw=</latexit>

M =

Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)
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• Z2 synchronization:
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• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)
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Applications: spin-glass problems, community detection, image alignment,
angular synchronization

• Z2 synchronization:
√
nv?i

i.i.d.∼ Unif{+1,−1}
• sparse Wigner model: ‖v?‖0 = k

• non-negative Wigner model: v?i ≥ 0

• cone-constrained spiked models: v? ∈ K (e.g. monotone, convex)

Singer (2011), Panchenko (2013), Deshpande, Abbe & Montanari (2016), Perry, Wein,

Bandeira, Moitra (2018), Javanmard, Montanari & Ricci-Tersenghi (2016)...
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Spiked Wigner model with structures
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Idealistic estimators

Maximum likelihood estimator := arg min
v∈Sn−1

v with structures

‖M − λvv>‖2F

Bayes optimal estimator := E[vv> |M ]

• ηt: denoising function selected a priori (tailored to structure of v?)
I Z2 synchronization: ηt(x) = ρt tanh(x)

I sparse estimation: ηt(x) = ρt · sign(x)(|x| − τt)+
I general cone: ηt(x) = ρt · ProjK(x)

• effectiveness of AMP — Onsager correction term
〈η′t(xt)〉 · ηt−1(xt−1)
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AMP for spiked models

AMP for spiked models:

xt+1 =Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), for t ≥ 1

where 〈x〉 := 1
n

∑n
i=1 xi.
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Prior results: exact asymptotics

Theorem (Montanari & Venkataramanan (2019))

Suppose the empirical distribution {v?i }ni=1 → µV on R, with E[V 2] = 1.
For constant # iterations t (independent of n), it satisfies,

lim
n→∞

1

n

n∑

i=1

(xt,i − v?i )2=E
[(
αtV + βtG− V

)2]
, almost surely

where V ∼ µV and G ∼ N (0, 1) are independent.

• State Evolution (SE) via the recursion

(↵t+1,�t+1) = F (↵t,�t)
<latexit sha1_base64="Cc3NixNpoVVrECmCCtIyihgOafk=">AAACH3icbVDLSgMxFM3UVx1fVZdugkVoUcpMLepGKAjisoJ9QDsMmTRtQzMPkjtCGfonbvwVNy4UEXf9G9N2wFo9cOHknHvJvceLBFdgWRMjs7K6tr6R3TS3tnd293L7Bw0VxpKyOg1FKFseUUzwgNWBg2CtSDLie4I1veHN1G8+Mql4GDzAKGKOT/oB73FKQEtu7qLQISIaEDeBU3t8hjseg/RRNK/N2x97wRwX3VzeKlkz4L/ETkkepai5ua9ON6SxzwKggijVtq0InIRI4FSwsdmJFYsIHZI+a2saEJ8pJ5ndN8YnWuniXih1BYBn6uJEQnylRr6nO30CA7XsTcX/vHYMvSsn4UEUAwvo/KNeLDCEeBoW7nLJKIiRJoRKrnfFdEAkoaAjNXUI9vLJf0mjXLLPS+X7Sr5aSePIoiN0jArIRpeoiu5QDdURRU/oBb2hd+PZeDU+jM95a8ZIZw7RLxiTbyDRoSY=</latexit>

bla
bla

bla
|

{z
}

a
<latexit sha1_base64="orxbUzZY33U6as+aI8CjGmTJlJU=">AAACA3icbVBNS8NAEJ3Ur1q/ot70EiyCp5LUgh4LXjxWsB/QhrLZTNulm03Y3QglFLz4V7x4UMSrf8Kb/8Ztm4O2Pnbg8d4Ms/OChDOlXffbKqytb2xuFbdLO7t7+wf24VFLxamk2KQxj2UnIAo5E9jUTHPsJBJJFHBsB+Obmd9+QKlYLO71JEE/IkPBBowSbaS+fdJLRYgykIRiFnCyeNN+ZsouuxV3DmeVeDkpQ45G3/7qhTFNIxSacqJU13MT7WdEakY5Tku9VGFC6JgMsWuoIBEqP5vfMHXOjRI6g1iaEtqZq78nMhIpNYkC0xkRPVLL3kz8z+umenDtZ0wkqUZBF4sGKXd07MwCcUImkWo+MYRQycxfHToiJg9tYiuZELzlk1dJq1rxLivVu1q5XsvjKMIpnMEFeHAFdbiFBjSBwiM8wyu8WU/Wi/VufSxaC1Y+cwx/YH3+AAGxmFk=</latexit>

=<latexit sha1_base64="fYEERxq8l75ZL7uTNRFu6no3jPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKezGgF6EgBePCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7ut59QaR7LBzNJ0I/oUPKQM2qs1LjtF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMT3vhTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2bsqVxrVUq2axZGHMziHS/DgGmpwD3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH4nljLc=</latexit>

↵t+1 = �E
⇥
V · ⌘t(↵tV + �tG)

⇤
<latexit sha1_base64="3EKWYf50OT9BtgPDF+GXH7xrbMo="></latexit>

�2
t+1 = E

⇥
⌘2

t (↵tV + �tG)
⇤

<latexit sha1_base64="folYw5dqgbo4nE6NM7fgqm6e4qI="></latexit>
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<latexit sha1_base64="folYw5dqgbo4nE6NM7fgqm6e4qI="></latexit>
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• Challenges for non-asymptotic guarantees: deal with statistical
dependence between iterations

AMP for spiked models:

xt+1 =Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), for t ≥ 1

where 〈x〉 := 1
n

∑n
i=1 xi.
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This work: a new decomposition of AMP

Theorem (Li & Wei (2022))

Initialize AMP with x1 independent of W . For every 1 ≤ t ≤ n, AMP
yields the decomposition

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt, (?)

for φk
i.i.d.∼ N (0, 1nIn).

here (αt+1, βt, ξt) obeys

αt+1 = λv?>ηt(xt),

βkt = 〈ηt(xt), zk〉 for an explicit-defined basis {zk}

‖ξt‖2 =
〈 t−1∑
k=1

µkφk, δt
〉
− 〈δ′t〉

t−1∑
k=1

µkβkt−1 + ∆t +O
(√ t logn

n
‖βt‖2

)
w.h.p.

• xt behaves like αtv
? +

∑t−1
k=1 β

k
t−1φk if ‖ξt−1‖2 is small

• if ηt are nice (smooth & with finite jumps), we can track how ‖ξt‖2
depends on λ, t, n

• decomposition (?) can be extended for spectral initialization
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Applications in two examples:
Z2 synchronization & sparse Wigner model
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Example 1: Z2 Synchronization

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

Deshpande, Abbe, Montanari (2016) characterizes the theoretical limit of this
problem

lim
n→∞

E
[∥∥v?v?> − E[vv> |M ]︸ ︷︷ ︸

Bayes estimator

∥∥2
F

]
=

{
1 λ ≤ 1;

1− q?(λ)2 λ > 1.

Starting from an informative initialization, AMP is ε-close to the Bayes
optimal estimator (in large n limit)

— X initialize by spectral methods Montanari & Venkataramanan (2019)
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Example 1: Z2 Synchronization

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

— AMP succeeds in a fixed t, large n limit

A hybrid procedure proposed in Celentano, Fan, Mei (2021)

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

Open question: spectral-initialized AMP converges for λ > 1?
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gradient type algorithm
<latexit sha1_base64="ySnffokLeKdFAjsIQkAVi5RA0HE=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBVZmpgi4LblxWsA9oh5LJZKahyWRI7ohl6M6Nv+LGhSJu/QV3/o1pOwttPRA4nHtuknOClDMNrvttlVZW19Y3ypuVre2d3T17/6CtZaYIbRHJpeoGWFPOEtoCBpx2U0WxCDjtBKPr6bxzT5VmMrmDcUp9geOERYxgMNLAPu4DfYA8VjhkNAFn6nEwj6ViMBSTgV11a+4MzjLxClJFBZoD+6sfSpIJcxfhWOue56bg51gBI5xOKv1M0xSTEY5pz9AEC6r9fJZj4pwaJXQiqcwxf5mpvzdyLLQei8A4BYahXpxNxf9mvQyiKz9nSZoBTcj8oSjjDsh54JApSoCPDcHEJGfEIUOsMAFTXcWU4C1GXibtes07r9VvL6qNelFHGR2hE3SGPHSJGugGNVELEfSIntErerOerBfr3fqYW0tWsXOI/sD6/AECeJn7</latexit>

Open question: spectral-initialized AMP converges for λ > 1?
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Example 1: Z2 Synchronization

• Setting: M = λv?v?> +W where
√
nv?i ∼ Unif({±1})

• Goal: recover v? given M

— AMP succeeds in a fixed t, large n limit

A hybrid procedure proposed in Celentano, Fan, Mei (2021)

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP o(log n/ log log n)steps
<latexit sha1_base64="zfjo2yWJMCHqoOdm9FisqoKgq8o=">AAACGnicbVDLSgMxFM3Ud31VXboJFqFu6kwVdFlx40aoYFVoS8mkt21oJhmSO2IZ2t9w46+4caGIO3Hj35g+Fr4OhBzOOZfknjCWwqLvf3qZmdm5+YXFpezyyuraem5j88rqxHCoci21uQmZBSkUVFGghJvYAItCCddh73TkX9+CsUKrS+zH0IhYR4m24Ayd1MwFdYQ7TE/OK3QwHA6pLtSl7lC1P74mfI9OQhYhtoNmLu8X/THoXxJMSZ5MUWnm3ustzZMIFHLJrK0FfoyNlBkUXMIgW08sxIz3WAdqjioWgW2k49UGdNcpLdrWxh2FdKx+n0hZZG0/Cl0yYti1v72R+J9XS7B93EiFihMExScPtRNJUdNRT7QlDHCUfUcYN8L9lfIuM4yjazPrSgh+r/yXXJWKwUGxdHGYL5emdSySbbJDCiQgR6RMzkiFVAkn9+SRPJMX78F78l69t0k0401ntsgPeB9fv4igpw==</latexit>

gradient type algorithm
<latexit sha1_base64="ySnffokLeKdFAjsIQkAVi5RA0HE=">AAACB3icbVDLSgMxFM3UV62vUZeCDBbBVZmpgi4LblxWsA9oh5LJZKahyWRI7ohl6M6Nv+LGhSJu/QV3/o1pOwttPRA4nHtuknOClDMNrvttlVZW19Y3ypuVre2d3T17/6CtZaYIbRHJpeoGWFPOEtoCBpx2U0WxCDjtBKPr6bxzT5VmMrmDcUp9geOERYxgMNLAPu4DfYA8VjhkNAFn6nEwj6ViMBSTgV11a+4MzjLxClJFBZoD+6sfSpIJcxfhWOue56bg51gBI5xOKv1M0xSTEY5pz9AEC6r9fJZj4pwaJXQiqcwxf5mpvzdyLLQei8A4BYahXpxNxf9mvQyiKz9nSZoBTcj8oSjjDsh54JApSoCPDcHEJGfEIUOsMAFTXcWU4C1GXibtes07r9VvL6qNelFHGR2hE3SGPHSJGugGNVELEfSIntErerOerBfr3fqYW0tWsXOI/sD6/AECeJn7</latexit>

Open question: spectral-initialized AMP converges for λ > 1?
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Z2 Synchronization: our results

Theorem (Li & Wei (2022))

Spectrally initialized AMP satisfies

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt,

with

αt+1 = E
[
λv?>ηt

(
αtv

? +
1√
n
G
)]

+O

(√
t logn

(λ− 1)3n

)
,

‖βt‖2 = 1, ‖ξt‖2 . O

√ t logn

(λ− 1)3n
+

√
log7 n

(λ− 1)9n


w.h.p. provided that t . (λ−1)10

log7 n
n.

• denoising functions:

ηt(x) := tanh(πtx)/‖ tanh(πtx)‖2, where π2t = n(‖xt‖22 − 1)
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• record (asymptotic) State Evolution:

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)

then

α2
t − τt+1 = O

(√
t logn

(λ− 1)8n
+

√
log7 n

(λ− 1)14n

)

• answer the open question (Celentano, Fan & Mei (2021)) positively:
spectral-initialized AMP is enough!

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP
<latexit sha1_base64="o0ZbyviDTSKdrU40k3H6QQeYegQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8RL16ECOaByRJmJ5NkyOzsMtMrhiV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5ybUSk7nEccz+kAyX6glG00kMH+ROmV7e1SbdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5NGpeydlSt356VqJYsjD0dwDKfgwQVU4QZqUAcGCp7hFd4c47w4787HvDXnZDOH8AfO5w+ONJDJ</latexit>
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• record (asymptotic) State Evolution:

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)

then

α2
t − τ? = (λ2 − 1)(1− (λ− 1))t +O

(√
t logn

(λ− 1)8n
+

√
log7 n

(λ− 1)14n

)

• answer the open question (Celentano, Fan & Mei (2021)) positively:
spectral-initialized AMP is enough!

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP
<latexit sha1_base64="o0ZbyviDTSKdrU40k3H6QQeYegQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8RL16ECOaByRJmJ5NkyOzsMtMrhiV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5ybUSk7nEccz+kAyX6glG00kMH+ROmV7e1SbdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5NGpeydlSt356VqJYsjD0dwDKfgwQVU4QZqUAcGCp7hFd4c47w4787HvDXnZDOH8AfO5w+ONJDJ</latexit>
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• record (asymptotic) State Evolution:

τt+1 := λ2
∫

tanh(τt +
√
τtx)ϕ(dx)

then

α2
t − τ? = (λ2 − 1)(1− (λ− 1))t +O

(√
t logn

(λ− 1)8n
+

√
log7 n

(λ− 1)14n

)
• answer the open question (Celentano, Fan & Mei (2021)) positively:

spectral-initialized AMP is enough!

TAP free energy landscape
<latexit sha1_base64="QYk8Bw3eNL/01Gqos4BS8IDm+lg=">AAACCXicbVA9SwNBEN2LXzF+RS1tFoNgFe6iEMuIjWWEfEESwt5mLlmyt3fszonhSGvjX7GxUMTWf2Dnv3HzUWjig4HHezPMzPNjKQy67reTWVvf2NzKbud2dvf2D/KHRw0TJZpDnUcy0i2fGZBCQR0FSmjFGljoS2j6o5up37wHbUSkajiOoRuygRKB4Ayt1MvTDsIDprXrKg00AAUFejCmkqm+4SyGSS9fcIvuDHSVeAtSIAtUe/mvTj/iSQgKuWTGtD03xm7KNAouYZLrJAZixkdsAG1LFQvBdNPZJxN6ZpU+DSJtSyGdqb8nUhYaMw592xkyHJplbyr+57UTDK66qVBxgqD4fFGQSIoRncZC+0IDRzm2hHEt7K2UD5lmHG14ORuCt/zyKmmUit5FsXR3WaiUF3FkyQk5JefEI2VSIbekSuqEk0fyTF7Jm/PkvDjvzse8NeMsZo7JHzifP18Smhk=</latexit>

spectral initialization
<latexit sha1_base64="QHzvkUzqfhsroGMlGvejNQ7OuUU=">AAACB3icbVDLSgNBEOz1GeNr1aMgg0HwFHajoMeAF48RzAOSEGYnk2TI7Owy0yvGJTcv/ooXD4p49Re8+TdONjloYkFDUdVNUxXEUhj0vG9naXlldW09t5Hf3Nre2XX39msmSjTjVRbJSDcCargUildRoOSNWHMaBpLXg+HVxK/fcW1EpG5xFPN2SPtK9ASjaKWOe9RCfo+piTlDTSURSqCgUjxk/rjjFryil4EsEn9GCjBDpeN+tboRS0KukElqTNP3YmynVKNgko/zrcTwmLIh7fOmpYqG3LTTLMeYnFilS3qRtqOQZOrvi5SGxozCwG6GFAdm3puI/3nNBHuX7VSoOEGu2PRRL5EEIzIphXSFtvnlyBLKtG2AETagmjK01eVtCf585EVSKxX9s2Lp5rxQLs3qyMEhHMMp+HABZbiGClSBwSM8wyu8OU/Oi/PufExXl5zZzQH8gfP5A33Rmko=</latexit>

AMP
<latexit sha1_base64="o0ZbyviDTSKdrU40k3H6QQeYegQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8RL16ECOaByRJmJ5NkyOzsMtMrhiV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5ybUSk7nEccz+kAyX6glG00kMH+ROmV7e1SbdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZxRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPR90hOaM5RjSyjTwt5K2JBqytCGVLAheIsvL5NGpeydlSt356VqJYsjD0dwDKfgwQVU4QZqUAcGCp7hFd4c47w4787HvDXnZDOH8AfO5w+ONJDJ</latexit>
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Z2 Synchronization: simulations

Figure: Convergence of spectrally initialized AMP for different signal strengths with

n = 10000. Repeat 40 times.
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Example 2: sparse PCA

• Setting: M = λv?v?> +W where ‖v?‖0 = k

• Goal: recover v? given M

“I can’t find  an efficient algorithm,  but neither can all these people.” 
 

| {z }

1

<latexit sha1_base64="C4uA/Fm1YrWBXJJ55OuFEEHnftM=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaZIbkjlqFu/BU3LhRx61+4829M21lo64HAyTn33uSeMBHcgOd9O4Wl5ZXVteJ6aWNza3vH3d1rmDjVlNVpLGLdColhgitWBw6CtRLNiAwFa4bD64nfvGfa8FjdwShhgSR9xSNOCVip6x50gD1AZsDeDVhZYMElh3HXLXsVbwq8SPyclFGOWtf96vRimkqmgApiTNv3Eggyou1UwcalTmpYQuiQ9FnbUkUkM0E23WCMj63Sw1Gs7VGAp+rvjoxIY0YytJWSwMDMexPxP6+dQnQZZFwlKTBFZw9FqcAQ40kcuMc1oyBGlhCquf0rpgOiCQUbWsmG4M+vvEgapxX/vOLfnpWrV3kcRXSIjtAJ8tEFqqIbVEN1RNEjekav6M15cl6cd+djVlpw8p599AfO5w+UupeY</latexit>

statistical limit
<latexit sha1_base64="HHD2H34LzlgrkVccav6eK8yPHTI=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZEXXhouDGZQX7gHYomTTThiaTIbkjlqFu/BU3LhRx61+4829Mp11o64HA4Zx7uTknTAQ34HnfTmFpeWV1rbhe2tjc2t5xd/caRqWasjpVQulWSAwTPGZ14CBYK9GMyFCwZji8nvjNe6YNV/EdjBIWSNKPecQpASt13YMOsAfIqJJJCrmGBZccxl237FW8HHiR+DNSRjPUuu5Xp6doKlkMVBBj2r6XQJARDZwKNi51UsMSQoekz9qWxkQyE2R5gjE+tkoPR0rbFwPO1d8bGZHGjGRoJyWBgZn3JuJ/XjuF6DLIeGzTsZhOD0WpwKDwpA7c45pRECNLCNXc/hXTAdGEgi2tZEvw5yMvksZpxT+v+Ldn5erVrI4iOkRH6AT56AJV0Q2qoTqi6BE9o1f05jw5L8678zEdLTiznX30B87nD6oHl6Y=</latexit>

computation limit

<latexit sha1_base64="p91K6jIRh/PeKKRtm/aq5WzHmIk=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjMi6sFDwIsniUsWTIbQ06lJmvT0DN01YhjyF148KOLVv/Hm39hZDhp9UPB4r4qqekEihUHX/XJyC4tLyyv51cLa+sbmVnF7p27iVHOo8VjGuhkwA1IoqKFACc1EA4sCCY1gcDH2Gw+gjYjVHQ4T8CPWUyIUnKGV7tsIj5jdXt2MOsWSW3YnoH+JNyMlMkO1U/xsd2OeRqCQS2ZMy3MT9DOmUXAJo0I7NZAwPmA9aFmqWATGzyYXj+iBVbo0jLUthXSi/pzIWGTMMApsZ8Swb+a9sfif10oxPPMzoZIUQfHpojCVFGM6fp92hQaOcmgJ41rYWynvM8042pAKNgRv/uW/pH5U9k7K3vVxqXI+iyNP9sg+OSQeOSUVckmqpEY4UeSJvJBXxzjPzpvzPm3NObOZXfILzsc3se6Q6g==</latexit>

SNR

� ⇡
r

k log n

n
<latexit sha1_base64="ZxCDKcR5JCXcdRHocvW38oB+VYc="></latexit>

� ⇡
r

k2

n
<latexit sha1_base64="Cjzfu/CD2oI2L3nAVHn7SWT58yQ="></latexit>

reduction to planted cliques:
<latexit sha1_base64="DBQaeXETGd7JzB5XtuPoWL6ecQI=">AAACDXicdVBNSwMxFMz6bf2qevQSrIKnklTR6knw4lHBqtCWks2+ajCbXZO3Yln6B7z4V7x4UMSrd2/+G7NaQUUHAsPMe7zMhKlWDhl7C4aGR0bHxicmS1PTM7Nz5fmFY5dkVkJDJjqxp6FwoJWBBirUcJpaEHGo4SS82Cv8kyuwTiXmCHsptGNxZlRXSYFe6pRXWgjXmFuIMlkoFBOaamEQIiq1uszA7fQ75QqrMsY457QgfGuTebK9Xa/xOuWF5VEhAxx0yq+tKJFZDAalFs41OUuxnQuLSmrol1qZg1TIC3EGTU+NiMG18480fbrqlYh2E+ufQfqhft/IRexcLw79ZCzw3P32CvEvr5lht97OlUkzBCM/D3UzXUQuqqGRsiBR9zwR0ir/VyrPhRUSfYElX8JXUvo/Oa5V+Xq1drhR2WWDOibIElkma4STLbJL9skBaRBJbsgdeSCPwW1wHzwFz5+jQ8FgZ5H8QPDyDp29nHw=</latexit>

Berthet & Rigollet (2013)
<latexit sha1_base64="TQ1JWuAxUUKmESBHptl6NPItDaY=">AAACCnicdZDLSkMxEIZzvFtvVZduokXRTUmqaLsrunGpYlVoS8lJp20w50IyRyyHrt34Km5cKOLWJ3Dn25ijFVR0IPDx/zNM5vdjrSwy9uaNjI6NT0xOTedmZufmF/KLS2c2SoyEmox0ZC58YUGrEGqoUMNFbEAEvoZz//Ig88+vwFgVhafYj6EZiG6oOkoKdFIrv9pAuMZ0Hwz2AGljg56obqS1480S49tbg1a+wIqMMc45zYDv7TIHlUq5xMuUZ5arAhnWUSv/2mhHMgkgRKmFtXXOYmymwqCSGga5RmIhFvJSdKHuMBQB2Gb6ccqArjulTTuRcS9E+qF+n0hFYG0/8F1nILBnf3uZ+JdXT7BTbqYqjBOEUH4u6iSaYkSzXGhbGZCo+w6ENMr9lcqeMEKiSy/nQvi6lP4PZ6Ui3y6WjncKVTaMY4qskDWySTjZI1VySI5IjUhyQ+7IA3n0br1778l7/mwd8YYzy+RHeS/vN/6ZPw==</latexit>
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Sparse PCA: our results

Theorem (Li & Wei (2022))

Suppose 0 < λ . 1. Given an informative initialization (with
non-vanishing correlation with v?), AMP satisfies

xt+1 = αt+1v
? +

t∑

k=1

βkt φk + ξt,

with

αt+1 = E
[
λv?>ηt

(
αtv

? +
1√
n
G
)]

+

√
k + t log3 n

n
,

‖βt‖2 = 1, ‖ξt‖2 .

√
k + t log3 n

n
w.h.p.

provided that t log3 n
nλ2

. 1 and k logn
nλ2

. 1.

denoising functions:

ηt(x) = γtsign(x)(|x| − τt)+ where γ−1t := ‖(|xt| − τt)+‖2, τt �
√

log n

n
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Several remarks

• record (asymptotic) State Evolution:

α?t+1 :=

λv?>
∫

STτt

(
α?t v

? +
x√
n

)
ϕn(dx)√∫ ∥∥∥STτt

(
α?t v

? +
x√
n

)∥∥∥2
2
ϕn(dx)

then ∣∣αt+1 − α?t+1

∣∣ .√k logn+ t log3 n

n

• two sufficient initialization schemes:

I AMP with diagonal maximization: λ‖v?‖∞ &
√

k logn
n

I AMP with sample-split initialization: λ &
√

k2

n and ‖v?‖∞ . logn
k
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Sparse PCA: simulations

Figure: Convergence of AMP with diagonal maximization for different signal

strengths with n = 10000. Repeat 40 times.
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Questions?



A glimpse of our main proof idea...

— decomposition: xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt



Main proof idea: a new decomposition

• {xt} is the sequence generated by AMP

• define an orthonormal basis {zt} where

z1 :=
η1(x1)

‖η1(x1)‖2
∈ Rn, and W1 :=W

• write Ut−1 := [zk]1≤k≤t−1 ∈ Rn×(t−1) and denote

zt :=

(
I − Ut−1U>t−1

)
ηt(xt)∥∥(I − Ut−1U>t−1

)
ηt(xt)

∥∥
2

Gram–Schmidt orthogonalization,

Wt :=
(
I − zt−1z>t−1

)
Wt−1

(
I − zt−1z>t−1

)

• write ηt(xt) =
∑t

k=1 β
k
t zk, for βkt := 〈ηt(xt), zk〉
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Main proof idea: a new decomposition

• AMP updates:
xt+1 = Mηt(xt)− 〈η′t(xt)〉 · ηt−1(xt−1), where M = λv?v?> +W

• Goal: xt+1 = αt+1v
? +

∑t
k=1 β

k
t φk + ξt

Mηt(xt)

= v? λv?>ηt(xt)︸ ︷︷ ︸
αt+1

+
{
Wt +

t−1∑
k=1

[
Wkzkz

>
k + zkz

>
k Wk − zkz>k Wkzkz

>
k

]
︸ ︷︷ ︸

Wk−Wk+1

}
·

t∑
k=1

βkt zk︸ ︷︷ ︸
ηt(xt)

= αt+1v
? +

t∑
k=1

βktWkzk + . . .

= αt+1v
? +

t∑
k=1

βkt (Wkzk + ζk)︸ ︷︷ ︸
φk∼N (0, 1

n
In)

+ . . .

ξt =

t−1∑
k=1

zk
[
〈Wkzk, ηt(xt)〉 − 〈η′t(xt)〉βkt−1 − βkt z>k Wkzk

]
−

t∑
k=1

βkt ζk
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Concluding remarks

# iterations

estimation error

10!10"log 𝑛
log log 𝑛

10#

Rush et al. 18

This work

AMP iterates

poly(𝑛)

• A new non-asymptotic framework of AMP for spiked models that
allows for # iterations O( n

poly(logn))

• Apply our theory to two specific examples: Z2 synchronization &
sparse PCA
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Concluding remarks: future extensions

• Other settings: regression (upcoming), GLMs, phase retrieval, etc?

• Can we understand AMP for general cone structures (non-separable
denoising functions)?

• Universality beyond Gaussian design (e.g. uniform Bernoulli,
correlated columns, DFT)

• Connections between AMP and other optimization procedures
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Thanks for your attention! Questions?

Paper:

“A Non-Asymptotic Framework for Approximate Message Passing in Spiked Models,” G. Li,

Y. Wei, arxiv.2208.03313

“Non-Asymptotic Analysis for Approximate Message Passing with Applications to Sparse and

Robust Regression,” G. Li, Y. Wei, upcoming
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Non-asymptotic guarantees

• best known results: Rush & Venkataramanan (2016)

#iterations = o(log n/ log logn) (based on state-evolution analysis)

statistical dependence
<latexit sha1_base64="AvhCSfsgvxAGrf+cSX0ZSTXaYrs=">AAACBnicdVDLSgMxFM34rPVVdSlCsAiuysy0tHVXcONSwarQlpLJ3LbBTGZI7ohl6MqNv+LGhSJu/QZ3/o0ZraCiBwIn5z6Sc4JECoOu++bMzM7NLywWlorLK6tr66WNzTMTp5pDm8cy1hcBMyCFgjYKlHCRaGBRIOE8uDzM6+dXoI2I1SmOE+hFbKjEQHCGVuqXdroI15gZtHeDVpY0hARUCIrDpF8qu5WDZt2v1albcd2G53s58Ru1ao16VslRJlMc90uv3TDmaQQKuWTGdDw3wV7GtF0tYVLspgYSxi/ZEDqWKhaB6WUfNiZ0zyohHcTaHoX0Q/0+kbHImHEU2M6I4cj8ruXiX7VOioNmLxMqSdHa+nxokEqKMc0zoaHQwFGOLWFcC/tXykdMM442uaIN4csp/Z+c+RWvWvFPauWWP42jQLbJLtknHmmQFjkix6RNOLkhd+SBPDq3zr3z5Dx/ts4405kt8gPOyzvJ85ns</latexit>

induction step
<latexit sha1_base64="73PZQ0KDkPlik5//Wav3JVEkFW0=">AAAB/nicdZDLSgNBEEV7fMb4ioorN41BcBVmJiGJu4AblxHMA5IQejqVpEnPg+4aMQwBf8WNC0Xc+h3u/Bt7kggqeqHhcqqKrrpeJIVG2/6wVlbX1jc2M1vZ7Z3dvf3cwWFTh7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vMllWm/dgtIiDG5wGkHPZ6NADAVnaFA/d9xFuMNEBIOYp4RqhGjWz+XtwkW17JbK1C7YdsVxndS4lVKxRB1DUuXJUvV+7r07CHnsQ4BcMq07jh1hL2EKBZcwy3ZjDRHjEzaCjrEB80H3kvn6M3pmyIAOQ2VegHROv08kzNd66num02c41r9rKfyr1olxWO2Z26IYIeCLj4axpBjSNAs6EAo4yqkxjCthdqV8zBTjaBLLmhC+LqX/m6ZbcIoF97qUr7nLODLkhJySc+KQCqmRK1InDcJJQh7IE3m27q1H68V6XbSuWMuZI/JD1tsnh9+WdQ==</latexit>

requires n
(t!)2
→∞→ t = o(log n/ log log n)

• main challenges: deal with statistical dependence between iterations

1 / 3



Conditioning technique

AMP updates xt+1 =Wmt − γtmt−1

where mt = ηt(xt), γt = 〈η′t(xt)〉

• m−1 = 0, x0 = 0 and x1 =Wηt(0)

• σ-algebra Ft generated by {x0, x1, . . . , xt}, conditioning on F is
equivalent to conditioning on event

Et :=
{
x1 + γ0m−1 = Wm0, x2 + γ1m1 = Wm1, . . . , xt + γt−1mt−1 = Wmt−1

}
• W conditioning on linear observations

W |Ft

d
= E[W |Ft ] + P⊥t W

newP⊥t

W |Ftm
t d

= W newP⊥t m
t︸ ︷︷ ︸

Gaussian term

+W new(I − P⊥t )mt + E[W |Ft]mt︸ ︷︷ ︸
non-Gaussian term

Bolthausen (2006), Donoho (2006), Bayati & Montanari (2011), Rush & Venkataramanan

(2016), Berthier, Montanari & Nguyen (2020)
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Auxiliary details

Define ζk :=
(√

2
2 − 1

)
zkz
>
k Wkzk +

∑k−1
i=1 g

k
i zi

Wkzk + ζk = φk
i.i.d∼ N (0,

1

n
In)

• conditioning on {zi}i<k, Wk is a Wigner matrix in subspace U⊥k−1

• Wk is independent of {Wizi}i<k and xk and zk only depend on
{Wizi}i<k
• Wkzk has zero variance along the directions of {zi}i<k and 2

n
variance along the direction of zk
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