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Reliable uncertainty quantification

• Google photos tags two African-Americans as gorillas, 2015

• Fatal motorway collision between a Tesla and a truck, 2016
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Reproducibility crisis

• Bayer Healthcare could replicate only
25% of 67 pre-clinical experiments
[Prinz et al., 2011]

• Amgen could only confirm the findings
in 6 out of 53 landmark cancer papers
[Begley & Ellis, 2012]

• Social science papers in Science and
Nature (2010 - 2015): only 13 out of
21 are consistent

https://www.bbc.com/news/science-environment-39054778
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Challenges

• data is of enormous dimension and dense (large n, large p)

• features can be highly correlated with each other

• signal-to-noise ratio can be small
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This talk: two vignettes

-
|| ||min 2

=<latexit sha1_base64="CPTzy1FUoUJUZNiEB8om9FcnlVk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQS9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6mT9ICS3s0G54lbdBcg68XJSgRzNQfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni3Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzxMy6T1KBky0VhKoiJyfx3MuQKmRFTSyhT3N5K2JgqyoxNqGRD8FZfXiftWtW7qtYe6pVGPY+jCGdwDpfgwTU04B6a0AIGE3iGV3hzEufFeXc+lq0FJ585hT9wPn8A0myPLw==</latexit> +
<latexit sha1_base64="marj3H0c2M9tWxv3HwkIkMUlOlc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSC3osePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjf3O09cGxGrR5wm3I/oSIlQMIpW6mT9ICRXs0G54lbdBcg68XJSgRzNQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLc2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN76mVBJilyx5aIwlQRjMv+dDIXmDOXUEsq0sLcSNqaaMrQJlWwI3urL66Rdq3rX1dpDvdKo53EU4QzO4RI8uIEG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+3Eo8d</latexit>

fi
xed

design
m

odel
b✓

f
original

m
odel

b✓⇡

distribution

|
{z

}

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z p n

1

fixed design model b✓f original model b✓

⇡

distribution

| {z }

y X ✓� z p n

1

1. Lasso with general designs
— trustworthy inference via precise distributional theory

2. Derandomizing knocko↵s
— stabilizing variable selection in the knocko↵s framework
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The first story: Lasso with general designs

Michael Celentano

Stanford Stat

Andrea Montanari

Stanford Stat & EE

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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Lasso estimator

b✓ : = arg min
✓2Rp

n1

2
ky � X✓k

2
2 + �k✓k1

o
[Tibshirani, 1996]
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Prior work: Lasso risk

Suppose ✓⇤ is s-sparse, z ⇠ N (0, �2In). Under restricted
eigenvalue condition of design matrix X ,

kb✓ � ✓⇤
k2  C�

r
s log(p)

n

• unspecified constant

• no distributional characterization of b✓
• inadequate for statistical inference

[Bickel et al., 2009, Bühlmann and Van De Geer, 2011, Negahban et al., 2012,

Zhao and Yu, 2006, Zhang and Zhang, 2014, Bellec et al., 2018]...

8 / 47



Prior work: Lasso risk

Suppose ✓⇤ is s-sparse, z ⇠ N (0, �2In). Under restricted
eigenvalue condition of design matrix X ,

kb✓ � ✓⇤
k2  C�

r
s log(p)

n

• unspecified constant

• no distributional characterization of b✓
• inadequate for statistical inference
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Exact aysmptotics under i.i.d designs

i.i.d. Gaussian design: xi ⇠ N (0, Ip)

• exact risk estimation
[Bayati et al., 2013, Thrampoulidis et al., 2015]

• debiasing the lasso
[Javanmard et al., 2018, Miolane and Montanari, 2018]

• precise FDP-TPP tradeo↵ for the Lasso
[Su et al., 2017, Wang et al., 2020]

• exact distributional characterization
[Miolane and Montanari, 2018]

What happens with general Gaussian design xi ⇠ N (0,⌃)?

— di�culty: non-isometry of k · k1 penalty.
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This talk

y = X✓⇤ + z 2 Rn

• ✓⇤
2 Rp: s-sparse

• proportional regime: p/n = const, s/p = const

• Gaussian noise: z ⇠ N (0, �2In); Gaussian design: xi ⇠ N (0, ⌃|{z}
known

)

Goal: a distributional theory for general Gaussian design
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Key observation

• original model: y = X✓ + z

b✓ : = argmin
✓2Rp

n1

2
ky � X✓k

2
2 + �k✓k1

o

• fixed design model: y f = ⌃1/2✓⇤ + ⌧⇤g , g ⇠ N (0, Ip)

b✓f : = argmin
✓2Rp

⇢
⇣⇤

2
ky f

� ⌃1/2✓k
2
2 + �k✓k1

�

⌧⇤: e↵ective risk level; ⇣⇤: e↵ective non-sparsity
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Fixed point equations

(⌧⇤, ⇣⇤)
solution
�!

⌧2 = �2 + R(⌧2, ⇣)

⇣ = 1 � df(⌧2, ⇣)

R(⌧ 2, ⇣) : =
1

n
E
h��⌃1/2

(b✓f
(⌧, ⇣)� ✓⇤

)
��2

2

i

| {z }
in-sample prediction risk

df(⌧ 2, ⇣) : =
1

n
E
h��b✓f

(⌧, ⇣)
��

0

i

| {z }
degrees of freedom

Property: solution is unique and bounded for reasonably sparse ✓⇤.
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Main result: Lasso distribution

Theorem (Celetano, Montanari, Wei ’20)

When ✓⇤ is sparse enough, for any 1-Lipschitz function � and ✏ > 0

8� 2 [�min, �max],
����
⇣ b✓�

p
p
,

✓⇤
p

p

⌘
� E

h
�
⇣ b✓f

�
p

p
,

✓⇤
p

p

⌘i���  ✏,

with probability at least 1 �
C
✏4 e�cn✏4

.

A direct consequence:

8� 2 [�min, �max], kb✓� � ✓⇤
k2 ⇡ E

h
kb✓f

� � ✓⇤
k2

i
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Main result: properties for Lasso

• Lasso residual

P
 ���

ky � X b✓k2
p

n
� ⌧⇤⇣⇤

��� > ✏

!


C

✏2
e�cn✏4

.

• Lasso sparsity

P
 ���

kb✓k0

n
� (1 � ⇣⇤)

��� > ✏

!


C

✏3
e�cn✏6

.
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Statistical inference: debiasing Lasso

15 / 47



Debiased Lasso for statistical inference

D
en
si
ty

−10 −5 0 5 10

0.
00

0.
05

0.
10

0.
15

b✓

M : surrogate for ⌃�1 = E[xix>
i ]�1M : scaled version of ⌃�1 = E[xix>

i ]�1

[Zhang and Zhang, 2014, Van de Geer et al., 2014, Javanmard and Montanari, 2014a,

Javanmard and Montanari, 2014b]

[Javanmard et al., 2018, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]
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Debiased Lasso

• classical debiased Lasso

b✓d
0 = b✓ + MX>(y � X b✓), M = ⌃�1

• debiased Lasso with degrees-of-freedom (DOF) adjustment

b✓d : = b✓ + MX>(y � X b✓), M =
⌃�1

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ✓⇤ + ⌧⇤⌃�1/2g
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Debiased Lasso with DOF adjustment

Here p = 100, n = 25, s = 20, ⌃ij = 0.5|i�j |, � = 1
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DOF adjustment is successful

Theorem (Celetano, Montanari, Wei ’20)

When ✓⇤ is sparse enough, false coverage proportion satisfies

P (|FCP � q| > ✏)  C (✏)e�c(✏)n .

FCP :=
1

p

pX

j=1

1
n

|b✓d
j � ✓⇤

j | > ⌃�1/2
j |�j b⌧ · z1�q/2

o

— coverage only in the average sense!
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Confidence interval for a single coordinate

• regress Xj on X�j

�! residual X?
j

• obtain leave-j th-coordinate-out Lasso b✓loo

• construct confidence interval

CIloo
j :=

⇥
⇠j ± bsd · z1�↵/2

⇤

⇠j = correlation between X?
j and y � X�j

b✓loo
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Coverage and power

Theorem (Celetano, Montanari, Wei ’20)

There exist constants C , c , c 0 > 0 such that for all ✏ < c 0,
���P✓⇤j

⇣
✓ 62 CIloo

j

⌘
� P✓⇤j

�
|✓⇤

j + ⌧⇤
looG � ✓| > ⌧⇤

looz1�↵/2

� ��� 

C

✓
(1 + |✓⇤

j |)✏ +
1

✏3
e�cn✏6

+
1

n✏2

◆
,

where G ⇠ N(0, 1).
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⇥
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j and y � X�j
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Confidence interval for a single coordinate
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Confidence interval for a single coordinate
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Summary of this part

• distributional theory of Lasso/debiased Lasso for general designs

• provide confidence intervals for single coordinates with error control

“The Lasso with general Gaussian designs with application to hypothesis testing,”

M. Celentano, A. Montanari, Y. Wei, 2020. https://arxiv.org/abs/2007.13716
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The second story: derandomizing knocko↵s

Zhimei Ren

Stanford Stat

Emmanuel Candès

Stanford Stat & Math

“Derandomizing Knocko↵s,” Zhimei Ren, Yuting Wei, and Emmanuel Candès, in preparation,

2020
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Knocko↵s framework

— [Barber et al., 2015, Candès et al., 2018]

Three-step procedure:

• construct knocko↵ feature matrix eX 2 Rn⇥p

• define feature statistics wj([X , eX , y ]) for each j 2 {1, 2, . . . , 2p}

• decide selection set bS

di↵erent runs ) di↵erent selection sets
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Knocko↵s framework

— [Barber et al., 2015, Candès et al., 2018]

Three-step procedure:

• construct knocko↵ feature matrix eX 2 Rn⇥p

• define feature statistics wj([X , eX , y ]) for each j 2 {1, 2, . . . , 2p}

• decide selection set bS

di↵erent runs ) di↵erent selection sets
Stability

<latexit sha1_base64="GvR+ubmwnENMRSXRkP65MlLrBrY=">AAACFXicbVDLSsNAFJ3UV62vqEs3wSK4kJJUQZcFN7qraB/QljKZ3rRDJw9mbsQS8hNu/BU3LhRxK7jzb5ymWWjrgeEezrl37sxxI8EV2va3UVhaXlldK66XNja3tnfM3b2mCmPJoMFCEcq2SxUIHkADOQpoRxKo7wpouePLqd+6B6l4GNzhJIKeT4cB9zijqKW+edJFeEDlJVl185rdm0gYpMktUpcLjpM0Tftm2a7YGaxF4uSkTHLU++ZXdxCy2IcAmaBKdRw7wl5CJXImIC11YwURZWM6hI6mAfVB9ZJse2odaWVgeaHUJ0ArU39PJNRXauK7utOnOFLz3lT8z+vE6F30Eh5EMULAZou8WFgYWtOIrAGXwFBMNKFMcv1Wi42opAx1kCUdgjP/5UXSrFac00r15qxcu87jKJIDckiOiUPOSY1ckTppEEYeyTN5JW/Gk/FivBsfs9aCkc/skz8wPn8ANl2hYQ==</latexit>
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Stablity selection
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Stablity selection (original form)

1. start with the full dataset Zfull = Z1, . . . , Zn

2. for each m = 1, . . . , M
(i) subsample without replacement to generate a smaller dataset of size

n/2, denoted by Z(m)

(ii) run the selection algorithm on Z(m) to obtain a selection set bSm

3. calculate the selection fequency ⇧j =
1

M

PM
m=1 1{j 2 bSm

}

4. given a threshold ⌘ > 0, return the final selection set

bS = {j 2 [p] : ⇧j � ⌘}.
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In the large p regime?

Settings: n = 2000, p = 1000 and ⌃ij = 0.5|i�j|
. Y | X ⇠ a linear model with 60

non-zero coe�cients.

subsampling leads to loss of power
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stability
<latexit sha1_base64="LYM+YsNaY9kf7QLLYjxA29wx67s=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksgqeSVEFPUvDisYL9gCaUzXbTLt1swu5EDCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJnnx4JrsO1vq7Syura+Ud6sbG3v7O5V9w86OkoUZW0aiUj1fKKZ4JK1gYNgvVgxEvqCdf3JzdTvPjCleSTvIY2ZF5KR5AGnBIw0qB65wB5BB5nrB1gD8bngkOJ8UK3ZdXsGvEycgtRQgdag+uUOI5qETAIVROu+Y8fgZUQBp4LlFTfRLCZ0Qkasb6gkIdNeNnsgx6dGGeIgUqYk4Jn6eyIjodZp6JvOkMBYL3pT8T+vn0Bw5WVcxgkwSeeLgkRgiPA0DTzkilEQqSGEKm5uxXRMFKFgMquYEJzFl5dJp1F3zuuNu4ta87qIo4yO0Qk6Qw66RE10i1qojSjK0TN6RW/Wk/VivVsf89aSVcwcoj+wPn8AI26WvA==</latexit>

selection
<latexit sha1_base64="Kl5NYgxtXqK2966u+RpeBhF8MJQ=">AAACAHicbVC7TsMwFHXKq5RXgYGBxaJCYqqSggQTqsTCWCT6kJqoctyb1qrjRLaDqKIs/AoLAwix8hls/A1OmwFajmTp6Jx7bZ/jx5wpbdvfVmlldW19o7xZ2dre2d2r7h90VJRICm0a8Uj2fKKAMwFtzTSHXiyBhD6Hrj+5yf3uA0jFInGvpzF4IRkJFjBKtJEG1SNXw6NWQer6ATbXAM11nA2qNbtuz4CXiVOQGirQGlS/3GFEkxCEppwo1XfsWHspkZpRDlnFTRTEhE7ICPqGChKC8tJZgAyfGmWIg0iaIzSeqb83UhIqNQ19MxkSPVaLXi7+5/UTHVx5KRNxokHQ+UNBwrGOcN4GHjJpEvOpIYRKZv6K6ZhIQrXprGJKcBYjL5NOo+6c1xt3F7XmdVFHGR2jE3SGHHSJmugWtVAbUZShZ/SK3qwn68V6tz7moyWr2DlEf2B9/gAMd5at</latexit>

knocko�s
<latexit sha1_base64="Oemei7Y/kYTzwv7gcQfFbkHbr9s=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgWIXdKGglARvLCOYB2SXMTmaTIbMzy8xdMSzb+Cs2ForY+hl2/o2TR6GJBy4czrmXe+8JE8ENuO63U1hZXVvfKG6WtrZ3dvfK+wcto1JNWZMqoXQnJIYJLlkTOAjWSTQjcShYOxzdTPz2A9OGK3kP44QFMRlIHnFKwEq98pEP7BFMlPlhhEdS0ZGKIoPzXrniVt0p8DLx5qSC5mj0yl9+X9E0ZhKoIMZ0PTeBICMaOBUsL/mpYQmhIzJgXUsliZkJsukDOT61Sh9HStuSgKfq74mMxMaM49B2xgSGZtGbiP953RSiqyDjMkmBSTpbFKUCg8KTNHCfa0ZBjC0hVHN7K6ZDogkFm1nJhuAtvrxMWrWqd16t3V1U6tfzOIroGJ2gM+ShS1RHt6iBmoiiHD2jV/TmPDkvzrvzMWstOPOZQ/QHzucPCXSWqw==</latexit>

This work: derandomizing knocko�s
<latexit sha1_base64="dbtfEO7yEQC8QXMLdvNP4lo+RHE=">AAACGHicbVA9SwNBEN3z2/gVtbRZDIJVvFNBsRDBxjKCUSEJYW9vLllub/fYnVPjkZ9h41+xsVDENp3/xk1M4deDgcd7M8zMCzMpLPr+hzcxOTU9Mzs3X1pYXFpeKa+uXVqdGw51rqU21yGzIIWCOgqUcJ0ZYGko4SpMTof+1Q0YK7S6wF4GrZR1lIgFZ+ikdnmniXCHNi6aYUwvusLSW22SIxqBYSrSqbgXqkMTpXmi49j22+WKX/VHoH9JMCYVMkatXR40I83zFBRyyaxtBH6GrYIZFFxCv9TMLWSMJ6wDDUcVS8G2itFjfbrllIjG2rhSSEfq94mCpdb20tB1pgy79rc3FP/zGjnGh61CqCxHUPxrUZxLipoOU6KRMMBR9hxh3Ah3K+VdZhhHl2XJhRD8fvkvudytBnvV3fP9ysnxOI45skE2yTYJyAE5IWekRuqEkwfyRF7Iq/foPXtv3vtX64Q3nlknP+ANPgHJBqDb</latexit>

• Stability

• Statistical guarantees

• Improved power
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A brief review of the knocko↵s framework
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Step 1: construct knocko↵s

response Y
<latexit sha1_base64="lX5Sp8K+DUVl1oWKApOib99UoKo=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxEwRwDXjxGMIskIfR0apImPT1Dd40Yh+CvePGgiFf/w5t/Y2c5aOKDgsd7VVTV82MpDLrut5NZWV1b38hu5ra2d3b38vsHdRMlmkONRzLSTZ8ZkEJBDQVKaMYaWOhLaPjDq4nfuAdtRKRucRRDJ2R9JQLBGVqpmz9qIzygCVINJo6UATqmd918wS26U9Bl4s1JgcxR7ea/2r2IJyEo5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsVSwE00mn14/pqVV6NIi0LYV0qv6eSFlozCj0bWfIcGAWvYn4n9dKMCh3UqHiBEHx2aIgkRQjOomC9oQGjnJkCeNa2FspHzDNONrAcjYEb/HlZVIvFb3zYunmolApz+PIkmNyQs6IRy5JhVyTKqkRTh7JM3klb86T8+K8Ox+z1owznzkkf+B8/gDNhpVn</latexit>

feature matrix X
<latexit sha1_base64="yS1h8CpiouafYjjOGyZuirFABPU=">AAACA3icbVDLSgNBEJyNrxhfq970MhgET2E3CuYY8OIxgnlAEsLspDcZMvtgplcSloAXf8WLB0W8+hPe/BsnyR40saChqOqmu8uLpdDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ShSHOo9kpFoe0yBFCHUUKKEVK2CBJ6HpjW5mfvMBlBZReI+TGLoBG4TCF5yhkXr2SQdhjNpPfWCYKKABQyXGdEpbPbvolJw56CpxM1IkGWo9+6vTj3gSQIhcMq3brhNjN2UKBZcwLXQSDTHjIzaAtqEhC0B30/kPU3pulD71I2UqRDpXf0+kLNB6Enim05w41MveTPzPayfoV7qpCOMEIeSLRX4iKUZ0FgjtCwUc5cQQxpUwt1I+ZIpxNLEVTAju8surpFEuuZel8t1VsVrJ4siTU3JGLohLrkmV3JIaqRNOHskzeSVv1pP1Yr1bH4vWnJXNHJM/sD5/ADSzl9Q=</latexit>

knocko↵ copy eX
<latexit sha1_base64="FwQm3xeJh5NurfXyzmunoPZJPAU=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzPjALgU3LivYWmhLyWTuaGgmGZI7ahnmS9z4K25cKCK40r8xHbvwdSBwcs69NzcnTKWw6Psf3tT0zOzc/MJiZWl5ZXWtur7RtjozHFpcS206IbMghYIWCpTQSQ2wJJRwEQ5Pxv7FNRgrtDrHUQr9hF0qEQvO0EmD6mEP4RbLObmBqMjLu43zodJ8qOOYcp2OaNG7ERGgkBHknaIYVGt+3S9B/5JgQmpkguag+taLNM8SUMgls7Yb+Cn2c2ZQcAlFpZdZSBkfskvoOqpYArafl2sVdMcpEY21cUchLdXvHTlLrB0loatMGF7Z395Y/M/rZhg3+rlQaYag+NdDcSYpajrOikbCAEc5coRxI9yulF8xwzi6RCsuhOD3l/+S9l492K/vnR3UjhuTOBbIFtkmuyQgR+SYnJImaRFO7sgDeSLP3r336L14r1+lU96kZ5P8gPf+CenjpMc=</latexit>

• eX ?? Y | X

• for any subset S ⇢ {1, 2, . . . p}: distribution (X , eX )swap(S)
d
= (X , eX )
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Step 1: construct knocko↵s

subset S
<latexit sha1_base64="nomZl6jR7FK0RG/bLQlegYpiipg=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKdllw47KifUBbSia904ZmHiR3xDLMB7jxV9y4UMStH+DOvzGdzkJbDwQO55ybmxw3kkKjbX9bK6tr6xubha3i9s7u3n7p4LClw1hxaPJQhqrjMg1SBNBEgRI6kQLmuxLa7uRq5rfvQWkRBnc4jaDvs1EgPMEZGmlQKvcQHlB7iY5dDUhTmgnZxYmCYZrcpiZlV+wMdJk4OSmTHI1B6as3DHnsQ4BcMq27jh1hP2EKBZeQFnuxhojxCRtB19CA+aD7SbYzpadGGVIvVOYESDP190TCfK2nvmuSPsOxXvRm4n9eN0av1k9EEMUIAZ8v8mJJMaSzZuhQKOAop4YwroR5K+VjphhH01/RlOAsfnmZtKoV57xSvbko12t5HQVyTE7IGXHIJamTa9IgTcLJI3kmr+TNerJerHfrYx5dsfKZI/IH1ucPjT6ciQ==</latexit>

response Y
<latexit sha1_base64="lX5Sp8K+DUVl1oWKApOib99UoKo=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxEwRwDXjxGMIskIfR0apImPT1Dd40Yh+CvePGgiFf/w5t/Y2c5aOKDgsd7VVTV82MpDLrut5NZWV1b38hu5ra2d3b38vsHdRMlmkONRzLSTZ8ZkEJBDQVKaMYaWOhLaPjDq4nfuAdtRKRucRRDJ2R9JQLBGVqpmz9qIzygCVINJo6UATqmd918wS26U9Bl4s1JgcxR7ea/2r2IJyEo5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsVSwE00mn14/pqVV6NIi0LYV0qv6eSFlozCj0bWfIcGAWvYn4n9dKMCh3UqHiBEHx2aIgkRQjOomC9oQGjnJkCeNa2FspHzDNONrAcjYEb/HlZVIvFb3zYunmolApz+PIkmNyQs6IRy5JhVyTKqkRTh7JM3klb86T8+K8Ox+z1owznzkkf+B8/gDNhpVn</latexit>

feature matrix X
<latexit sha1_base64="yS1h8CpiouafYjjOGyZuirFABPU=">AAACA3icbVDLSgNBEJyNrxhfq970MhgET2E3CuYY8OIxgnlAEsLspDcZMvtgplcSloAXf8WLB0W8+hPe/BsnyR40saChqOqmu8uLpdDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ShSHOo9kpFoe0yBFCHUUKKEVK2CBJ6HpjW5mfvMBlBZReI+TGLoBG4TCF5yhkXr2SQdhjNpPfWCYKKABQyXGdEpbPbvolJw56CpxM1IkGWo9+6vTj3gSQIhcMq3brhNjN2UKBZcwLXQSDTHjIzaAtqEhC0B30/kPU3pulD71I2UqRDpXf0+kLNB6Enim05w41MveTPzPayfoV7qpCOMEIeSLRX4iKUZ0FgjtCwUc5cQQxpUwt1I+ZIpxNLEVTAju8surpFEuuZel8t1VsVrJ4siTU3JGLohLrkmV3JIaqRNOHskzeSVv1pP1Yr1bH4vWnJXNHJM/sD5/ADSzl9Q=</latexit>

knocko↵ copy eX
<latexit sha1_base64="FwQm3xeJh5NurfXyzmunoPZJPAU=">AAACHnicbVDLSgMxFM34tr6qLt0Ei+CqzPjALgU3LivYWmhLyWTuaGgmGZI7ahnmS9z4K25cKCK40r8xHbvwdSBwcs69NzcnTKWw6Psf3tT0zOzc/MJiZWl5ZXWtur7RtjozHFpcS206IbMghYIWCpTQSQ2wJJRwEQ5Pxv7FNRgrtDrHUQr9hF0qEQvO0EmD6mEP4RbLObmBqMjLu43zodJ8qOOYcp2OaNG7ERGgkBHknaIYVGt+3S9B/5JgQmpkguag+taLNM8SUMgls7Yb+Cn2c2ZQcAlFpZdZSBkfskvoOqpYArafl2sVdMcpEY21cUchLdXvHTlLrB0loatMGF7Z395Y/M/rZhg3+rlQaYag+NdDcSYpajrOikbCAEc5coRxI9yulF8xwzi6RCsuhOD3l/+S9l492K/vnR3UjhuTOBbIFtkmuyQgR+SYnJImaRFO7sgDeSLP3r336L14r1+lU96kZ5P8gPf+CenjpMc=</latexit>

• eX ?? Y | X

• for any subset S ⇢ {1, 2, . . . p}: distribution (X , eX )swap(S)
d
= (X , eX )
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Step 2: define feature statistics wj([X , eX ], y)

subset S
<latexit sha1_base64="nomZl6jR7FK0RG/bLQlegYpiipg=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKdllw47KifUBbSia904ZmHiR3xDLMB7jxV9y4UMStH+DOvzGdzkJbDwQO55ybmxw3kkKjbX9bK6tr6xubha3i9s7u3n7p4LClw1hxaPJQhqrjMg1SBNBEgRI6kQLmuxLa7uRq5rfvQWkRBnc4jaDvs1EgPMEZGmlQKvcQHlB7iY5dDUhTmgnZxYmCYZrcpiZlV+wMdJk4OSmTHI1B6as3DHnsQ4BcMq27jh1hP2EKBZeQFnuxhojxCRtB19CA+aD7SbYzpadGGVIvVOYESDP190TCfK2nvmuSPsOxXvRm4n9eN0av1k9EEMUIAZ8v8mJJMaSzZuhQKOAop4YwroR5K+VjphhH01/RlOAsfnmZtKoV57xSvbko12t5HQVyTE7IGXHIJamTa9IgTcLJI3kmr+TNerJerHfrYx5dsfKZI/IH1ucPjT6ciQ==</latexit>

response Y
<latexit sha1_base64="lX5Sp8K+DUVl1oWKApOib99UoKo=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxEwRwDXjxGMIskIfR0apImPT1Dd40Yh+CvePGgiFf/w5t/Y2c5aOKDgsd7VVTV82MpDLrut5NZWV1b38hu5ra2d3b38vsHdRMlmkONRzLSTZ8ZkEJBDQVKaMYaWOhLaPjDq4nfuAdtRKRucRRDJ2R9JQLBGVqpmz9qIzygCVINJo6UATqmd918wS26U9Bl4s1JgcxR7ea/2r2IJyEo5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsVSwE00mn14/pqVV6NIi0LYV0qv6eSFlozCj0bWfIcGAWvYn4n9dKMCh3UqHiBEHx2aIgkRQjOomC9oQGjnJkCeNa2FspHzDNONrAcjYEb/HlZVIvFb3zYunmolApz+PIkmNyQs6IRy5JhVyTKqkRTh7JM3klb86T8+K8Ox+z1owznzkkf+B8/gDNhpVn</latexit>

feature matrix X
<latexit sha1_base64="yS1h8CpiouafYjjOGyZuirFABPU=">AAACA3icbVDLSgNBEJyNrxhfq970MhgET2E3CuYY8OIxgnlAEsLspDcZMvtgplcSloAXf8WLB0W8+hPe/BsnyR40saChqOqmu8uLpdDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ShSHOo9kpFoe0yBFCHUUKKEVK2CBJ6HpjW5mfvMBlBZReI+TGLoBG4TCF5yhkXr2SQdhjNpPfWCYKKABQyXGdEpbPbvolJw56CpxM1IkGWo9+6vTj3gSQIhcMq3brhNjN2UKBZcwLXQSDTHjIzaAtqEhC0B30/kPU3pulD71I2UqRDpXf0+kLNB6Enim05w41MveTPzPayfoV7qpCOMEIeSLRX4iKUZ0FgjtCwUc5cQQxpUwt1I+ZIpxNLEVTAju8surpFEuuZel8t1VsVrJ4siTU3JGLohLrkmV3JIaqRNOHskzeSVv1pP1Yr1bH4vWnJXNHJM/sD5/ADSzl9Q=</latexit>

knocko↵ copy eX
<latexit sha1_base64="IQvW8B1lAiEiuDv+Rjs1KURCuls=">AAACDnicbVA9SwNBEN3zM8avU0ubxSBYhTsVTBmwsYxgPiAJYW9vTpfs7R67c2o48gts/Cs2ForYWtv5b9zEFH49GHi8N8PMvCiTwmIQfHhz8wuLS8ullfLq2vrGpr+13bI6NxyaXEttOhGzIIWCJgqU0MkMsDSS0I6GpxO/fQ3GCq0ucJRBP2WXSiSCM3TSwN/vIdyiTYqh0nyok4RynY3omPZuRAwoZAxFZzzwK0E1mIL+JeGMVMgMjYH/3os1z1NQyCWzthsGGfYLZlBwCeNyL7eQMT5kl9B1VLEUbL+YvjOm+06JaaKNK4V0qn6fKFhq7SiNXGfK8Mr+9ibif143x6TWL4TKcgTFvxYluaSo6SQbGgsDHOXIEcaNcLdSfsUM4+gSLLsQwt8v/yWtw2p4VD08P67Ua7M4SmSX7JEDEpITUidnpEGahJM78kCeyLN37z16L97rV+ucN5vZIT/gvX0CTqKc3A==</latexit>

feature j
<latexit sha1_base64="qUD/9yVwDpsSmF+lE+35ZIww4Ng=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYhd0omDJgYxnBPCAJYXZyNxkz+2DmrhiW/QEbf8XGQhFbezv/xskmhSYeuHA45965c48bSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO76a+q17UFqEwS1OIuj5bBgIT3CGRuoXT7oID6i9xAOGsQKa0kzJXk4UDNLkLu0XS3bZzkCXiTMnJTJHvV/86g5CHvsQIJdM645jR9hLmELBJaSFbqwhYnzMhtAxNGA+6F6S7UzpqVEG1AuVqQBppv6eSJiv9cR3TafPcKQXvan4n9eJ0av2EhFEMULAZ4u8WFIM6TQaOhAKOMqJIYwrYf5K+YgpxtEEWDAhOIsnL5Nmpeyclys3F6VadR5HnhyRY3JGHHJJauSa1EmDcPJInskrebOerBfr3fqYteas+cwh+QPr8wdkd50A</latexit>

wj([X , eX ]swap(S), y) = wj([X , eX ], y) j 62 S
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Step 2: define feature statistics wj([X , eX ], y)

subset S
<latexit sha1_base64="nomZl6jR7FK0RG/bLQlegYpiipg=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKdllw47KifUBbSia904ZmHiR3xDLMB7jxV9y4UMStH+DOvzGdzkJbDwQO55ybmxw3kkKjbX9bK6tr6xubha3i9s7u3n7p4LClw1hxaPJQhqrjMg1SBNBEgRI6kQLmuxLa7uRq5rfvQWkRBnc4jaDvs1EgPMEZGmlQKvcQHlB7iY5dDUhTmgnZxYmCYZrcpiZlV+wMdJk4OSmTHI1B6as3DHnsQ4BcMq27jh1hP2EKBZeQFnuxhojxCRtB19CA+aD7SbYzpadGGVIvVOYESDP190TCfK2nvmuSPsOxXvRm4n9eN0av1k9EEMUIAZ8v8mJJMaSzZuhQKOAop4YwroR5K+VjphhH01/RlOAsfnmZtKoV57xSvbko12t5HQVyTE7IGXHIJamTa9IgTcLJI3kmr+TNerJerHfrYx5dsfKZI/IH1ucPjT6ciQ==</latexit>

response Y
<latexit sha1_base64="lX5Sp8K+DUVl1oWKApOib99UoKo=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoPgKcxEwRwDXjxGMIskIfR0apImPT1Dd40Yh+CvePGgiFf/w5t/Y2c5aOKDgsd7VVTV82MpDLrut5NZWV1b38hu5ra2d3b38vsHdRMlmkONRzLSTZ8ZkEJBDQVKaMYaWOhLaPjDq4nfuAdtRKRucRRDJ2R9JQLBGVqpmz9qIzygCVINJo6UATqmd918wS26U9Bl4s1JgcxR7ea/2r2IJyEo5JIZ0/LcGDsp0yi4hHGunRiIGR+yPrQsVSwE00mn14/pqVV6NIi0LYV0qv6eSFlozCj0bWfIcGAWvYn4n9dKMCh3UqHiBEHx2aIgkRQjOomC9oQGjnJkCeNa2FspHzDNONrAcjYEb/HlZVIvFb3zYunmolApz+PIkmNyQs6IRy5JhVyTKqkRTh7JM3klb86T8+K8Ox+z1owznzkkf+B8/gDNhpVn</latexit>

feature matrix X
<latexit sha1_base64="yS1h8CpiouafYjjOGyZuirFABPU=">AAACA3icbVDLSgNBEJyNrxhfq970MhgET2E3CuYY8OIxgnlAEsLspDcZMvtgplcSloAXf8WLB0W8+hPe/BsnyR40saChqOqmu8uLpdDoON9Wbm19Y3Mrv13Y2d3bP7APjxo6ShSHOo9kpFoe0yBFCHUUKKEVK2CBJ6HpjW5mfvMBlBZReI+TGLoBG4TCF5yhkXr2SQdhjNpPfWCYKKABQyXGdEpbPbvolJw56CpxM1IkGWo9+6vTj3gSQIhcMq3brhNjN2UKBZcwLXQSDTHjIzaAtqEhC0B30/kPU3pulD71I2UqRDpXf0+kLNB6Enim05w41MveTPzPayfoV7qpCOMEIeSLRX4iKUZ0FgjtCwUc5cQQxpUwt1I+ZIpxNLEVTAju8surpFEuuZel8t1VsVrJ4siTU3JGLohLrkmV3JIaqRNOHskzeSVv1pP1Yr1bH4vWnJXNHJM/sD5/ADSzl9Q=</latexit>

knocko↵ copy eX
<latexit sha1_base64="IQvW8B1lAiEiuDv+Rjs1KURCuls=">AAACDnicbVA9SwNBEN3zM8avU0ubxSBYhTsVTBmwsYxgPiAJYW9vTpfs7R67c2o48gts/Cs2ForYWtv5b9zEFH49GHi8N8PMvCiTwmIQfHhz8wuLS8ullfLq2vrGpr+13bI6NxyaXEttOhGzIIWCJgqU0MkMsDSS0I6GpxO/fQ3GCq0ucJRBP2WXSiSCM3TSwN/vIdyiTYqh0nyok4RynY3omPZuRAwoZAxFZzzwK0E1mIL+JeGMVMgMjYH/3os1z1NQyCWzthsGGfYLZlBwCeNyL7eQMT5kl9B1VLEUbL+YvjOm+06JaaKNK4V0qn6fKFhq7SiNXGfK8Mr+9ibif143x6TWL4TKcgTFvxYluaSo6SQbGgsDHOXIEcaNcLdSfsUM4+gSLLsQwt8v/yWtw2p4VD08P67Ua7M4SmSX7JEDEpITUidnpEGahJM78kCeyLN37z16L97rV+ucN5vZIT/gvX0CTqKc3A==</latexit>
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<latexit sha1_base64="qUD/9yVwDpsSmF+lE+35ZIww4Ng=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYhd0omDJgYxnBPCAJYXZyNxkz+2DmrhiW/QEbf8XGQhFbezv/xskmhSYeuHA45965c48bSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO76a+q17UFqEwS1OIuj5bBgIT3CGRuoXT7oID6i9xAOGsQKa0kzJXk4UDNLkLu0XS3bZzkCXiTMnJTJHvV/86g5CHvsQIJdM645jR9hLmELBJaSFbqwhYnzMhtAxNGA+6F6S7UzpqVEG1AuVqQBppv6eSJiv9cR3TafPcKQXvan4n9eJ0av2EhFEMULAZ4u8WFIM6TQaOhAKOMqJIYwrYf5K+YgpxtEEWDAhOIsnL5Nmpeyclys3F6VadR5HnhyRY3JGHHJJauSa1EmDcPJInskrebOerBfr3fqYteas+cwh+QPr8wdkd50A</latexit>

wj([X , eX ]swap(S), y) = �wj([X , eX ], y) j 2 S
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Step 3: determine selection set

Model-X v -knocko↵ [Janson et al., 2016]

• order the features according to the magnitudes of Wj ’s:

|W⇡1 | � |W⇡2 | � . . . |W⇡p |

• reject ⇡j such that j  T and W⇡j > 0

T := inf
k2[p]

n kX

j=1

1{W⇡j <0} � v
o

• if v = 2, stop the procedure the first time seeing 2 “�”s.

T
<latexit sha1_base64="GYokW0ScL9JCIgTzy5gFNX5d5oU=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoIVFwMYyQl6QXcLs5G4yZPbBzF0xLNvY+Cs2ForY+g92/o2TTQpNPDBwOOe+5nix4Aot69sorKyurW8UN0tb2zu7e+X9g7aKEsmgxSIRya5HFQgeQgs5CujGEmjgCeh445up37kHqXgUNnESgxvQYch9zihqqV8+dgKKI+WnDsID5vNSTySQpc0s65crVtXKYS4Te04qZI5Gv/zlDCKWBBAiE1Spnm3F6KZUImcCspKTKIgpG9Mh9DQNaQDKTfOtmXmqlYHpR1K/EM1c/d2R0kCpSeDpyvzmRW8q/uf1EvSv3JSHcYIQstkiPxEmRuY0EnPAJTAUE00ok1zfarIRlZShDq6kQ7AXv7xM2rWqfV6t3V1U6tfzOIrkiJyQM2KTS1Int6RBWoSRR/JMXsmb8WS8GO/Gx6y0YMx7DskfGJ8/ZQ6ZxA==</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>

�
<latexit sha1_base64="fMNUuc3PqPmVlv28Ip/BWZJ/kl0=">AAACBXicbVC7SgNBFJ2NrxhfUUstFoNgFXajoGXAxjKCeUASwuzs3WTIzOwyc1cMSxobf8XGQhFb/8HOv3HyKDTxwIXDOffOnXuCRHCDnvft5FZW19Y38puFre2d3b3i/kHDxKlmUGexiHUroAYEV1BHjgJaiQYqAwHNYHg98Zv3oA2P1R2OEuhK2lc84oyilXrF4w7CA07fyTSE46zDBsCGkurhuNArlryyN4W7TPw5KZE5ar3iVyeMWSpBIRPUmLbvJdjNqEbOBIwLndRAQtmQ9qFtqaISTDebbh+7p1YJ3SjWthS6U/X3REalMSMZ2E5JcWAWvYn4n9dOMbrqZlwlKYJis0VRKlyM3Ukkbsg1MBQjSyjT3P7VZQOqKUMb3CQEf/HkZdKolP3zcuX2olStzuPIkyNyQs6ITy5JldyQGqkTRh7JM3klb86T8+K8Ox+z1pwznzkkf+B8/gCXlpk/</latexit>
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This work: derandomizing knocko↵s

• given (X , Y ), generate m = 1, . . . , M realizations of knocko↵s

• for each realization of knocko↵ m:

X eXm W m
Y

Ŝm

base procedure

• for each feature j , define selection probability

⇧j :=
1

M

MX

m=1

1(j 2 Ŝm)

• for a threshold ⌘, the final selection set S is

Ŝ := {j 2 [p] : ⇧j � ⌘}.
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Ŝ := {j 2 [p] : ⇧j � ⌘}.

35 / 47



This work: derandomizing knocko↵s

• given (X , Y ), generate m = 1, . . . , M realizations of knocko↵s

• for each realization of knocko↵ m:

X eXm W m
Y

Ŝm
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Theoretical guarantees

Theorem (Ren, Wei, Candès 20)

If for every j 2 H0, the condition

P(⇧j � 1/2)  �E[⇧j ] (1)

holds, then the PFER can be controlled as

E[V ]  �v .

• Per family error rate (PFER): E[V ] (V : number of false discoveries)

• Markov’s inequality gives � = 2

36 / 47



Realized ratio of P(⇧j � 1/2)/E[⇧j ] with the 95% confidence interval,
estimated from 1, 000 repetitions.
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How to tighten � ? An observation...

Pooled histogram of all nonzero null ⇧j ’s.
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A sharper guarantee

• If the pmf of ⇧j is monotonically non-increasing for each j 2 H0

� = max
X

m�M⌘

ym,

s.t. ym � 0, ym�1 � ym, m 2 [M],

MX

m=0

ym ·
m

M
= 1.
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Theoretical guarantees

Theorem (Ren, Wei, Candès 20)

Suppose condition (1) holds with � = 1 and the pmf of V is
monotonically non-increasing, then the k -FWER can be controlled as

P(V � k)  min

⇢
v

2k
,

E[(2Z )↵]

2k↵
,

E[exp(�(2Z ))]

2 exp(�k)

�

• k family-wise error rate (k-FWER): P(V � k)

• Z ⇠ NB(m, q) negative binomial random variable

• minimum is also taken over ↵, �

• “monotonically non-increasing” condition can be relaxed

40 / 47



Theoretical guarantees

Theorem (Ren, Wei, Candès 20)

Suppose condition (1) holds with � = 1 and the pmf of V is
monotonically non-increasing, then the k -FWER can be controlled as

P(V � k)  min

⇢
v

2k
,

E[(2Z )↵]

2k↵
,

E[exp(�(2Z ))]

2 exp(�k)

�

• k family-wise error rate (k-FWER): P(V � k)

• Z ⇠ NB(m, q) negative binomial random variable

• minimum is also taken over ↵, �

• “monotonically non-increasing” condition can be relaxed

40 / 47



Simulation studies: PFER control

Settings: n = 200, p = 100, X ⇠ N (0,⌃) with ⌃ij = 0.2|i�j|
, and Y | X ⇠ a linear

model with 30 non-zero coe�cients. Each nonzero coe�cient �j takes value A/
p
n

where A ranges in {3, 4, . . . , 8} and the sign is determined by i.i.d. coin flips. The

locations of the non-zero signal are randomly chosen from [p]. We show the averaged

results over 200 trials.
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Simulation studies: more comparisons

Settings: n = 2000, p = 1000 and ⌃ij = 0.5|i�j|
. Y | X ⇠ a linear model with 60

non-zero coe�cients.
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A real data example
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Genome-Wide Association Study (GWAS)

A typical workflow of multi-stage GWAS:

Conditional knocko↵s:

• suppose a subset of candidate SNPs C is selected in stage one

• construct a conditional knocko↵ copy only for XC

(XC , eX C)swap(g) | X�C
d
= (XC , eX C) | X�C
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Procedures

• data: The UK biobank dataset 161k unrelated British male
individuals and their disease status (prostate cancer)

• early-stage: selecting p-values from [Schumacher et al., 2018] below 10�3

gives 4072 pre-selected SNPs

• partition the SNPs into clusters at a level of resolution 2% and the
resulting average length of the clusters is 0.226 Mb.

• apply derandomized knocko↵s with target FWER level 0.1 (ten runs
of conditional group HMM knocko↵s)
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Results

Lead SNP Chromosome Position range (Mb) Size Confirmed by?
rs12621278 2 173.28-173.58 68 [Wang et al., 2015]

rs1512268 8 23.39-23.55 48 [Wang et al., 2015]

rs1016343 8 128.07-128.24 45 [Hui et al., 2014]

rs6983267 8 128.40-128.47 37 [Wang et al., 2015]

rs7121039 11 2.18-2.31 40 [Wang et al., 2015]*

rs10896449 11 68.80-69.02 62 [Wang et al., 2015]

rs7501939 17 36.05-36.18 55 [Elliott et al., 2010]

rs1859962 17 69.07-69.24 40 [Wang et al., 2015]

Discoveries at 2% resolution and the target FWER level set to 0.1 and ⌘ = 1 and

M = 10.
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Future directions:

• unknown covariance structure

• distributional theory beyond
Gaussian design

• power analysis

• more liberal criteria: FDR, FDX

Thanks for your attention!
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Debiased Lasso

• popular debiased Lasso

b✓d
0 = b✓ + ⌃�1X>(y � X b✓) .

• debiased Lasso with degree-of-freedom adjustment (DOF)

b✓d : = b✓ +
⌃�1X>(y � X b✓)

1 � kb✓k0/n

[Javanmard and Montanari, 2014b, Miolane and Montanari, 2018, Bellec and Zhang, 2019a,

Bellec and Zhang, 2019b]

Main result: b✓d behaves like ⇡ ✓⇤ + ⌧⇤⌃�1/2g

10 / 19
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A simple example

Suppose X ⇠ N (0, ⌃), how to construct eX?

(X , eX ) ⇠ N (0, G ) where G =


⌃ ⌃ � diag(s)

⌃ � diag(s) ⌃

�
.

eX | X ⇠ N (µ, V )

where

µ = X � X⌃�1diag(s)

V = 2diag(s) � diag(s)⌃�1diag(s)
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A simple example: Lasso coe�cient di↵erence

Run Lasso

min
�2R2p

1

2
ky � [X , eX ]�k

2
2 + �k�k1

Lasso coe�cient di↵erence statistics (LCD):

Wj = |�̂j(�)| � |�̂j+p(�)|

• null Wj ’s are symmetrically distributed

• conditional on |Wj |, signs of null Wj ’s are i.i.d. coin flips

47 / 47


