Commonly Used Continuous Distributions

Associated Reading: Wackerly 7, Chapter 4, Sections 4-8

distributions and their properties. Which we’ll do now.
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THE l)TNIFORM DisTrRIBUTION
U'ﬁ} (, Q, b

Nortation: Y ~ Uniform(a, b) . a: LOWER BOUND, b: UPPER BOUND

b
PDF@: ﬁ a<y<b @§N+L3)J3=]
0 OTHERWISE

ExpPecTED VALUE: E|Y| = u = SEE BELOW

Variance: V[Y] = o2 = sEE BELOwW

R FuncTIONS: c_lunif(y, a, b) (PDE)
punif(y, a, b) (CDF) -
Qunif(p, a, b) (Inverse CDF) (quertile
ﬁxﬁ(k',' a, b) (Smm. oF k UNIFORM R.V.’S)

As might be eipected, E[Y] and VY] are exceptionally easy to compute:
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In these notes, weshitfrom talking about discrete distributions to continuous distributions,
highlighting théC uniform, ﬁormal, gamma, and beta families. Roughly speaking, the difference
between using diS and continuous distributions is that theoretical considerations motivate the use
of the former more than they do the use of the latter. For instance, tossing a coin is a Bernoulli
process, and thus the number of successes in 7 trials is a binomial random variable. On the other

hand, we can probably model the distribution of student heights at [/Pean well using the normal
distribution, but there is no theory that says that the true underlying distribution has to be normal.

This leads naturally to the question: how do we choose between families of continuous distributions
when modelling phenomena? The fullest answer is that it is not necessarily easy, and to make any
choice we have to know something about parameter estimation and hypothesis testing, topics for
36-226. So at this stage in the course, we are pretty much limited to simply introducing various

” Y ¢ [ab],

The simplest continuous distribution is the uniform distribution, in which all values between y = a
and y = b have equal probability density. In practice, the uniform distribution is used as much or
more for simulating data (or generating random numbers) than for actual modeling.
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— EXAMPLE. Wackerly 7, Exercise 4.47 b) B [‘ ¢ j -
4.47  The failure of a circuit board i ots work that utilizes a computing systeprumtit amew-h ’ \
is delivered. The delivery tlumformly distributed on the interva we to five days.t th (: - @‘ C Co + & f J
cost of a board failure and interruption includes the fixed :v board and a Cos!
increases proportionally If C is the cost inc C=cpt+ciY:. e 9[\(‘ Z‘J
= ¢Co
a Find the probahility that the dehvery time exceeds two days.
b Interms nd the expected cost associated with a smgle failed circuit board. —*V X
f Loy = (o dy = 2 GF &V eEen)
@) - PCY?/ZD" 323 2;— y .L
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Modeling Physical Phenomena
6, e, -I—bo> M novmal diot éGMtM Jn'v,i)-,
Cjomﬂn . > Eo , 4/00) S RS

Co, 13,

Beta dist.

~

Thm perhaps the most well-known family of probability distributions, for three

reasons: (1) tl%erved data of many physical phenomena are at least approximately normal, (2) it
is the limiting distribution of many other distributions and (3) it figures prominently in the Central

Limit Theorem (Chapter 7).
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S THE NORMAL DISTRIBUTION

Nortation: ¥ ~ N(u,0%)  p: MEAN, 0% VARIANCE (AND NOT STANDARD DEVIATION!)

fdo
- exp(x) = f e '
. _1 y=H
CDF: F(y) = [1 +ERF(\/§O_) r o
BRE (2) 2

WHERE ERF(-) IS THE ERROR FUNCTION
ExPECTED VALUE: E[Y] = u (BY DEFINITION)
— -
R Functions:/ dnorm(y, mu, sigma) (PDF)
o SRS . —
pnorm(y, mu, sigma) (CDF)
gnorm(p, mu, sigma) (INvErRSE CDF)

rnorm(k, mu, sigma) (SiM. oF kK NORMAL R.V.’S)

The f the normal distribution includes the error function:*

Jz6?

AN
— —be JW e
}’% P [—’i}) At + ‘ﬂ—'M-. Q"P(“t>& A
(o] = § >6> 6_‘__7_" 2%p [,-bz) .~o(-b

let we 4= xX-M J—L"‘A

— T,;PFU’O) we know =\,

I
2 A< —_—1 7
Note that any normal random Variab@n be transformed to andom variable Z:

Y ~ N(}A,éz). N —
v[ | = &y
C

hrs1S important fersghistorical) computational reasons: 6
P( A b/ N1 J = -2— Tj
2 — l

B

let w5 olefine : P(2e2). EQY;/A ~ N o, 1)
C cd MNLO«OJ

4You do not need to reproduce this derivation on a test.
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THE STANDARD NORMAL DISTRIBUTION

Noration: Z ~ N(0.1) u=0,02=1 \ 4, \’lg
PDFE‘(z)— v_exp( 2)J 7 € (=00, 00) Quertile. y

B(2) Y =
CDF: F(y) = 1 [1 % Iverse CDF: 07 (q) = 3

— ’ C (Iis Hr 9=t quekiiay

WHERE ERF( ) IS THE ERROR FUNCTION AND ¢ E O 1 IS A QUANTILE

c
EXPECTED VALUF. VARIANCE. -( o Fegd Aj = 9.

R Funcrions: - dnorm(z) (PDF) -0 4- =]
norm(z) (CDF)) &— P(2<2) plfeed
Grorn(p) (nverse COF) <~ B ( p> ge).

rnorm(k) (SmM. oF kK STANDARD NORMAL R.V.’S)
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— EXAMPLE. Wackerly 7, Exercise 4.73

4.73  The width of bolts of fabric is normally distributed with mean 950 mm (milli
leviation 10 mm.

a  Whatis the probability thata randomly chosen bolt has a width of between 947

£iad C
b What is the appropriate value for C such that a randomly chosen bolt has a width I
C with probability .8531? L
i withe of bobts of Fabric. ro NtoeD
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— EXAMPLE. Wackerly 7, Exercise 4.75 Hw onswer

4.75 A soft-drink hine can he-regutated-sa_that it disek e

the ounces of fill ar¢’normally distributed With(standard deviation -.3 X :
for pu so that 8-ounce cups will overflow only 1% of the time, s .
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The gamma distribution is a skew distribution used to model phenomena yielding non-negative
random variables. For instance, we can model the time between events in a Poisson process (which
cannot be less than zero) with a particular subclass of the gamma distribution called the exponential

distribution. ivﬁ'ei [ 4
o= > % =2
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THE GAMMA DISTRIBUTION

f(y)—{%

—_—
WHER (a , X) I$ THE LOWER INCOMPLETE GAMMA FUNCTION AND

L(l|€ 7y tedy
A\ g >
| 258 T(n)=(n-DlFn=T, -

EXPECTED VALE(E[Y] = u=a ,8 ) @CE VY] =

RFUNCTIONS clg/algla\(y, alpha, 1/beta) (PDE)
1/beta) (CDF)

y € [0,00),(a, B) € R*

OTHERWISE

CDF: F(y) =

Pyove "'WS \GJ"@V‘.

pgamma(y, alpha,
-

Noration: Y AlGamma(a B) iorY ['(a,B) (o SW
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— EXAMPLE. Wackerly 7, Exercise 4.81
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Here we lay out the derivation of E[Y] and V[Y]:
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4.105  Four-week summer rainfall totals in a section of the Mid
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= 0.290. RW angwer, — >(i6, %
i PUH® = 1— Fra) = 1- (b =)
0.4
The exponential distribution can be used to model the time difference between two successive events l ;
in a Poisson process. (The Erlang distribution generalizes this to the-tin
n Brpel Gxp (p

i!H e between k events.) wer
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— EXAMPLE. Wackerly 7, Exercise 4.91
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distribution is especially important in fitting models to observed data
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The beta distribution is superficially related to the gamma distribution, with the most notable
difference being that it is defined over the range 0 < y < 1.

Does this range limit the use of the beta distribution?

1¢ Xe\ fn = X220 £ (0,1 )

b/ﬂ\-
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now we Com wodel dist of
{ wher ved

Norarion: Y ~ Beta(a, ) «: SHAPE PARAMETER, [3: SCALE PARAMETER

[0,1],(, B) € R* \B/ P(Ye 9>
PDF - “(aﬁ yel CDF: F
@ OTHERWISE ( ) B(a 'B)

VARIANCE@: o? =_Ciﬁ/[(a/ + B)*(a+ B+ 1))

The CDF of the beta distribution is the incomplete beta function, which achieves a “simpler" form
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Here we lay out the derivation of E[Y]: B(ex, %)

\{A/ Bam (‘9‘~ P> o ST

Blo. @
- 5‘ y. frg> dy becomnne
- (o) = oY (a) _ A
_ J‘ .. )f"[\«*fj)p A, (oY) —
B(s. B

_ A

- B(&‘[L)

B(s+l, p)
B Blo. p)

— EXAMPLE. Wackerly 7, Exercise 4.131
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— EXAMPLE. Wackerly 7, Exercise 4.133

U YTanvas va sees o

ion of time per day that all checkout counter:

4.133 The prz&h e : o .

iab! a density function given by - -

varial : s
-yt 0=y=1, i a

f(y)=[

s in a supermarket a

0, elsewhere.

a  Find the value of ¢ that makes f (y) a probability density
b Find E(Y). (Use what you have learned about the b
answers to those obtained in Exercise 4.28.)

c e the standard deviation of Y. AN
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We concluded the last set of notes by demonstrating how th}e Law of "E)tal Probability has arole in
probabilistic modeling outside of when we work with sample spaces. In that demonstration, we

assumed that we were working with two discrete distributions. Here, we generalize to the case where
either one or both of the distributions is continuous.

\ - . wneus |
There are three cases: x. f d«‘gc/"l/c'ﬁ / Crvtin

1) The conditional distribution is discrete, and the unconditional distribution is continuous:

PLY 10 fo00
4

prat  fov Bon (w.x) P Rate (o p)

—

n+P—5~‘4x

o PLY=9)= | PO foo o
2) The conditional distribution is cgfltinuous, and the unconditional distribution is discrete:
SIS p <2 }
(4D AS
4 (9 b7 = j o +
o fUw- Z fu»PR P b
3) Both distributions are continuous: = ji % ‘9 (4 \ x) FCX)
©y AKX
(4) = $191%3 ‘§L ‘( |
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— EXAMPLE. Consider the following two-step experiment. First, X is drawn from a beta 9
distribution with parameters @ and 8. Then Y is drawn from a binomial distribution with the
number of trials being n and the probability of success being X. Determine P[Y = y].
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