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Moment-Generating Functions Notes 08

Associated Reading: Wackerly 7, Chapter 3, Section 9, Chapter 4, Section 9, and Chapter 6,
Section 5

In this notes set, we introduce an alternative means of specifying a probability distribution: the
moment-generating function, or mgf.

Let’s first put the idea of alternative specifications into context. They exist as tools that allow one to
derive analytical results that may not be as easily derived using either a distribution’s pmf/pdf or its
cdf. The mgf is not the only alternative specification; there are also, e.g.,

• the probability-generating function, for discrete r.v.’s (see Wackerly 7, Chapter 3, Section 10);
• the characteristic function, the inverse Fourier transform of a pmf/pdf; and
• the cumulant-generating function.

To begin our coverage of mgfs, we introduce the concept of moments.

• The kth moment of a r.v. Y about the origin is:

• The kth moment of a r.v. Y about the mean, or its kth central moment, is:

The moments of a given distribution are unique, i.e., if µ0X,i = µ
0
Y,i 8 i 2 Z+, then the probability

distributions for the r.v.’s X and Y are identical.

The moments of a given distribution can be encapsulated in an mgf:

Note that an mgf only exists for a particular distribution if there is a constant b such that m(t) is finite
for |t | < b. An example of a distribution for which the mgf does not exist is the Cauchy distribution.
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By Theorem 3.12, if we are given a distribution’s mgf, we can use it to derive any moment about the
origin, µ0i, of that distribution:

! EXAMPLE. Wackerly 7, Exercises 3.145 and 3.146

! EXAMPLE. Wackerly 7, Exercise 4.140
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! EXAMPLE. What is the mgf for the gamma distribution?

There is one last piece of unfinished business before we transition to the use of mgfs to find
distributions of functions of random variables. The Law of the Unconscious Statistician extends to
the computation of mgf’s:

⌧
If Sn =

Pn
i=1 aiYi, where the Yi are independent but not necessarily identically distributed r.v.’s, then:
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! EXAMPLE. What is the distribution of Y1 � Y2 when Y1 ⇠ Pois(�1) and Y2 ⇠ Pois(�2), and Y1 and
Y2 are independent r.v.’s? Also, using the mgf, show that the expected value of Y1 � Y2 is �1 � �2.

! EXAMPLE. The sum of independent normally distributed r.v.’s follows what distribution?
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! EXAMPLE. The sum of the squares of independent standard normal-distributed r.v.’s follows
what distribution?

! EXAMPLE. Wackerly 7, Exercise 6.43
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! REVIEW: in what sort of problems can mgf’s appear?
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